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BOOK ONE

1. Preface

Those who have been true philosophers, Syrus, seem to me to have very wisely

separated the theoretical part of philosophy from the practical. For even if it

happens the practical turns out to be theoretical prior to its being practical,

nevertheless a great difference would be found in them ; not only because some
of the moral \drtues can belong to the everyday ignorant man and it is impos-

sible to come by the theory of whole sciences ^vithout learning, but also because

in practical matters the greatest advantage is to be had from a continued and
repeated operation upon the things themselves, while in theoretical knowledge

it is to be had by a progress onward. We accordingly thought it up to us so to

train our actions even in the application of the imagination as not to forget in

whatever things we happen upon the consideration of their beautiful and well-

ordered disposition, and to indulge in meditation mostly for the exposition of

many beautiful theorems and especially of those specifically called mathematical.

For indeed Aristotle quite properly divides also the theoretical into three im-

mediate genera: the physical, the mathematical, and the theological. For given

that all beings have their existence from matter and form and motion, and that

none of these can be seen, but only thought, in its subject separately from the

others, if one should seek out in its simplicity the first cause of the first move-
ment of the universe, he would find God invisible and unchanging. And the kind

of science which seeks after Him is the theological; for such an act [kvkpyeLa] can
only be thought as high above somev/here near the loftiest things of the universe

and is absolutely apart from sensible things. But the kind of science which
traces through the material and ever moving quality, and has to do with the

white, the hot, the sweet, the soft, and such things, would be called physical;

and such an essence [ovala], since it is only generally what it is, is to be found in

corruptible things and below the lunar sphere. And the kind of science which
shows up quality wdth respect to forms and local motions, seeking figure, num-
ber, and magnitude, and also place, time, and similar things, w^ould be defined

as mathematical. For such an essence falls, as it were, between the other two,

not only because it can be conceived both through the senses and \vithout the

senses, but also because it is an accident in absolutely all beings both mortal and
immortal, changing with those things that ever change, according to their insep-

arable form, and preserving unchangeable the changelessness of fonn in things

eternal and of an ethereal nature.

And therefore meditating that the other two genera of the theoretical would
be expounded in terms of conjecture rather than in terms of scientific under-

standing: the theological because it is in no way phenomenal and attainable, but
the physical because its matter is unstable and obscure, so that for this reason

philosophers could never hope to agree on them ; and meditating that only the

mathematical, if approached enquiringly, would give its practitioners certain

5



6 PTOLEMY
and trustworthy knowledge with demonstration both arithmetic and geometric

resulting from indisputable procedures, we were led to cultivate most particu-

larly as far as lay in our power this theoretical discipline [deuipla]. And especially

were we led to cultivate that discipline developed in respect to divine and heav-

enly things as being the only one concerned with the study of things which are

always what they are, and therefore able itself to be always what it is—which is

indeed the proper mark of a science—because of its own clear and ordered un-

derstanding, and yet to cooperate with the other disciplines no less than they

themselves. For that special mathematical theory would most readily prepare

the wa}^ to the theological, since it alone could take good aim at that unchange-

able and separate act, so close to that act are the properties having to do with

translations and arrangements of movements, belonging to those heavenly be-

ings which are sensible and both moving and moved, but eternal and impassible.

Again as concerns the physical there would not be just chance correspondances.

For the general property of the material essence is pretty well evident from the

pecuUar fashion of its local motion—for example, the corruptible and incorrupt-

ible from straight and circular movements, and the heavy and light or passive

and active from movement to the center and movement from the center. And
indeed this same disciphne would more than any other prepare understanding

persons with respect to nobleness of actions and character by means of the

sameness, good order, due proportion, and simple directness contemplated in

divine things, making its followers lovers of that divine beauty, and making
habitual in them, and as it were natural, a Hke condition of the soul.

And so we ourselves try to increase continuously our love of the discipline of

things which are always what they are, by learning what has already been dis-

covered in such sciences by those really applying themselves to them, and als-

by making a small original contribution such as the period of time from them to

us could well make possible. And therefore we shall try and set forth as briefly

as possible as many theorems as we recognize to have come to hght up to the

present, and in such a way that those who have already been initiated somewhat
may follow, arranging in proper order for the completeness of the treatise all

matters useful to the theory of heavenly things. And in order not to make the

treatise too long we shall only report what was rigorously proved by the an-

cients, perfecting as far as we can what was not fully proved or not proved as

well as possible.

2. On the Order of the Theorems ,i j.nxj .lod

A view, therefore, of the general relation of the whole earth to the whole of the

heavens will begin this composition of ours. And next, of things in particular,

there will first be an account of the echptic's position and of the places of that

part of the earth inhabited by us, and again of the difference, in order, between

each of them according to the incUnations of their horizons. For the theory of

these, once understood, facihtates the examination of the rest. And, secondly,

there will be an account of the solar and lunar movements and of their incidents.

For without a prior understanding of these one could not profitably consider

what concerns the stars. The last part, in view of this plan, will be an account

of the stars. Those things having to do with the sphere of what are called the

fixed stars would reasonably come first, and then those having to do with what

are palled the five planets. And we shall try and show each of these things using
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as beginnings and foundations for what we wish to find, the evident and certain

appearances from the observations of the ancients and our own, and applying

the consequences of these conceptions by means of geometrical demonstrations.

And so, in general, we have to state that the heavens are spherical and move
spherically; that the earth, in figure, is sensibly spherical also when taken as a

whole; in position, Ues right in the middle of the heavens, like a geometrical

centre; in magnitude and distance, has the ratio of a point with respect to the

sphere of the fixed stars, having itself no local motion at all. And we shall go

through each of these points briefly to bring them to mind.

3. That the Heavens Move Spherically

It is probable the first notions of these things came to the ancients from some
such observation as this. For they kept seeing the sun and moon and other stars

always moving from rising to setting in parallel circles, beginning to move up-

ward from below as if out of the earth itself, rising little by little to the top, and
then coming around again and going down in the same way until at last they

would disappear as if falling into the earth. And then again they would see them,

after remaining some time invisible, rising and setting as if from another begin-

ning; and they saw that the times and also the places of rising and setting gen-

erally corresponded in an ordered and regular way.

But most of all the observed circular orbit of those stars which are always

visible, and their revolution about one and the same centre, led them to this

spherical notion. For necessarily this point became the pole of the heavenly
sphere ; and the stars nearer to it were those that spun around in smaller circles,

and those farther away made greater circles in their revolutions in proportion to

the distance, until a sufficient distance brought one to the disappearing stars.

And then they saw that those near the always-visible stars disappeared for a
short time, and those farther away for a longer time proportionately. And for

these reasons alone it was suflicient for them to assume this notion as a principle,

and forthwith to think through also the other things consequent upon these

same appearances, in accordance with the development of the science. For abso-

lutely all the appearances contradict the other opinions.

If, for example, one should assume the movement of the stars to be in a
straight fine to infinity, as some have opined, how could it be explained that

each star will be observed daily moving from the same starting point? For how
could the stars turn back while rushing on to infinity? Or how could they turn

back without appearing to do so? Or how is it they do not disappear with their

size gradually diminishing, but on the contrary seem larger when they are about
to disappear, being covered Httle by little as if cut off by the earth's surface?

But certainly to suppose that they fight up from the earth and then again go out

in it would appear most absurd. For if anyone should agree that such an order

in their magnitudes and number, and again in the distances, places, and times

is accompUshed in this way at random and by chance, and that one whole part

of the earth has an incandescent nature and another a nature capable of extin-

guishing, or rather that the same part lights the stars up for some people and
puts them out for others, and that the same stars happen to appear to some
people either fit up or put out and to others not yet so—even if anyone, I say,

should accept all such absurdities, what could we say about the always-visible

stars which neither rise nor set? Or why don't the stars which light up and go out
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rise and set for every part of the earth, and why aren't those which are not

affected in this way always above the earth for every part of the earth? For in

this hypothesis the same stars will not always light up and go out for some
people, and never for others. But it is evident to everyone that the same stars

rise and set for some parts, and do neither of these things for others.

In a word, whatever figure other than the spherical be assumed for the move-
ment of the heavens, there must be unequal linear distances from the earth to

parts of the heavens, wherever or however the earth be situated, so that the

magnitudes and angular distances of the stars with respect to each other would

appear unequal to the same people within each revolution, now larger now
smaller. But this is not observed to happen. For it is not a shorter Hnear distance

which makes them appear larger at the horizon, but the steaming up of the

moisture surrounding the earth between them and our eyes, just as things put

under water appear larger the farther down they are placed.

The foUomng considerations also lead to the spherical notion: the fact that

instruments for measuring time cannot agree with any hypothesis save the

spherical one ; that, since the movement of the heavenly bodies ought to be the

least impeded and most facile, the circle among plane figures offers the easiest

path of motion, and the sphere among sohds; likewise that, since of different

figures having equal perimeters those having the more angles are the greater,

the circle is the greatest of plane figures and the sphere of soUd figures, and the

heavens are greater than any other body.

Moreover, certain physical considerations lead to such a conjecture. For

example, the fact that of all bodies the ether has the finest and most homoge-

neous parts [o/xoto/xepecrrepos] ; but the surfaces of homogeneous parts must have

homogeneous parts, and only the circle is such among plane figures and the

sphere among solids. And since the ether is not plane but soUd, it can only be

spherical. Likewise the fact that nature has built all earthly and corruptible

bodies wholly out of rounded figures but with heterogeneous parts, and all di-

vine bodies in the ether out of spherical figures mth homogeneous parts, since

if they were plane or disc-Hke they would not appear circular to all those who
see them from different parts of the earth at the same time. Therefore it would

seem reasonable that the ether surrounding them and of a Hke nature be also

spherical, and that because of the homogeneity of its parts it moves circularly

and regularly.

4. That also the Earth, Taken as a Whole, Is Sensibly Spherical

Now, that also the earth taken as a whole is sensibly spherical, we could most

likely think out in this way. For again it is possible to see that the sun and moon
and the other stars do not rise and set at the same time for every observer on the

earth, but always earlier for those living towards the orient and later for those

Hving towards the Occident. For we find that the phenomena of eclipses taking

place at the same time, especially those of the moon, are not recorded at the

same hours for everyone—that is, relatively to equal intervals of time from

noon; but we always find later hours recorded for observers towards the orient

than for those towards the Occident. And since the differences in the hours is

found to be proportional to the distances between the places, one would reason-

ably suppose the surface of the earth spherical, with the result that the general

uniformity of curvature would assure every part's covering those follomng it
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proportionately. But this would not happen if the figure were any other, as can

be seen from the follo\ving considerations.

For, if it were concave, the rising stars would appear first to people towards

the Occident; and if it were flat, the stars would rise and set for all people togeth-

er and at the same time; and if it were a pyramid, a cube, or any other polygonal

figure, they would again appear at the same time for all observers on the same
straight line. But none of these things appears to happen. It is further clear that

it could not be cylindrical \vith the curved surface turned to the risings and set-

tings and the plane bases to the poles of the universe, which some think more
plausible. For then never would any of the stars be always visible to any of the

inhabitants of the curved surface, but either all the stars would both rise and set

for observers or the same stars for an equal distance from either of the poles

would always be invisible to all observers. Yet the more we advance towards the

north pole, the more the southern stars are hidden and the northern stars ap-

pear. So it is clear that here the curv^ature of the earth covering parts uniformly

in obhque directions proves its spherical form on every side. Again, whenever

we sail towards mountains or any high places from whatever angle and in what-

ever direction, we see their bulk httle by Uttle increasing as if they were arising

from the sea, whereas before they seemed submerged because of the curvature

of the water's surface.

5. That the Earth Is in the Middle of the Heavens

Now with this done, if one should next take up the question of the earth's

position, the observed appearances mth respect to it could only be understood

if we put it in the middle of the heavens as the centre of the sphere. If this were

not so, then the earth would either have to be off the axis but equidistant from

the poles, or on the axis but farther advanced towards one of the poles, or nei-

ther on the axis nor equidistant from the poles.

The following considerations are opposed to the first of these three positions

—

namely, that if the earth Avere conceived as placed off the axis either above or

below in respect to certain parts of the earth, those parts, in the right sphere,

would never have any equinox since the section above the earth and the section

below the earth would always be cut unequally by the horizon. Again, if the

sphere were inclined mth respect to these parts, either they would have no equi-

nox or else the equinox would not take place midway between the summer and
winter solstices. The distances would be unequal because the equator which is

the greatest of those parallel circles described about the poles would not be cut

in half by the horizon; but one of the circles parallel to it, either to the north or

to the south, would be so cut in half. It is absoluteh^ agreed by all, however, that

these distances are every^vhere equal because the increase from the equinox to

the longest day at the summer tropic are equal to the decreases to the least days

at the A\dnter tropic. And if the deviation for certain parts of the earth were

supposed either towards the orient or the Occident, it would result that for these

parts neither the sizes and angular distances of the stars would appear equal and
the same at the eastern and western horizons, nor would the time from rising to

the meridian be equal to the time from the meridian to setting. But these things

evidently are altogether contrary to the appearances.

As to the second position where the earth would be on the axis but farther

advanced towards one of the poles, one could again object that, if this were so,
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the plane of the horizon in each latitude would always cut into uneven parts the

sections of the heavens below the earth and above, different with respect to each

other and to themselves for each different deviation. And the horizon could cut

into two even parts only in the right sphere. But in the case of the inclined

sphere with the nearer pole ever visible, the horizon would always make the part

above the earth less and the part below the earth greater mth the result that

also the great circle through the centre of the signs of the zodiac [ecHptic] would
be cut unequally by the plane of the horizon. But this has never been seen, for

six of the twelve parts are always and everywhere visible above the earth, and
the other six invisible; and again when all these last six are all at once visible,

the others are at the same time invisible. And so—from the fact that the same
semicircles are cut off entirely, now above the earth, now below—it is evident

that the sections of the zodiac are cut in half by the horizon.

And, in general, if the earth did not have its position under the equator but

lay either to the north or south nearer one of the poles, the result would be that,

during the equinoxes, the shadows of the gnomons at sunrise would never per-

ceptibly be on a straight Une with those at sunset in planes parallel to the hori-

zon. But the contrary is everywhere seen to occur. And it is immediately clear

that it is not possible to advance the third position since each of the obstacles

to the first two would be present here also.

In brief, all the observed order of the increases and decreases of day and night

would be thrown into utter confusion if the earth were not in the middle. And
there would be added the fact that the eclipses of the moon could not take place

for all parts of the heavens by a diametrical opposition to the sun, for the earth

would often not be interposed between them in their diametrical oppositions,

but at distances less than a semicircle.

6. That the Earth Has the Ratio of a Point to the Heavens

Now, that the earth has sensibly the ratio of a point to its distance from the

sphere of the so-called fixed stars gets great support from the fact that in all

parts of the earth the sizes and angular distances of the stars at the same times

appear everywhere equal and alike, for the observations of the same stars in the

different latitudes are not found to differ in the least.

Moreover, this must be added: that sundials placed in any part of the earth

and the centres of armillary spheres can play the role of the earth's true centre

for the sightings and the rotations of the shadows, as much in conformity with

the hypotheses of the appearances as if they were at the true midpoint of the

earth.

And the earth is clearly a point also from this fact: that everyivhere the planes

drawn through the eye, which we call horizons, always exactly cut in half the

whole sphere of the heavens. And this would not happen if the magnitude of the

earth with respect to its distance from the heavens were perceptible; but only

the plane drawn through the point at the earth's centre would exactly cut the

sphere in half, and those drawn through any other part of the earth's surface

would make the sections below the earth greater than those above.

7. That the Earth Does Not in any Way Move Locally

By the same arguments as the preceding it can be shown that the earth can

neither move in any one of the aforesaid oblique directions, nor ever change at
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all from its place at the centre. For the same things would result as if it had
another position than at the centre. And so it also seems to me superfluous to

look for the causes of the motion to the centre when it is once for all clear from
the very appearances that the earth is in the middle of the world and all weights

move towards it. And the easiest and only way to understand this is to see that,

once the earth has been proved spherical considered as a whole and in the middle

of the universe as we have said, then the tendencies and movements of heavy
bodies (I mean their proper movements)^ are everywhere and always at right

angles to the tangent plane drawn through the falling body's point of contact

with the earth's surface. For because of this it is clear that, if they were not

stopped by the earth's surface, they too would go all the way to the centre itself,

since the straight line drawn to the centre of a sphere is always perpendicular to

the plane tangent to the sphere's surface at the intersection of that Une.

All those who think it paradoxical that so great a weight as the earth should

not waver or move anywhere seem to me to go astray by making their judgment
with an eye to their own affects and not to the property of the whole. For it

would not still appear so extraordinary to them, I believe, if they stopped to

think that the earth's magnitude compared to the whole body surrounding it is

in the ratio of a point to it. For thus it seems possible for that which is relatively

least to be supported and pressed against from all sides equally and at the same
angle by that which is absolutely greatest and homogeneous. For there is no
"above" and "below" in the universe with respect to the earth, just as none
could be conceived of in a sphere. And of the compound bodies in the universe,

to the extent of their proper and natural motion, the light and subtle ones are

scattered in flames to the outside and to the circumference, and they seem to

rush in the upward direction relative to each one because we too call "up" from
above our heads to the enveloping surface of the universe; but the heavy and
coarse bodies move to the middle and centre and they seem to fall downwards
because again we all call "do\vn" the direction from our feet to the earth's cen-

tre. And they properly subside about the middle under the everywhere-equal

and like resistance and impact against each other. Therefore the sohd body of

the earth is reasonably considered as being the largest relative to those moving
against it and as remaining unmoved in any direction by the force of the very
small weights, and as it were absorbing their fall. And if it had some one com-
mon movement, the same as that of the other weights, it would clearly leave

them all behind because of its much greater magnitude. And the animals and
other weights would be left hanging in the air, and the earth would very quickly

fall out of the heavens. Merely to conceive such things makes them appear

ridiculous.

^All local motions or movements according to place are divided by Aristotle into natural and
violent local motions. In the case of compound bodies (that is, those bodies subject to gener-

ation and corruption and consisting of all those, and only those, bodies lying below the lunar
sphere), the natural local motions are those of unimpeded and unpropelled fall; the violent

local motions are any propelled or interrupted motions. In the case of simple bodies (that is,

the heavenly bodies within and above the lunar sphere), there are only natural local motions:
the regular or uniform circular motions, Ptolemy here calls the natural local motions of com-
pound bodies their proper motions. This distinction between natural and violent motions is

preserved by GaHleo. For in his Two New Sciences, natural motion is treated in the 'Third
Day" and violent motion in the "Fourth Day." In the Newtonian system, the distinction is

dissolved in a general mathematical treatment, a treatment more in line with the Platonic

myth of the Timaeus, and so it loses all meaning.
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Now some people, although they have nothing to oppose to these arguments,

agree on something, as they think, more plausible. And it seems to them there

is nothing against their supposing, for instance, the heavens immobile and the

earth as turning on the same axis from west to east very nearly one revolution

a day ; or that they both should move to some extent, but only on the same axis

as we said, and conformably to the overtaking of the one by the other.

But it has escaped their notice that, indeed, as far as the appearances of the

stars are concerned, nothing would perhaps keep things from being in accord-

ance mth this simpler conjecture, but that in the light of what happens around
us in the air such a notion would seem altogether absurd. For in order for us to

grant them what is unnatural in itself, that the lightest and subtlest bodies

either do not move at all or no differently from those of contrary nature, while

those less light and less subtle bodies in the air are clearly more rapid than all

the more terrestrial ones; and to grant that the heaviest and most compact
bodies have their proper swift and regular motion, while again these terrestrial

bodies are certainly at times not easily moved by anything else—for us to grant

these things, they would have to admit that the earth's turning is the swiftest of

absolutely all the movements about it because of its making so great a revolu-

tion in a short time, so that all those things that were not at rest on the earth

would seem to have a movement contrary to it, and never would a cloud be

seen to move toward the east nor anything else that flew or was thrown into

the air. For the earth would always outstrip them in its eastward motion,

so that all other bodies would seem to be left behind and to move towards

the west.

For if they should say that the air is also carried around with the earth in the

same direction and at the same speed, none the less the bodies contained in it

would always seem to be outstripped by the movement of both. Or if they

should be carried around as if one with the air, neither the one nor the other

would appear as outstripping, or being outstripped by, the other. But these

bodies would always remain in the same relative position and there would be no
movement or change either in the case of flying bodies or projectiles. And yet

we shall clearly see all such things taking place as if their slowness or swiftness

did not follow at all from the earth's movement.

8. That There Are Two Different Prime Movements in the Heavens

It will be sufficient for these hypotheses, which have to be assumed for the

detailed expositions following them, to have been outhned here in such a sum-
mary way since they will finally be established and confirmed by the agreement

of the consequent proofs with the appearances. In addition to those already

mentioned, this general assumption would also be rightly made that there are

two different prime movements in the heavens. One is that by which everything

moves from east to west, always in the same way and at the same speed with

revolutions in circles parallel to each other and clearly described about the poles

of the regularly revolving sphere. Of these circles the greatest is called the equa-

tor, because it alone is always cut exactly in half by the horizon which is a great

circle of the sphere, and because everywhere the sun's revolution about it is

sensibly equinoctial. The other movement is that according to which the spheres

of the stars make certain local motions in the direction opposite to that of the

movement just described and around other poles than those of that first revolu-



THE ALMAGEST, I 18

tion. And we assume that it is so because, while, from each day's observation,

all the heavenly bodies are seen to move generally in paths sensibly similar and
parallel to the equator and to rise, culminate, and set (for such is the property

of the first movement), yet from subsequent and more continuous observation,

even if all the other stars appear to preserve their angular distances with respect

to each other and their properties as regards their places within the first move-
ment, still the sun and moon and planets make certain complex movements un-

equal to each other, but all contrary to the general movement, towards the east

opposite to the movement of the fixed stars which preserve their respective

angular distances and are moved as if by one sphere.

If, then, this movement of the planets also took place in circles parallel to the

equator—that is, around the same poles as those of the first revolution—^it

would be suflScient to assume for them all one and the same revolving movement
in conformity with the first. For it would then be plausible to suppose that their

movement was the result of a lag and not of a contrary movement. But they

always seem, at the same time they move towards the east, to deviate towards

the north and south poles without any uniform magnitude's being observed in

this deviation, so that this seems to befall them through impulsions. But al-

though this deviation is irregular on the hypothesis of one prime movement, it

is regular when effected by a circle oblique to the equator. And so such a circle

is conceived one and the same for, and proper to, the planets, quite exactly ex-

pressed and as it were described by the motion of the sun, but traveled also by
the moon and planets which ever turn about it with every deviation from it on
the part of any planet either way, a de\'iation within a prescribed distance and
governed by rule. And since this is seen to be a great circle also because of the

sun's equal oscillation to the north and south of the equator, and since the east-

ward movements of all the planets (as we said) take place on one and the same
circle, it was necessary to suppose a second movement different from the general

one, a movement about the poles of this oblique circle or ecHptic in the direction

opposite to that of the first movement.
Then if we think of a great circle described through the poles of both the cir-

cles just mentioned, which necessarily cuts each of them—that is, the equator

and the circle inchned to it—exactly in half and at right angles, there will be
four points on the obhque circle or ecUptic: the two made by the equator dia-

metrically opposite each other and called the equinoxes of which the one guard-

ing the northern approach is called spring, and the opposite one autumn. And
the two made by the circle drawn through both sets of poles, also clearly diamet-

rically opposite each other, are called the tropics, of which the one to the south

of the equator is called winter, and the one to the north summer. "^

The one first movement which contains all the others will be thought of then

as described and as if defined by the great circle, through both sets of poles,

which is carried around and carries with it all the rest from east to west about

the poles of the equator. And these poles are as if they were on what is called the

meridian, which differs from the circle through both sets of poles in this alone:

that it is not always dra^vn through the poles of the ecliptic, but is conceived as

continuously at right angles to the horizon and therefore called the meridian,

since such a position cutting in half as it does each of the two hemispheres, that

below the earth and that above, provides midday and midnight. But the second

movement, consisting of many parts and contained by the first, and embracing



14 PTOLEMY
itself all the planetary spheres/ is carried by the first as we said, and revolves

about the poles of the ecHptic in the opposite direction. And these poles of the
ecliptic being on the circle effecting the first revolution—that is, on the circle

drawn through all four poles together—are carried around with it as one would
expect ; and, moving therefore with a motion opposite to the second prime move-
ment, in this way keep the position of the great circle which is the ecUptic ever

the same with respect to the equator.

9. On the Particular Notions
97
A summary and general preliminary explanation would contain some such

exposition as the foregoing of the things to be presupposed. But now we are

going to begin the detailed proofs. And we think the first of these is that by
means of which is calculated the length of the arc between the poles of the equa-
tor and the ecUptic, lying on the great circle drawn through these poles. To this

end we must first see expounded the method of computing the size of chords

inscribed in a circle, and we are now going to demonstrate this geometrically for

each case, once for all.

ai

10. On the Size of Chords in a Circle

With an eye to immediate use, we shall now make a tabular exposition of the

size of these chords by dividing the circumference into 360 parts and setting

side by side the chords as the arcs subtended by them increase by a half part.

That is, the diameter of the circle will be cut into 120 parts for ease in calcula-

tion; [and we shall take the arcs, considering them with respect to the number
they contain of the circumference's 360 parts, and compare them with the sub-

tending chords by finding out the number the chords contain of the diameter's

120 parts.] But first we shall show how, with as few theorems as possible and the

same ones, we make a methodical and rapid calculation of their sizes so that we
may not only have the magnitudes of the chords set out without knowing the

why and wherefore but so that we may also easily manage a proof by means of a
systematic geometrical construction. In general we shall use the sexagesimal

system because of the difficulty of fractions, and we shall follow out the multi-

pHcations and divisions, aiming always at such an approximation as will leave

no error worth considering as far as the accuracy of the senses is concerned.

Then first let there be the semicircle ABC on the diameter ADC and around

centre D, and let straight line DB be erected on
AC at right angles. Let DC be bisected at E, and
EB be joined; and let EF be laid out equal to

EB, and let FB be joined.

I say that the straight fine FD is the side of a

regular inscribed decagon, and BF that of a

pentagon.

For since the straight fine DC is bisected at E
and a straight line DF is added to it,

rect. CF, FD+sq. ED = sq. EF, [Eucl. ii, 6]

since
=sq- ^^>

BE = EF.

^These are the two movements of the same and of the other described in Plato's myth of

the Timaeua.
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But
sq. ED+sq. DB = sq. BE, [Eucl. i, 47]

Therefore

rect. CF, FD-f sq. ED = sq. ED-\-sq. DB.
And, subtracting the common square on ED,

rect. CF,FD = sq. DB
= sq. DC.

Therefore CF is cut at D in extreme and mean ratio [Eucl. vi, def. 3]. Since,

then, the side of the hexagon and the side of the decagon which are inscribed

in the same circle, when they are in the same straight line, cut that line in ex-

treme and mean ratio [Eucl. xiii, 9], and since the radius DC is equal to the side

of the hexagon [Eucl. iv, 15 corolL], therefore FD is equal to the side of the

decagon. i -'^'yn-ul

And hkewise, since the square on the side of the pentagon is equal to the
square on the side of the hexagon together with the square on the side of the
decagon, all inscribed in the same circle [Eucl. xiii, 10], and since in the right

triangle BDF
sq.BF= sq.DB-h8q.FD

where DB is the side of the hexagon and FD the side of the decagon, the straight

Une BF is equal to the side of the pentagon.

Since, then, as I said, we suppose the diameter divided into 120 parts, there-

fore by what we have just estabUshed, being half the circle's radius,

ED = 30 such parts,

and
sq. ED = 900;

and
rad. DB = 60 such parts,

and
sq. Z)B = 3600;

and

sq. BE= sq. EF= A500.

Then
EF'=Q7H'55"^

in length, and by subtraction

FD'=S7H'55''.
Therefore the side of the decagon, subtending an arc of 36° of the whole circum-
ference's 360°, will have Z7H'55" of the diameter's 120^. '.;

Since again

FD = S7H'55'\

sq. FZ) = 1375P4'14",

sq. Z)5 = 3600p,

and IT

sq. FD-\-sq. DB= sq. BF,
therefore, in length, '.A

^From now on, we shall indicate "parts such as the diameter's 120" by a p-superscript.

Thus 67P4'55" means "67+^+3foo parts such as the diameter's 120." And we shall indi-

cate "parts such as the circumference's 360" by the ordinary notation for angular degrees.

For the measures of arcs and angles exactly correspond. Thus 47°42'40" means "47-4-f§

+S60U parts such as the circumference's 360" or "parts such as 4 right angles' 360."
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And therefore the side of the pentagon, subtending an arc of 72°, is 70p32'3''.

It is immediately clear that the side of the hexagon, subtending an arc of 60°

and being equal to the radius, is itself 60p. And likewise, since the side of the

inscribed square, subtending an arc of 90°, is, when squared, double the square

on the radius, and since the side of the inscribed equilateral triangle is, when
squared, triple the square on the radius, and since the square on the radius is

3,600p, the square on the side of the square will add up to 7,200^, and the square

on the side of the equilateral triangle to 10,800^. And so in length

chord of arc 90°=84p5n0",
and

chord of arc 120°= 103p55'23''.

And so these chords are easily gotten by themselves. Thence it is evident that,

with these chords given, it will be easy to get the chords which subtend the

supplements, since the squares on them added together are equal to the square

on the diameter. For example, since it was shown
chord of arc 36° = 37^4^55'',

sq. chord of arc 36° = 1375p4'15'',

and
sq. diameter= 14,400^,

therefore, for the supplement,

sq. chord of arc 144° = 13,024p55'45",

and, in length,

chord of arc 1 44°= 1 14^7^37''

;

and the others in like manner.

And we shall next show, by expounding a lemma very useful for this present

business, how the rest of the chords can be derived successively from those we
already have.

For let there be a circle with any sort of inscribed quadrilateral ABCD, and

let AC and BD be joined.

It is to be proved that

rect. AC, BD = Yect. AB, DC+rect. AD, BC.

For let it be laid out such that

angle ABE= Sing\e DBC.
If then we add the common angle EBD,

angle ABD = angle EBC.
But also

angle BDA = angle BCE. [Eucl. iii, 21],

for they subtend the same arc. Then triangle

ABD is equiangular with triangle BCE. Hence

BC :CE ::BD:AD [Eucl. vi, 4].

Therefore

rect. BC, AD = rect. BD, CE.

Again since

angle ABE = Single CBD
and also

angle 5A£' = angle BDC,
therefore triangle ABE is equiangular with triangle BCD. Hence

AB:AE::BD: CD.

[Eucl. VI, 16].
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Therefore

rect. AB, CD = red. BD, AE.
But it was also proved

rect. BC, AD = rect. BD, CE.
Therefore also

rect. AC, BZ) = rect. AB, CD+rect. BC, AD
Which was to be proved.

Now that this has been expounded, let there be the semicircle ABCD on di-

ameter AD, and from the point A let there be
drawn the two straight lines AB,AC, and let

the length of each of them have been given in

terms of such parts as the given diameter's 120;

and let BC be joined.

I say that BC is also given.

For let BD and CD be joined. Then clearly

they are also given because they subtend the

supplements. Since, then, the quadrilateral

ABCD is inscribed in a circle, therefore

rect. AB, CD+rect. AD, BC = rect. AC, BD
[p. 16]

And rectangle AC, BD is given, and also rectan-

gle AB, CD. Therefore the remaining rectangle

AD, BC is also given. And AD is the diameter. Hence the straight line BC is

also given. And it is now clear to us that, if two arcs are given and the two
chords subtending them, then also the chord subtending the difference between
the two arcs will be given. And it is evident that by means of this theorem we
can inscribe many other chords in arcs which are the differences between arcs

directly given; for instance, the chord subtending an arc of 12°, since we have
the chords of 60° and 72°.

Again, given any chord in a circle, let it be proposed to find the chord of half

the arc of the given chord.

And let there be the semicircle ABC on diameter AC, and let CB be the given
chord. And let the arc be bisected at D, and let AB, AD, BD, and DC be joined.

And let DF be drawn from D perpendicular to AC.
I say that

CF= half {AC-AB).
For let A^ be laid out such that

AE = AB,
and let DB be joined. Since

AB = AE,
and AD is common, therefore the two sides AB and
AD are equal to the two sides AE and AD respec-

tively. And

therefore also

But

and therefore

angle BAD = angle EAD

;

base jBD = base Z)£7.

chord B2) = chord CD,

[Eucl. Ill, 27]
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chord CD = DE.

Since then, in the isosceles triangle DEC, DF has been dropped from the vertex

perpendicular to the base, therefore

EF^CF. [Eucl. I, 26]

But CE =AC-AB;
therefore

CF= half (AC-AB).
And so, since, given the chord of arc EC, chord AE oi its supplement is also

given [p. 16], therefore CF, which is half the difference between AC and AJ5, is

given too. But when the perpendicular DF is drawn in right triangle ACD, as a

consequence right triangle ACD is equiangular with right triangle DCF [Eucl.

VI, 8], and
AC :CD::CD: CF.

Therefore

rect. AC,CF= sq. CD.
But rectangle AC ,CF is given, therefore the square on CD is also given. And so

the chord CD of half the arc EC %vill also be given in length.

And so again, by means of this theorem, most of the other chords will be given

as subtending the halves of arcs already found. For instance, from the chord of

an arc of 12°, there can be gotten the chord subtending an arc of 6°, and those

subtending arcs of 3°, 13^°, and ^° respectively. And we shall find from calcu-

lation that

chord of arc 1>^°=1p34'15",

and
chord of arc 3^°=0p47'8".

Again let there be the circle ABCD on diameter AD with center at F. And
from A let there be cut off consecutively two given arcs, AB and EC; and let the

given chords subtending them, AB and EC, be joined.

I say that, if we join AC, then AC will be

given also.

For let the circle's diameter EFE be drawn

through E, and let ED, DC, CE, and DE be

joined. Then from this it is clear that, by means

of EC, chord CE is given; and, by means of AB,
chords ED and DE are given [p. 16]. And by
things we have already proved, since ECDE is

a quadrilateral inscribed in a circle, and ED and

CE are the diagonals, the rectangle contained by
the diagonals is equal to the sum of the rec-

tangles contained by opposite sides [p. 16, 17]. And
so, since the rectangles ED, CE and EC, DE are ^'

^
^'~'

given, therefore the rectangle BE, CD is given also. But the diameter BE is

given too, and the remaining side CD will be given. Therefore the chord AC of

the supplement will be given also. And so, if two arcs and their chords are given,

then by means of this theorem the chord of both these arcs together will be

given.

And it is evident that, by continually combining the chord of an arc 13^° with

those so far set out and calculating the sums, we shall inscribe all those chords

which, when doubled, are divisible by three; and only those chords will still be
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skipped which fall within 1J^° intervals. For there will be two such chords
skipped in each interval, since we are carrying out this inscribing of chords by-

successive additions of 3^^°. And so if we could compute the chord subtending an
arc of 3^°, then this chord, by addition to, and subtraction from, the chords
which are separated by 13^° intervals and have already been given, will fill in

all the rest of the intermediate chords. But since, given any chord such as that
subtending an arc of l}/i°, the chord of a third of the arc is in no way geomet-
rically given (and if it were possible, we could then compute the chord of an arc

of 3^°)> therefore we shall first look for the chord of an arc of 1° by means of

chords subtending arcs of 1}^° and %°. We shall do this by presenting a little

lemma which, even if it may not suffice for determining their sizes in general,

can yet in the case of these very small chords keep them indistinguishable from
chords rigorously determined.

For I say that, if two unequal chords are inscribed in a circle, the greater has
to the less a ratio less than the arc on the greater has to the arc on the less.

For let there be the circle ABCD; and let

unequal chords be inscribed in it, AB the less

and BC the greater.

I say that

chord BC : chord AB<arc BC : arc AB.
For let angle ABC be bisected by BD, and let

AECf AD, and CD be joined. And since angle

ABC has been bisected by the straight hne
DEB,

chord CD = chord AZ),

[Eucl. Ill, 26, 29]

and
CE>AE. [Eucl. VI. 3]

Then let DF be dropped from D perpendicular to

AEC. Now since

AD>DE,
DE>DF,^

therefore the circle described with centre D and radius DE cuts AD and falls

beyond DF. Then let the circle GEH be drawn and the straight line DFH be
produced. And since

sect. DEH >irgl DEF,
and

therefore

But

and

Therefore

trgl. DEA> sect. DEG,

trgl. DEF : trgl. DEA <sect. DEH : sect. DEG.

trgl. DEF : trgl. DEA : : EF : AE,

sect. DEH : sect. DEG : : angle FDE : angle EDA.

IT

[Eucl. V, 8]

[Eucl. VI, 1]

^For DF produced will bisect arc ABC [Eucl. iii, 3, 26]; hence it will fall on the side of B
towards C. Therefore

DE>DF, [Eucl. I, 21]

AD>DE.



CE : ^^<angle CDB : angle BDA,

CE:AE::BC: AB,

angle CDB : angle BDA : : arc BC : arc AB.

[Eucl. VI, 3]

[Eucl. VI, 33]
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EF : AE< angle FDE" : angle EDA.

Then componendo
AF : A^< angle FDA : angle £'Z)A.

And doubling the antecedents

CA : A£;<angle CDA : angle EDA.
And separando

But

and

Therefore

chord BC : chord AJ5 <arc BC : arc AJ5.

Now, then, with this laid down, let there be the circle ABC, and let the two
chords AB and AC be inscribed in it. And first let AB be given as subtending

an arc of ^°, and AC an arc of 1°.

Since

chord AC : chord AB<arc AC : arc ABj
and

^r; arc AC= 13/^ (arc AB),
therefore

chord AC<1}4 (chord AB).
But it was proved [p. 18]

chord AB = 0P47'8".

Therefore

chord AC <1P2'50",

for
1P2'50''= 13^ (OP47'8'0.

Again, with the same figure, let chord AB be given as subtending an arc of 1®,

and chord AC an arc of 13^°.

Likewise then, since

arc AC =13/^ (arc AB),
chord AC< 13^ (chord AB).

But we proved [p. 18]

Therefore

for

chord AC =1P34'15".

chord AB> 1P2'50",

1P34'15''=13^ (1P2'50'0.

And so, since it has been proved that the chord of an arc of 1° is both greater

and less than the same number of parts, clearly we shall have
chord of arc 1°=1p2'50";

and by means of earlier proofs we saw
chord of arc y^'=^^Z\'2h"

.

And the remaining intervals wdll be filled in as we have just said. For example,

in the first interval we find the chord subtending an arc of 2° by adding Y2 and
13^^°, and the chord subtending an arc of 23^° by subtracting 3^** from 3°, and

so on for the rest.

So the business of chords in a circle can be easily handled in this way, I think.
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And as I said, in order to have the magnitudes set out immediately to hand, we
shall draw up tables of 45 rows each, for symmetry's sake. And the first column
will contain the magnitudes of the arcs increasing by }^°, and the second column
wdll contain the magnitudes of the chords subtending them in terms of the diam-
eter's assumed 120 parts. The third column will contain the thirtieth of the

increase of the chord as the corresponding arc increases b}^ J^°, so that we may
have a mean addition, accurate for the senses, for each increase of 760° in the

corresponding arcs, and so be able to calculate readily the chords falling within

the 3^° intervals. And it is to be remarked that by means of these same the-

orems, if we should suspect some typographical error in connection with any of

the chords computed here, we can easily check and correct it either by means
of the chord of an arc double the arc of the chord which is being examined, or by
means of the difference of certain other given chords, or by means of the chord

subtending the supplement. And here is the table:

11. Table of Chords

I

Arcs
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Arcs
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Arcs
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Arcs
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the tropic points to the equator, along this same circle. And we can immediately
get the measure of this arc instrumentally, with some such simple construction

as the following.

We shall make a brass circle, suitable in size, accurately turned, with its sur-

faces standing square. And we shall use it as a meridian, dividing it into the 360
parts supposed for the great circle, and each of these into as many parts as there

is room for. Then, fitting into this circle another little circle, thinner than it, in

such a way that their sides remain in the same plane and the smaller circle can
turn without hindrance within the greater circle to the north and south, always
in the same plane, we shall place, on one of the smaller circle's two sides at two
diametrically opposite points, small prisms of the same size pointing in exactly

the same straight line with each other and with the centre of the circles. And in

the middle of the prisms' width we shall place fine pointers touching the side of

the greater circle and its divisions. And then we shall fit that circle securely on a
small and convenient column for its several uses, and stand the base of the

column on a pavement in the open air exactly parallel to the plane of the hori-

zon. And we shall take care that the plane of the circles is perpendicular to that

of the horizon and parallel to that of the meridian. The first condition is satisfied

by means of a plumb line which is suspended from the highest point of the circles

and which is watched until, by correction of the underpinning, it is directed to

the diametrically opposite point below. And the second condition is satisfied by
very visibly drawing a meridian line in the plane below the column and turning

the circles from side to side until their plane is sighted parallel to the line. And
after a placement of this kind had been made, we would observe the sun's ad-

vance to the north and south, moving the inside circle at middays until the lower

prism was completely shadowed by the whole of the upper prism. And when
this was done, the needle points would show us each time how many degrees

from the zenith the sun's center stood on the meridian line.

And we used to make this observation still more readily by constructing, in-

stead of circles, a steady square block of rock or wood having one of its faces reg-

ular and accurately shaped. And using as a centre the vertex of one of its angles,

we drew a quadrant, drawing out from the centre point to the circumference

those straight lines which contain the right angle of the quadrant, and likewise

di\dding the circumference into 90 parts, and dividing these again. And after

this, on one of the straight lines, the one which was to be perpendicular to the

plane of the horizon and to face south, we laid two small right cylinders in every

way equal and similarly fashioned, one on the centre exactly at the midpoint of

the indicated circle and the other at the lower extremity of the straight line.

Then, standing the marked side of the block along the meridian line drawn in

the supporting plane of the horizon so that it would also be parallel to the plane

of the meridian, again making adjustments with fine splints in accord with a

plumb line right across the cylinders perpendicular to the plane of the horizon,

we would observe as before the midday shadow from the centre cylinder, put-

ting something at the graduated circumference to show more clearly its position.

And marking the middle of the shadow we ^vould note down the division of the

quadrant, and this w^ould clearly indicate the latitude of the sun's path on the

meridian.

Now from such observations and especially from those made by us over sev-

eral periods while the sun was near the tropics, seeing the marker count off from
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the zenith always an equal number of divisions on the meridian and the same
ones both for the winter tropics and for the summer tropics, we found the arc

from the northernmost to the southernmost limit, which is the arc between the

tropic points, to be always more than 47°40' but less than 47°45'. And with this

there results nearly the same ratio as that of Eratosthenes and as that which
Hipparchus used. For the arc between the tropics turns out to be very nearly 11

out of the meridian's 83 parts.

And immediately from this observation it is easy to deduce the latitudes of

the places where we make the observations, once we have taken the midpoint of

the two limits, which is on the equator, and the arc between this point and the

zenith. For the arc between the poles and the plane of the horizon is clearly

equal to this arc.

13. Preliminaries to the Spherical Proofs

And since it is next in order to demonstrate the respective values of the arcs

on great circles drawn through the poles of the equator and cut off between the

equator and the ecliptic, we shall explain very short and

easy lemmas by means of which we shall effect nearly all

the proofs of theorems dealing with spheres.

Now let the two straight lines BE and CD, drawn to

two straight lines AB and AC, cut each other at F.

I say that AC : AE comp. CD : DF, BF : BE.
For let EG be drawn through E parallel to CD. Since

the straight lines CD and EG are parallel, AC : AE : :

CD : EG [Eucl. vi, 4].

Then if we supply the straight line DF,
CD : EG comp. CD : DF, DF : EG.

And
DF:EG::BF: BE, [Eucl. vi, 4].

again because EG and DF are parallel. Therefore

AC : AE comp. CD : DF, BF : BE.
Which it was proposed to prove.

And in the same way it can be shown, by drawing a straight line through A
parallel to EF and producing CDG to meet it, that

CE : AE comp. CF : DF, BD : AB.
For again since AG is parallel to EF

CFiFG: : CE : AE [Eucl. vi, 2].

But if we supply DF,
CF : FG comp. CF : DF, DF : FG.

But
DF:FG::BD:AB

because AB and FG are drawn through to the paral-

lels AG and BF. Therefore

CF : FG comp. CF : DF, BD : AB.
But

CE '.AE:: CF : FG.

And therefore

CE : AE comp. CF : DF, BD : AB.
Which was to be proved.
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Again, let there be the circle ABC with centre D; and let there be taken on its

circumference three points A, B, and C in such a way that each of the arcs AB
and BC is less than a semicircle (and let the same thing be understood of the

arcs taken hereafter). And let the straight lines AC and DEB be joined.

I say that chord 2 arc AB : chord 2 arc BC : :

AE : CE.
For let the straight lines AF and CG be drawn

from the points A and C perpendicular to BD.
Since AF is parallel to CG and AEC crosses them,
therefore

AF :CG::AE: CE [Eucl. vi, 4].

But
AF :CG:: chord 2 arc AB : chord 2 arc BC.

For the ones are the halves of the others respective-

ly. And therefore

AE :CE :: chord 2 arc AB : chord 2 arc BC.
Which was to be proved.

And it follows from this that, if the whole arc AC
is given and also the ratio of the chord of twice arc AB to the chord of twice arc

BC, then each of the arcs AB and BC is given.

For with the same figure laid out, let AD be

joined, and from D let DF be dra^Ti perpendicular

to AEC. It is clear then that, given arc AC, angle

ADF which subtends the half of it is given, and also

the whole triangle ADF. Now with the whole fine ^[

AC given, since

AE : CE : : chord 2 arc AB : chord 2 arc BC,
therefore AE is given^ and the remainder EF is

given. And for this reason and since DF is given,

both angle EDF of the right triangle EDF and the

whole angle ADB are given. And so both arcs AB
and BC are given. Which was to be proved.

Again, let there be the circle ABC with centre D, and on its circumference

let there be taken three points A, B, and C in

such a way that each of the arcs AB and AC is

less than a semicircle (and let this same condition

be understood for the arcs to be taken hereafter).

And let AD and BC be joined and the resulting

straight Hues be produced to meet at E.

I say that

CE :BE :: chord 2 arc AC : chord 2 arc AB.
For, as in the previous lemma, if from the

points B and C we drop BF and CG perpendicu-

lar to AD, then, since they are parallel, ..d1

CG:BF:: CE : BE.
And so also

CE :BE :: chord 2 arc AC : chord 2 arc AB.

^For componendo
AC :CE : : chord 2 arc AB -f- chord 2 arc BC : chord 2 arc BC.
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Which was to be proved.

And then from this it follows that, even if the arc BC alone be given along
with the ratio of the chord of twice arc AC to the chord of twice arc AB, then
arc AB is given.

For again in a similar figure, with BD joined

and DF dropped perpendicular to BC, angle

BDF subtending half arc BC is given, and also

the whole right triangle BDF. And since also the

ratio of CE to BE is given and chord BC, there-

fore BE is given and the whole line EBF. And so,

since DF is given, angle EDF of the same right

triangle is also given, and by subtraction angle

EDB. Hence arc AB is also given.

And with these conclusions in mind, let arcs of great circles be described on
a spherical surface in such a way that two arcs

BE and CD, drawn to two arcs AB and AC, in-

tersect each other at the point F. And let each of

these arcs be less than a semicircle (and let the

same condition be understood in all the figures).

Then I say that

chord 2 arc CE : chord 2 arc AE comp.
chord 2 arc CF : chord 2 arc DF,
chord 2 arc BD : chord 2 arc AB.

For let the centre of the sphere be taken, and
' let it be G; and from the point G let the straight

lines BG, FG, and EG be drawn to the intersec-

tions of the circles at B, F, and E. And let the

straight line joining AD be produced to meet ^G produced at point H. And
likewise let CD and AC be joined and cut FG and EG at K and L. Then the

points H, K, and L are on one straight line, because they are at once in two
planes: that of the triangle ACD, and that of the circle BFE. When these points

are joined, we have two straight lines HL and CD intersecting at point K and
cutting two other straight lines AH and AC. Therefore

CL : AL comp. CK : DK, DH : AH.
But

and

CLiAL:: chord 2 arc CE : chord 2 arc AE,
CK'.KD:: chord 2 arc CF : chord 2 arc DF;

DH :AH :: chord 2 arc BD : chord 2 arc AB,

[p. 26]

[p- 27]

[p. 27]

And therefore

chord 2 arc CE : chord 2 arc A^ comp.
chord 2 arc CF : chord 2 arc DF, chord 2 arc BD : chord 2 arc AB.

In the same way, by straight lines constructed in a plane, it is also proved

that

chord 2 arc AC : chord 2 arc AE comp.

chord 2 arc CD : chord 2 arc DF, chord 2 arc BF : chord 2 arc BE.^

Which things it was required to prove.

^This analogous theorem is proved thus: With the same arcs as in the preceding figure, pro-

duce the straight Unes CE, CF, and EF of the four intersecting great circles of a sphere whose
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14. On the Arcs Between the Equator and the Ecliptic

Now that this theorem has been expounded, we shall make the first applica-

tion of the arcs as worked out above, in the following way:
For let the circle ABCD be the circle through the poles of the equator and

the poles of the ecliptic; and let AEC be the semi-

circle of the equator, and BED the semicircle of the

ecliptic, and the point E their intersection at the

spring equinox so that point B is the winter tropic

and D the summer tropic. And let the pole of the

equator AEC be taken on arc ABC, and let it be the

point F. And let the arc EG be taken on the ecliptic,

and suppose it to be 30°, and through the points F
and G let the arc FGH of a great circle be drawn.
And let it be proposed to find the arc GH.
Let it be understood now and generally in all such

proofs, so we shall not have to repeat the same thing

for each one, that, whenever we say of how many
parts or divisions the magnitudes of arcs or straight lines consist, we mean, in

the case of arcs, of such divisions as the circumference of the great circle has

360; and, in the case of straight lines, of such as the same circle's diameter has
120.

Since, then, in the construction of the great circles, the two arcs FH and BE
have been drawn to the arcs AF and AE, intersecting at the point G, therefore

chord 2 arc AF : chord 2 arc AB comp.

chord 2 arc FH : chord 2 arc GH, chord 2 arc EG : chord 2 arc BE. [p. 28 Fn]

But
2arcAF=180°,

chord 2 arc AF =120^.

centre is G. Let CE and AG meet at H, CF and DG at L, and EF and BG at K. Then the
points H, L, and K he in the same straight hne since they all lie on the intersection of the
same two planes: that of circle BAG, and that of triangle FEC.
Then

CH : EH comp. CL : FL, FK : EK [p. 26]

But
CH :EH :: chord 2 arc AC : chord 2 arc AE,
CL : FL : : chord 2 arc CD : chord 2 arc DF,

and
FK :EK :: chord 2 arc BF : chord 2 arc BE. [p. 27]

Substituting in the first expression, we have shown what was required.
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And according to the ratio of 83 parts to 11, agreed to by us [p. 26],

2arc AB = 47°42'40'',

and therefore

And again

and

chord 2 arc AB = 48^31'55'\

2 arc EG = Q0°,

chord 2 arc EG = QOp;

2arc J5£: = 180^
chord 2 arc 5^7=120^.

Therefore

chord 2 arc FH : chord 2 arc GH comp. 120^ :
48P3r55", 120^ : 60^,1

or

chord 2 arc FH : chord 2 arc GH : : 120^ :
24p15'57''.

And
' r,." 2arc7^F=180°,
^"^^^ ^

'

chord 2 arc FH = 120^
;

and therefore

And so

chord 2 arc GH = 24n5'57'\

2arcGH = 23°19'59",

arc Gi7mi°40'.
And again let

arc£:(? = 60°,

so that, the others remaining the same,

2 arc EG =120°

chord 2 arc EG = 103^55^23''.

Then again

chord 2 arc FH : chord 2 arc GH : : 120^ : 42pr48''.

And
chord2arcF/^ = 120P

And so also

chord 2 arc G/f= 42p1'48".

And therefore ^^^^

2arcG^ = 4r0'18"
arcG/^ = 20°30'9".

Which things were to be proved.

^Since the compounding of ratios is equivalent to our multiplication of fractions, com-
pounding with the inverse ratio is equivalent to our division of fractions. In other words,

Ptolemy in this paragraph has first proved that

chord 2 arc AF _ chord 2 arc FH chord 2 arc EG "

chord 2 arc ^B
~

chord 2 arc GH ' chord 2 arc BE
He then says here

chord 2 arc AF ^ chord 2 arc EG chord 2 arc FH
chord 2 arc AB ' chord 2 arc 5^ ~ chord 2 arc Gi/

For the fundamental principles of the compounding of ratios the reader is referred to

Euclid's Elements, Books V and VI. The rules for the multiphcation and division of fractions

depend for their vaUdity upon these principles of Euchd, unless one treats them as operations

in a symboUc system, as in modern mathematical theory.
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And now in the same way, by calculating the values for successive arcs, we
shall lay out a table for the 90° of a quadrant, containing the values of arcs like

those already proved. And here is the table:
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2arc AB = 47°42'40",

chord 2 arc AB = ^S^Sr55'\

2arci^G=156°40'l
chord 2 arc /^G= 117^31^5It;''

And again

and

Therefore

or

chord 2 arc EH : chord 2 arc A^ : : 54p52'26" : 117p31'15"

And
54»>52'26''

: 117p3n5'' : : 56pr25'' : 120^.

2 arc GH = 23°19'59" [table, §14]

chord 2 arc GH = 24p15'57''.

chord 2 arc EH : chord 2 arc AE comp.
109^44^53" :

48p31'55'', 24p15'57''
: 117p3ri5'';

And

Therefore

and so

Again let

2arc A£; = 180°,

chord 2arc ^£" = 120^

chord 2 arc EH = 5Qn'25'';

2arc£'i7 = 55°40',

arc£;// = 27°50'.

arc EG = 60°.

And so, the others remaining the same,

2arc W=138°59'42"
chord 2 arc FG= 112^23'5Q'';

and
2arcG/:r = 41°0'16'',

chord2arcG// = 42pr48".

Therefore

chord 2 arc EH : chord 2 SbTC AE comp.
109P44'53''

: 48p3r55", 42pr48" :
112p23'56'';

or

chord 2 arc EH : chord 2 arc ^i^; : :
95p2'40''

: 112p23'56".

And
95p2'40''

:
112p23'56''

: :
101p28'20''

: 120^.

But
chord2arc A£;=120p;

and so

chord 2 arc EH= 101p28'20''.

And therefore

2arc£;//mi5°28',
arciE'//=.57°44'.

It has been shown that the first 30°from the equinoctial point on the ecliptic

corresponds to 27°50' in time on the equator; and the second 30° on the ecliptic

to 29°54' on the equator, since they both together were proved to be 57°44'.

And it is evident that the third 30° on the ecliptic will correspond in time to the
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remainder of the equator's quadrant, that is to 32°16', since the ecliptic's quad-

rant corresponds in time to the equator's quadrant, both being cut off by the

same circles through the poles of the equator.

In the same way, following this same method, we calculated the arcs of the

equator corresponding in time to each 10° of the ecliptic because arcs smaller

than these have practically equal differences as they increase. We shall set them
out also, in order to have at hand, as we said, the amount of time it takes each

arc to cross the meridian for any place and the horizon in the right sphere. And
we take as our starting place the point 10° from the equinox.

The first arc of 10° on the echptic takes 9°10' equatorial time; the second,

9°15'; the third, 9°25'; so that the first 30° on the ecliptic totals 27°50' equatorial

time. The fourth arc takes 9°40'; the fifth, 9°58'; the sixth, 10°16'; so that the

second 30° on the ecliptic totals 29°54' equatorial time. The seventh arc takes

10°34'; the eighth, 10°47'; the ninth, 10°55'; so that the third 30° on the ecliptic

totals 32° 16' equatorial time, and the whole quadrant 90°.

And from this it is evident that the order is the same for the other quadrants,

everything being the same in each of them, because the sphere is given as right;

that is, the equator is not oblique to the horizon.



BOOK TWO

1. On the General Position of the Inhabited World

Now that, in the first book of the Composition, we have gone through those

things concerning the system of the universe which had first to be understood in

summary form, and as many other things concerning the right sphere as would

be considered useful to an understanding of questions treated here, we shall try

in the following book to present again, in the handiest possible way, the more

important of those things having to do with the oblique sphere.

And now this we must first understand in a general way that, if the earth is

supposed cut into four equal parts by the equator and one circle through its

poles, the extent of the part inhabited by us is very nearly enclosed in one or the

other of the northern quadrants. And this would certainly be evident in the case

of latitude—that is, of the passage from south to north—because every^vhere

the noon shadows of gnomons at the equinox fall to the north and never to the

south. And also in the case of longitude—that is, of the passage from east to

west—because the same eclipses, and especially the lunar ones, observed at the

same time by those inhabiting the extreme eastern sections of that part of the

earth inhabited by us and by those inhabiting the extreme western sections,

neither precede nor lag behind by more than twelve equatorial hours. But the

quarter part of the sphere in longitude embraces a twelve-hour interval since it

is bounded by one of the semicircular arcs of the equator.

Of the particular things which must be understood for the business at hand,

one should especially consider the arrangement, one by one, of the circles north

of the equator and parallel to it, according to the particularities of the places

situated under them. That is, how far the poles of the equator are from the

horizon ; or how far the zenith is from the equator along the meridian circle ; and
in what places the sun reaches the zenith, and when and how many times that

happens; what are the ratios of the equinoctial and tropical shadows cast at

noon to their gnomons; and what are the differences of the longest and shortest

days with respect to the equinoxes; and as many other things as are observed
relative to the increase and decrease of solar days, with the correspondances in

the risings and settings of the equator and ecliptic, and with the properties and
magnitudes of the angles formed by the principal great circles.

2. Given the Magnitude of the Longest Day, How the Arcs on the
Horizon Intercepted by the Equator and the Ecliptic are Given
As a general example, let the circle drawTi through Rhodes parallel to the

equator be considered, where the height of the pole is 36° and the longest day is

143^ equatorial hours.^ And let the circle ABCD be the meridian; and BED the

^An equatorial hour is M4 of the 360° of the equator or 15". In other words an equatorial
hour is ^4 of a stellar day, a stellar day being the time it takes a fixed star to pass from a
meridian back again to that same meridan, that is one complete revolution of the equator.
For the purposes of Book II, Ptolemy considers the sun such a fixed star, although it will be

34
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eastern semicircle of the horizon; and Hkewise
^£"0 the semicircle of the equator, and Fits south-
ern pole. And let the ecliptic's winter-tropic point
rise through G; and let FGII be drawn as the
quadrant of the great circle through F and G.
And first let the magnitude of the longest day

be given; and let it be required to find the arc EG
of the horizon.

Now, since the turning of the sphere takes
place around the poles of the equator, it is evi-
dent that the points G and H will be at the merid-
ian ABCD at the same time. And the time from

. ,. . .

the rising of G to its culmination at the upper
meridian is contamed by arc HA of the equator, and from its crossing the lower
meridian to its rising by arc CH. It follows that the length of time of the day is
double that contamed by arc HA, and the length of time of the night is double
that contamed by arc CH. For the sections above and below the earth of the
cu-cles parallel to the equator are exactly cut in half by the meridian.

Therefore, since the arc EH is half the difference between the shortest or
longest day and the equinoctial day, it is 1}^ hours on the given parallel or
18°45' in time, and the remainder of the quadrant, arc HA, is 71°15' in time.
Since then, in the same way a^ in the previous proofs, the arcs EB and FH of
great circles cutting each other at G have been drawn to the two arcs AE and
AF oi great circles,

chord 2 arc HA : chord 2 arc AE comp. chord 2 arc FH : chord 2 arc FG,
chord 2 arc EG : chord 2 arc EB (p. 28]

But
2arc^A = 142°30',

chord 2 arc HA = 113p37'54";

and
2arc ^£'=180°,

chord 2 arc .4£'=120p;

and
2arcF//'=180^

chord 2 arc FH = 120^;

2arcFGi = 132°17'20''

^The arc FG is 66°8'40", since the arc GH which marks the obliquity of the ecliptic is

23°5r20^^

pointed out in detail in Book III that this is not the case, just as it has already been stated in

general in Book I. Therefore all the calculations relative to the sun in Book II are in error by
the small amount such neglect entails.

In Book III, there is introduced the notion of a solar day, a solar day being the time it

takes the sun to pass from a meridian back to that same meridian. The solar day, it will be

seen, is very nearly 59' [of arc] longer than the stellar day. Now in Book III an hour is defined

as H4 of the solar day; and this hour is used interchangeably with the equatorial hour, al-

though it is very nearly 2}4' longer than it. But the total error could never come to as much
as 59', which is less than 4 minutes in time; and Ptolemy declares that his instruments cannot

be accurate within less than 15 minutes in time. Therefore this ambiguity will have no effect

on the accuracy of the calculations.

The degrees on the equator are often referred to as "degrees in time" or "time-degrees" in

referring to their time-measuring aspect.
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chord 2 arc FG= 109p44'53"

Then
chord 2 arc BG : chord 2 arc EB comp. 113p37'o4'' : 120^, 109p44'53''

: 120^

or

chord 2 arc BG : chord 2 arc EB : : 103p55'23" : 120^

And since it is a quadrant,

chord 2 arc EB = 120^,

and therefore

chord 2 arc BG= 103p55'23''.

And so

2arcBG=120°,
arcBG= 60°

And therefore as remainder

arc£;G = 30°.

Which was to be shown.

3. How, WITH THE Same Things Given, the Height of the
Pole is Given, and Conversely

Now again, with this given, let it be required to find the height of the pole;

that is, arc BF of the meridian. Then, in the same figure

chord 2 arc EH : chord 2 arc HA comp. chord 2 arc EG : chord 2 arc BG,
chord 2 arc BF : chord 2 arc AF. [p. 28]

But

and

and again

Then

2arc£'^ = 37°30',

chord 2 arc EH = 38^34:^22''

;

2 arc HA = 142°30',

chord 2 arc HA = 113p37'54'';

2 arc ^6^= 60°,

chord 2 arc EG= 60p.

chord 2 arc BF : chord 2 arc AF comp. 38^34^22''
: 113p37'54'',

103p55'23" : 60^

or very nearlv
^

chord 2 arc BF : chord 2 arc Ai^ : : 70^33' : 120^.

And again

chord2arc AF=120^
and therefore

chord 2 arc 57^ = 70^33'.

And so

2arcBF=72°l',
arc J5i^=.36°.

Again, conversely, let arc BF, the height of the pole, be given by observation

as 36°; and let it be required to find the difference between the longest or

shortest day and the equinoctial day, that is twice arc EH. Then

chord 2 arc BF : chord 2 arc AB comp. chord 2 arc FG : chord 2 arc GH,
chord 2 arc EH : chord 2 arc AE.
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and

and again

and

Then
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2arc5F = 72°,

chord 2 arc BF = 70p32'3'';

2 arc ^B = 108°,

chord 2 arc AB = 97H'5Q'';

2arcFG=132°17'20^
chord 2 arc FG= 109p44'53'';

2arcG// = 47°42'40'',

chord 2 arc G// = 48^31 '55''.

chord 2 arc EH : chord 2 arc .4£' comp. 70p32'3"
: 97p4'56'',

4Sp31'55" :
109p44'53''

or

chord 2 arc EH : chord 2 arc AE : : 31p11'23" :
97p4'56''.

And since, verj' nearlv,
31P11'23"

:
97p4'56''

: : 38p34' : 120p,

and
chord 2 arc AE =120^,

therefore it is inferred

chord 2 arc ^^ = 38p34'.

And so

2arc£'/f = 37°30'

or 23^^ equatorial hours. ^Tiich was to be shown.

Like\^lse the arc EG of the horizon ^\ill be given because the given ratio of

the chord of 2 arc AF to the chord of 2 arc .45 is compounded of the given
ratio of the chord of 2 arc FH to the chord of 2 arc GH and the ratio of the chord
of 2 arc EG to the chord of 2 arc BE. .And so, since BE is given, the magnitude
of arc EG is left.

It is evident that—even if we did not suppose the point G to be the winter

tropic, but some point at one of the other divisions of the echptic—each of the

arcs EH and EG would still be given in the same way. For we have set up, by
means of the Table of ObUquity, the arcs on the meridian cut off by each
division of the echptic and by the equator—that is, the arcs like GH.
From this it follows that the divisions of the ecliptic made b}' the same paral-

lels—that is, those equidistant from the same
tropic point—make sections on the horizon the

same and on the same side of the equator, and
the magnitudes of the days and nights equal to

each other, like to Hke.

At the same time it is proved that the points

produced by equal parallels—that is, those equi-

distant from the .same equinoctial point—make
equal arcs on the horizon from either side of the

equator, and make the magnitudes of the days
and nights equal contrariwise, unlike to unlike.

For if, in the figure already set out, we take also
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the point K as the point where the circle equal and parallel to that through G
cuts the semicircle of the horizon BED, and if we fill in the sections GL and
KM of the parallels, which are clearly contrariwise and equal, and if we draw
the quadrant NKO through K and the north pole, then the arcs AH and 00
will be equal. For GL and KM are equal as like to like; and the remainder EH
wall be equal to the remainder EO. And the two sides of the similar three-sided

figures EGH and EKO will be equal to each other, EH to EO and GH to KO, and
each of the angles at H and are right, so that base EG is equal to base EK.

4. How One is to Calculate at What Places, When, and
How Many Times, the Sun Comes to the Zenith

Now it is easy, once given these things, to calculate when and how many
times the sun comes to the zenith. For since it is at once evident that the sun

does not come to the zenith at all in those places under parallels farther away
from the equator than the approximate 23°5r20'' of the distance of the summer
tropic point, and that it does so once, at the summer tropic itself, for those

places under parallels at an equal distance from the equator, therefore it is also

clear it comes to the zenith twice in those places at a distance less than that just

given. And the setup of the Table of Obliquity makes the answer to the ques-

tion, ^*When?" an easy one. For taking to the second column the number of de-

grees by which the parallel in question is distant from the equator—that is, in

the case of those parallels within the summer tropic—we shall have, in the first

column, the corresponding number of degrees of the quarter of the ecliptic.

And at the distance from either equinoctial point given by this number of de-

grees, the sun comes to the zenith for the places under this parallel on the side of

the summer tropic.

5. How, FROM Things Explained, the Ratios of the Gnomons to their
Equinoctial and Tropic Shadows at Noon are Found

Now it will be made clear in the following manner that also the proposed ra-

tios of the shadows to the gnomons are obtained more simply, if the arc be-

tween the tropics and the arc between

the horizon and the poles are given.

For let the circle ABCD be the

meridian around center E; and with

A as zenith let the diameter AEC
be drawn; and let CKFN, in the plane

of the meridian, be perpendicular to

it. CKFN is clearly parallel to the in-

tersection of the meridian-plane and

the horizon-plane. And since the earth

as a whole is sensibly in the ratio of

a point and centre to the solar sphere

so that the centre E does not differ

from the top of the gnomon, therefore

let CE be thought of as the gnomon, and CKFN as the straight line on which,

at noon, the ends of the shadows fall. And let the equinoctial and tropic

noontide rays be drawn through E. Let the equinoctial ray be BEDF, the sum-
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mer tropic ray be GEHK, and the winter one LEMN; so that CK is the summer
shadow, CF is the equinoctial shadow, and CN the winter shadow.

Therefore, since the arc CD, which is equal to the height of the pole above the

horizon, is, in the given latitude, 36°, and the meridian ABC 360°, and each of

the arcs HD and DM approximately 23°51'20'', it is evident that, as remainder,

arc Ci/ = 12°8'40'',

and, by addition,

arcCM = 59°5r20''.

And so, of the angles subtending these arcs,

angle K£'C=12°8'40'',

angle F^C = 36°,

angle A^^C= 59°5r20".

And
angle K£'C = 24°17'20'' to 2 rt.,

angleF£'C= 72° to2rt.,

angle NEC =11^°^2'W to 2 rt.

And then, on the circles about the right triangles KEC, EEC, and NEC^
arc Ci^ = 24°17^20'',

arc C£'=155°42'40''

as remainder of the semicircle; and
arcCF = 72°,

arc 0^"= 108°

likewise; and
arc CiV =119°42'40",

arcCE = 60°17'20"

again as remainder of the semicircle. And so, of these chords,

chord C^=117p18'51"
where

chord CZ = 25P14'43'';

and
chord C^ = 97P4'56"

where
chord CF = 70p32'4''';

and
chord C£J = 60n5'42"

where
chord CA^=103P46'16".

And therefore, where CE equals 60^, CK the summer shadow equals 12^55', CF
the equinoctial shadow 43^36', and CN the winter shadow very nearly 103^20'.

It is therefore clear that, conversely, if any two ratios alone of these three of

the gnomon CE to its shadows are given, then the height of the pole and the arc

between the tropics are given, since, if any two of the angles at E are given, the

other is also given. For the arcs HD and DM are equal. But for the sake of ac-

curacy in observations, the height of the pole and the arc between the tropics

should certainly be taken in the way we have already sho^\Ti. For the ratios of

these shadows to their gnomons do not always agree, because the time of the

equinoctial shadows is somehow in itself undetermined, and the ends of the

winter shadows are hard to distinguish.
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6. Exposition of the Properties of Each Pa:

In this same way we shall consider the most important oi

have expounded for the other parallels also. And taking para

inclination of M equatorial hour, which is sufficient, we shall

position of their incidents before making a detailed one.

i. We shall begin with the parallel under the equator

bounds the southern part of the whole quarter of the earth ii

which alone has all days and nights equal to each other. Fo

the sphere's parallels to the equator cut in half by the horiz(

sections above the earth are similar to each other and equal

ing sections under the earth. And this is not the case with an>

of the sphere. Again, only the equator is everywhere cut in 1

and makes the days along it sensibly equal to the nights, sin

circle. But the others are divided unequally; and, in the lati

us, the parallels south of the equator have their sections ab(

their sections below earth and their days shorter than the

versely the parallels north of the equator have their sections i

and their days longer.

And this parallel is also amphiscian, since for those living

twice at the zenith, at the intersections of the equator and the

those times only are the gnomons shadowless at noon. A
passes through the northern hemisphere the gnomons' shadow

and when it passes through the southern, to the north. Ther(

and winter shadows are very nearly 263^2 to the gnomon's 60.

We say "the shadows at noon," speaking generally and
preciable difference, because the equinoxes and tropics are b;

completed exactly at noon.

And all those stars which revolve along the equator pass

for those under this parallel. And they are all seen to rise and
of the sphere are on the horizon, none of the parallels mak
always visible or invisible, and no meridians are cut short. I

lieve there are human habitations under the equator; for, acc(

very temperate because the sun does not tarry about the

speed of its passage through the divisions of the equator;

summer heat would be temperate. Nor is the sun in the tropi(

zenith, so that the winter would not be severe. But we coul

conviction what sort of habitations they are; for up until

mained inaccessible to people from the part of the earth ini

T,,V.r.+ \c o«;rl r>K^,,4^ +U^^ ^U^,,l^l U^ ^ \A A X^^^
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and the stars contained by it are always visible. And the always-
is that drawn with the south pole as pole at the same distance,
within it are always invisible.

ii. The second parallel is that whose longest day is 123^ eqi
And it is 4Ji° from the equator, and is drawn through the island
[Ceylon]. And it is one of the amphiscian parallels, since the sun
zenith for those living under it and twice makes the gnomons
noon when it is 79)^° from the summer tropic on either side. An(
its passage the shadows of the gnomons fall to the south, and for
to the north. Thereupon the equinoctial shadow is 4-|-3^-f-H'
shadow 213/^, and the winter 32, to the gnomon's 60.

iii. The third parallel is that whose longest day is 123^ equatoi
it is 8°25' from the equator and it is dravrn through the Aualitic
Aden]. And it is amphiscian since the sun is twice at the zenith f

under it, and twice makes the gnomons shadowless at noon, whci
the summer tropic on either side. And so for 138° of its passage i

the gnomons fall to the south, and for the other 222° to the no
equinoctial shadow is 8+3^+}^, the summer shadow 16+ 3^
winter 37+ ^^+ 3^+3^5, to the gnomon's 60.

iv. The fourth parallel is that whose longest day is 12J^ equatoi
it is 123^° from the equator and is drawn through the Adulitic (

Bay]. And it is amphiscian, since the sun is twice at the zenith 1

under it and twice makes the gnomons shadowless at noon, \v\

from the summer tropic on either side. And so for 115)^° of ii

shado\vs of the gnomons fall to the south, and for the other 244';^

Thereupon the equinoctial shadow is 133^, the summer shadow

winter 443/^, to the gnomon's 60.

V. The fifth parallel is that whose longest day is 13 equatorial b
16°27' from the equator and is drawn through the island of M€
also amphiscian since the sun is twice at the zenith for those wh(

and twice makes the gnomons shadowless at noon, when it is 45°

mer tropic on either side. And so for 90° of its passage the si

gnomons fall to the south, and for the other 270° to the north. 1

equinoctial shadow is 17+J^+34, the summer shadow 7+ 3'-^

winter 51, to the gnomon's 60.

vi. The sixth parallel is that whose longest day is 133^ equator

it is 20° 14' from the equator and is drawn through the country of t

And it is also amphiscian since the sun is twice at the zenith fc

under it and twice makes the gnomons shadowless at noon, when

the summer tronic on either side. And so for 62° of its passage tl



42 PTOLEMY
point. And the rest of the time the shadows of the gnomons fall to the north.

Thereupon the equinoctial shadow is 263^, the winter shadow 65+3^+3^, to

the gnomon's 60, and the summer shadowless. And all the parallels to the north
of this one, as far as the one bounding our inhabited world, are heteroscian. For
the gnomons at these parallels are never shadowless at noon and they never

throw their shadow^s to the south but always to the north, because the sun is

never at the zenith for these people.

viii. The eighth parallel is that whose longest day is 13J^ equatorial hours.

And it is 27°12' from the equator and is drawn through Ptolemais in the The-
bais, also called Hermeias. Thereupon the summer shadow is 33^, the equinoc-

tial shadow 36+3^+3^, and the winter 74J^, to the gnomon's 60.

ix. The ninth parallel is that whose longest day is 14 equatorial hours. And
it is 30°22' from the equator and is drawTi through the low countries of Egypt.
Thereupon the summer shadow is 6+3^+3^, the equinoctial shadow 353^2?
and the winter 833-12, to the gnomon's 60.

X. The tenth parallel is that whose longest day is 143^ equatorial hours. And
it is 33° 18' from the equator and is drawn through the middle of Phoenicia.

Thereupon the summer shadow is 10, the equinoctial shadow 393^, and the

winter 933-^2 > to the gnomon's 60.

xi. The eleventh parallel is that whose longest day is 143^ equatorial hours.

And it is 36° from the equator and is drawn through Rhodes. Thereupon the

summer shadow is 12H-}^H-J^+3^2? the equinoctial shadow 43+3^+3^, and
the winter 1033^.

xii. The twelfth parallel is that whose longest day is 14% equatorial hours.

And it is 38°35' from the equator and is drawn through Smyrna. Thereupon the

summer shadow is 15%, the equinoctial shadow 47+3^+3^, and the winter

114+3/^+i^+K2, to the gnomon's 60.

xiii. The thirteenth parallel is that whose longest day is 15 equatorial hours.

And it is 40°56' from the equator and is dra^vn through the Hellespont. There-

upon the sununer shadow is 183/^, the equinoctial shadow 523^^, and the winter

127+3^H-3^, to the gnomon's 60.

xiv. The fourteenth parallel is that whose longest day is 1534 equatorial

hours. And it is 43°4' from the equator and is drawn through Marseilles. There-

upon the summer shadow is 20+3^+3^, the equinoctial shadow 55+3^+3^+
3^2) and the winter 144, to the gnomon's 60.

XV. The fifteenth parallel is that whose longest day is 15J^ equatorial hours.

And it is 45° 1' from the equator and is drawn through the middle of Pontus.

Thereupon the summer shadow is 2334, the equinoctial shadow 60, and the

winter 1553^2; to the gnomon's 60.

xvi. The sixteenth parallel is that whose longest day is 15% equatorial hours.

And it is 46°5r from the equator and is dra^Mi through the source of the river

Ister [Danube]. Thereupon the summer shadow is 253/^, the equinoctial shadow

63+3^+3^+342) and the winter 1713^, to the gnomon's 60.

xvii. The seventeenth parallel is that whose longest day is 16 equatorial

hours. And it is 48°32' from the equator and is drawn through the mouth of the

Borysthenes [Dnieper]. Thereupon the summer shadow is 27J^, the equinoctial

shadow 67+3^+}^, and the winter 188+3^+K2-
xviii. The eighteenth parallel is that whose longest day is 1634 equatorial

hours. And it is 50°4' from the equator and is drawn through the middle of
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Palus Maeotis [the Sea of Azof]. Thereupon the summer shadow is 29+3^+3^
+K2) the equinoctial shadow 71%, and the winter 208)^, to the gnomon's 60.

xix. The nineteenth parallel is that whose longest day is 163^^ equatorial

hours. And it is 51°40' from the equator and is drawn through the southernmost
parts of Britain. Thereupon the summer shadow is 31+ 3^-|-3^2> the equinoctial

shadow 75+3^+K2j and the winter 2293^, to the gnomon's 60.

XX. The twentieth parallel is that whose longest day is 16^^ equatorial hours.

And it is 52°50' from the equator and is drawn through the mouth of the Rhine.
Thereupon the summer shadow is 333^^, the equinoctial shadow 793^2? and the

winter 2533^, to the gnomon's 60.

xxi. The twenty-first parallel is that whose longest day is 17 equatorial

hours. And it is 54°30' from the equator and is drawn through the mouth of the

Tanais [Don]. Thereupon the summer shadow is 34+3^4-3^-|-3^2> the equi-

noctial shadow 82+3/^+3^2) and the winter 278+3/^+3^, to the gnomon's 60.

xxii. The twenty-second parallel is that whose longest day is 1734 equatorial

hours. And it is 55° from the equator and is drawn through Brigantium [York]

of Great Britain. Thereupon the summer shadow is 363^, the equinoctial shadow
85%, and the winter 3043/^.

xxiii. The twenty-third parallel is that whose longest day is 173^ equatorial

hours. And it is 56° from the equator and is drawn through the middle of Great
Britain. Thereupon the summer shadow is 37%, the equinoctial 88+3^+3^,
and the winter 33534, to the gnomon's 60.

xxiv. The twenty-fourth parallel is that whose longest day is 17^ equatorial

hours. And it is 57° from the equator and is drawn through Caturactonium of

Britain. Thereupon the summer shadow is 393^, the equinoctial shadow 92+3^
+34 2 J and the winter 372Jf 2? to the gnomon's 60.

XXV. The twenty-fifth parallel is that whose longest day is 18 equatorial

hours. And it is 58° from the equator and is dra^vn through the southern parts of

Little Britain. Thereupon the summer shadow is 40%, the equinoctial shadow
96, and the winter 4193^2 > to the gnomon's 60.

xxvi. The twenty-sixth parallel is that whose longest day is 18}^ equatorial

hours. And it is 593^° from the equator and is dra^vn through the middle of Little

Britain.

We have not here used an increase of a quarter hour, because the parallels are

now very close and the difference between the heights of the pole does not come
to a full degree, and because it does not seem called for to finish out completely,

in like fashion, the still more northern parallels. And for this reason we have
thought it superfluous also to set out the ratios of the shadows to the gnomons
as in the case of those places already defined.

xxvii. And further where the longest day is 19 equatorial hours, there the

parallel is 61° from the equator and is drawn through the northern parts of Little

Britain.

xxviii. And where the longest day is 193^ equatorial hours, there the parallel

is 62° from the equator and is drawn through what are called the Ebrides Islands

[Hebrides].

xxix. And where the longest day is 20 equatorial hours, there the parallel is

63° from the equator and is drawn through the Island of Thule.

XXX. And where the longest day is 21 equatorial hours, there the parallel is

64J^° from the equator and is drawn through unknown Scythian nations.
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xxxi. And where the longest day is 22 equatorial hours, there the parallel is

653^2° from the equator.

xxxii. And where the longest day is 23 equatorial hours, there the parallel is

66° from the equator.

xxxiii. And where the longest day is 24 equatorial hours, there the parallel is

66°8'40''from the equator. And this is the first of the periscian parallels. For since

the sun at the summer tropic does not set for that parallel, the shadows of the

gnomons fall to every side of the horizon. And the parallel through the summer
tropic is there always visible, and through the winter tropic always invisible,

because they both touch the horizon from different directions. And the ecHptic

coincides with the horizon whenever the point of the spring equinox is just rising

from it.

xxxiv. And if anyone for the sake of knowledge generally should want some of

the broader incidents of the still more northern latitudes, he would find, where

the height of the north pole is very nearly 67°, there 15° along the ecliptic on

either side ofthesummer tropic do not set; so that the longest day and the turning

of the shadows to all parts of the horizon last for nearly a month. For these things

can be easily understood from the Table of Obliquity3 already given. For by as

many degrees as we find the parallel distant from the equator—as for instance

that parallel which cuts off 15° of the ecliptic on either side of the summer tropic

and which is then either always invisible or always visible along the intercepted

section of the ecliptic—by just so many degrees does the height of the north pole

lack being a quadrant or 90°.

XXXV. And then where the height of the pole is 69J/^°, there it would be found

that 30° on either side of the summer tropic do not set; so that the longest dsiy

and the periscian gnomons last nearly two months.

xxxvi. And where the height of the pole is 733^°, there it would be found that

45° on either side of the summer tropic do not set; so that the longest day and
the periscian gnomons last nearly three months.

xxxvii. And where the height of the pole is 783^°, there it would be found that

60° on either side of the summer tropic do not set; so that the longest day and
the wheeling of the shadows are accomplished in nearly 4 months.

xxxviii. And where the height of the pole is 84°, there it would be found that

75° on either side of the summer tropic do not set ; so that again the longest day
would last for nearly 5 months and the periscian gnomons the same length of time.

xxxix. And where the north pole is raised from the horizon the 90° of the

whole quadrant, there the whole semicircle of the ecliptic north of the equator is

never below the earth, and the whole southern semicircle is never above the

earth ; so that there is one day and one night in each year, each nearly six months
long, and the gnomons are always periscian. And the properties of this latitude

are that the north pole is always at the zenith, the equator occupies the position

of the always visible and at the same time invisible circle and also of the horizon,

putting the whole hemisphere north of itself above the earth and that south of it

below the earth.

7. On the Co-ascensions of the Ecliptic and the Equator
IN the Oblique Sphere

Now that the general matters observed concerning the latitudes have been

explained, the next thing would be to show how the co-ascending time-arcs of
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the equator and the echptic can be gotten for each latitude. And from these

all the other particularities will be deduced. We shall use the names of the

zodiacal signs for the dodecatemories of the ecliptic as if they began from the

equinoctial and tropic points, calling the first dodecatemory from the spring

equinox in the direction opposite the movement of the universe the Ram, the

second the Bull, and so on according to the order of the twelve signs handed
down to us.

And first we shall show that arcs on the ecliptic equidistant from the same
equinoctial point always ascend with equal arcs on the equator.

For let the circle ABCD be the meridian, and BED the semicircle of the hori-

zon, and AEC the semicircle of the equator. And
let FG and HK be two sections of the echptic, so

that each of the points F and H is assumed to be

the point of the spring equinox, and so that the

ends of the equal arcs FG and HK, taken on

either side of it, ascend through the points K
and G.

I say that the arcs of the equator ascending

with either of them, that is EF and EH, are

equal.

For let the points L and M be taken as the

poles of the equator, and let the sections of great

circles, LEM, HL, KL, FM, and GM be drawn
through them. Then since

arcFG = arc^i^,

and the parallels through K and G are equidistant from the equator on either

side so that

arc LK= arc MG
and

SiTcEK = a,TcEG, [p. 37, 38]

therefore LKH and MGF have their sides equal respectively, and so also do
LEK and MEG. Therefore

angle KL^= angle GME,
a,ng\eKLH = Single GMF,

so that, by subtraction,

angle ELH= 2ing\e EMF.
And therefore

hsiseEH = hsiseEF.

Which w^as to be proved.

And again we shall prove that the arcs on the

equator, ascending with equal arcs of the ecliptic

equidistant from the same tropic point, are both

together equal to the sum of the corresponding

two in the right sphere.

For let the meridian ABCD be set out, and the

semicircle of the horizon BED, and the semicircle

of the equator AEC. And let two equal arcs on
the ecliptic equidistant from the winter tropic

point be drawTi, the arc FG with F as the autumn
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equinox and the arc GH with H as the spring equinox, so that the point G is

the rising point of both on the horizon (because the arcs FG and GH are cut off

by the same circle parallel to the equator), and so that clearly arcs EH and
GH co-ascend and also EF and FG.

It is immediately evident, then, that the whole arc HEF^ is equal to the as-

censions in the right sphere of the arcs FG and GH. For if we suppose the south
pole of the equator to be the point K, and draw through K and the point G the

quadrant of a great circle KGL which represents the horizon in the right sphere,

then arc HL ascends with arc GH in the right sphere, and likewise arc LF with

arc GF. And so the two together, arcs HL and LF, are equal to the other two to-

gether, arcs HE and EF, and are contained by the same arc HF. Which was to

be proved.

And for these reasons it has now become clear to us that, if we have calculated

the particular co-ascensions in each latitude for a quadrant only, we shall have
those of the other three quadrants already demonstrated.

Then with these things established, let the parallel through Rhodes be con-

sidered, where the longest day is 143^2 equatorial hours and the north pole is

raised 36° above the horizon. And let the circle

ABCD be the meridian; and likewise BED the

semicircle of the horizon, AEC the semicircle of

the equator, and FGH the semicircle of the eclip-

tic, so that G is assumed to be the spring equinox.

And with the north pole at the point K, let the

quadrant of a great circle, arc KLM, be drawn
through it and L, the intersection of the ecliptic

and the horizon.

And given the arc GL, let it be required to find

the arc on the equator ascending with it, that is

GE. And let GL first embrace the dodecatemory

corresponding to the Ram.
Now, since again in this construction the arcs DE and KM of great circles,

cutting each other at L, have been drawn to the two arcs CE and CK of great

circles, therefore

chord 2 arc DK : chord 2 arc CD comp. chord 2 arc KL : chord 2 arc LMy
chord 2 arc EM : chord 2 arc CE.

But

and

and again

2siTcDK = 72°,

chord 2 arc DK = 70^32'4.'';

2 arc CD = 108°,

chord2arcCZ) = 97P4'56'';

2arcKL=156°41',
chord 2 arc KL =U7^3V15'';

and

^That is, the sum of arcs EF and EH; for they are not, of course, naturally the one the con-

tinuation of the other, but are considered so for the purposes of proof.
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2arcLMi=23°19'59",
V chord 2 arc LM = 24p15'57''.

Then
chord 2 arc EM : chord 2 arc CE comp. 70p32'4"

: 97p4'56'%

or

chord 2 arc ^M : chord 2 arc C£' : :
18p0'5" : 120^. '

' f

And
chord 2 arc C^=120p,

therefore

chord 2 arc ^ikf= 18p0'5".

And so

2arc£'iV/m7°16',
arc^M = 8°38'

But since the whole arc GM ascends with arc GL in the right sphere, therefore

[p. 32]

arcGM = 27°50',

and therefore, by subtraction,

arc£'(?=19°12'.

And it is proved therewith that the dodecatemory which is the Fishes ascends

in the same time, 19°12'; and that of the Virgin and that of the Balance is,

each, what is left when this is subtracted from double the ascension in the

right sphere [twice arc GM], that is 36°28' in time [p. 45]. ^ Which was to be
proved.

Again, let the arc GL embrace the 60° of the two dodecatemories of the eclip-

tic, the signs of the Ram and the Bull. Then, because of this assumption, the

other things remaining the same,

2arcKL = 138°59'42'',

chord 2 arc ZL=112p23'56'';

and
2arcLM = 41°0'18'',

chord arc LM = ^2n'^8'\

Then again

chord 2 arc EM : chord 2 arc CE comp. 70^32^4" : 97p4'56'',

42pr48'' : 112p23'56'',

or

chord 2 arc EM : chord 2 arc CE : :
32p36'4''

: 120p.

And
chord2arcC£'=120P,

therefore

chord 2 arc EM = 32p36'4''.

And so

2arc£^M= 31°32',

^GL is given as 30°; hence LM is given in the Table of ObHquity, and KL is the difference

between LM and 90°.

^In other words, the ascensions on either side of the autumn equinox are gotten by doubhng
arc GM and subtracting arc EG. For the arc EG and the arc to be found are arcs on the equator
ascending with equal arcs on the ecHptic equidistant from the winter tropic, and are therefore

both together equal to the two equatorial arcs ascending in the right sphere—that is, twice
arc GM.
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arc£'M=15°46'.

But, for the same reasons [p. 32], it has already been proved

arcGM = 57°44';

and therefore, by subtraction,

arc EG= 4:r5S\

Therefore the Ram and the Bull together ascend in 41°58' in time, with
19°12' of which the Ram has just been proved to ascend. And therefore the

dodecatemory which is the Bull ascends with 22°46' in time.

And again, for the same reasons as before, the dodecatemory which is the

Water Bearer will ascend with an equal 22°46' in time; and the Lion and the

Scorpion, each, with what is left when this is subtracted from double the as-

cension in the right sphere; that is, 37°2' in time.

And since the longest day is 143^2 equatorial hours and the shortest day 93^
hours, it is evident that the semicircle from the Crab (Cancer) to the Archer

will ascend with 217°30' in equatorial time, and the semicircle from the Goat

(Capricorn) to the Twins with 142°30'. And so each of the quadrants on either

side of the spring equinox will ascend with 71° 15' in time, and each of the quad-

rants on either side of the autumn equinox with 108°45' in time. And therefore

there remain the dodecatemories, the Twins and Goat (Capricorn), each of

which will ascend with the 29° 17' in time left over from the 71°15' in time of the

quadrant; and there remain the dodecatemories, the Crab (Cancer) and the

Archer, each of which will ascend with the 35° 15' in time left over from the

108°45' in time of the quadrant.

It is clear that in this same way we could also get the coascensions of the

ecHptic for smaller divisions.

But we could also calculate them in an easier and more systematic way, thus:

For first let the circle ABCD be the meridian, BED the semicircle of the

horizon, AEC that of the equator, and FEG that of the ecliptic, assuming the

intersection E to be the spring equinox. And let

the arc EH on the ecliptic be taken at random,

and let the sectionHK of the parallel to the equa-

tor through H be drawn. And taking L as the

pole of the equator, let there be drawn through

it the quadrants of great circles LHM, LKN, and

LE.
It is thus immediately evident that the section

EH of the ecliptic ascends with arc EM of the

equator in the right sphere, but in the oblique

sphere with the arc equal to MN, since the paral-

lel's arc HK, with which section EH ascends, is

similar to arc MN of the equator and the similar

arcs of parallels have everywhere their ascensions in equal times. Therefore the

ascension of section EH in the oblique sphere is less than that in the right sphere

by arc EN. And it has also now been proved in general that, if certain arcs of

great circles like LKN are thus drawn, the section ^A^ will contain the difference

between the ascensions in the right and oblique spheres of arcs on the ecliptic

cut off by E and the parallel drawn through K. Which was to be proved.

Now, with this first considered, let the figure be laid out with only the meridi-

an and the semicircles of the horizon and the equator. And through F, the south
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pole of the equator, let the quadrants of two
great circlei> be drawn, FGH and FKL. And let G
be assumed to be the intersection of the horizon
and the parallel drawn through the winter tropic;

and A" the intersection of the horizon and the
parallel drawn through the beginning of the
Fishes, for example, or any other of the divisions

of the given quadrant.

Now again the arcs of great circles, FKL and
EKG, intersecting at K, have been drawn to the
arcs of great circles FH and EH. And

chord 2 arc GH : chord 2 arc FG comp.
chord 2 arc EH : chord 2 arc EL,

chord 2 arc KL : chord 2 arc FK.
But 2 arc GH is given the same in all latitudes, for it is the distance between the
tropics. And for this reason the remainder, 2 arc FG, is also given. And likewise,

for the same sections of the ecHptic, 2 arc KL is the same for all latitudes and is

given by the Table of Obliquity; and for this same reason 2 arc FK is given. And
so the ratio

chord 2 arc EH : chord 2 arc EL
is left also as the same in all latitudes for the same divisions of the quadrant.

If, then, these things being true, we take the increasing values of arc KL for

each increase of 10° on the quadrant from the spring equinox to the winter
tropic (for a division into arcs of this length \vi\\ be sufficient for our use), we
always have

2arcGi7 = 47°42'40'',

chord 2 arc GH= ^S^SV56'',

and
2arci^(?=132°17'20"

chord 2 arc FG= 109^44^53".

And when K is 10° from the spring equinox in the direction of the winter
tropic, we likewise also have

2arcKL= 8°3'16",

chord 2 arc AL = 8p25'39";

and
2arcFA:=-171°56'44",

chord 2 arc FK=n9H2'U\
And likewise, when it is 20° away, we have

2arcKL = 15°54'6",

chord 2 arc KL= 16^35'dQ'';

and
2arcFK=164°5'54",

chord 2 arc Fi^= 118^50^47''.

And when it is 30° away, we have

2arc AL = 23°19'58",

chord 2 arc KL = 24p15'56";

and
2arc/^A = 156°40'2",

chord 2 arc FA:=117p31'15''.
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And when it is 40° away, we have
2 arc i^L= 30°8'8",

chord 2 arc KL = Zinr4:S'';

and
2arcFK=149°5r52",

chord 2 arc FK = 115p52'19''.

And when it is 50° away, we have
2 arc i^L = 36°5'46",

chord 2 arc KL = S7nO'S9'';

and
2arcFi^=143°54'14",

chord 2 arc Fi^=114P5'44".

And when it is 60° away, we have
2 arc i^L = 41°0'18",

chord 2 arc KL = ^2n'4&''

and
2arcFii:=138°59'42^

chord 2 arc FK = 1 12p23'57''.

And when it is 70° away, we have
2arcKL = 44°40'22''

chord 2 arc i^L = 45^36^18";

and
2arcFZ = 135°19'38'',

chord 2 arc /?'i^ = 110p59'47''.

;\

And when it is 80° away, we have

2arci^L= 46°56'32",

chord 2 arc KL = 47^47^40"

;

and
2arcFA; = 133°3'28'',

chord 2 arc FK = nO^^'W.
And therefore, if we compound the ratio

chord 2 arc GH : chord 2 arc FG
or

48p31'55''
: 109p44'53"

with the inverse of

chord 2 arc KL : chord 2 arc FK
for each 10° as just laid out, the result is the ratio

chord 2 arc EH : chord 2 arc EL.

And this is the same for all latitudes:—as 60^ to 9^33', when K is 10° from the

equinox; to 18p57', when 20° away; to 28^1', when 30° away; to 36^33', when 40°

away; to 44p12', when 50° away; to 50^44', when 60° away; to 55p45', when 70°

away; to 58p55', when 80° away.

Therefore it is evident that, being given 2 arc EH for each latitude since it is

equal to the difference between the equinoctial day and the shortest day in time,

and being given its chord and the ratio of this chord to that of 2 arc EL, we also

have given 2 arc EL. And if we subtract the half of it—that is, arc EL itself

containing the difference we have spoken of before [p. 48]—from the ascensions

in the right sphere of the given arc of the ecliptic, we shall find the ascension of

the same arc in the given latitude.
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For let the latitude of the parallel of Rhodes be taken for an example, where
2arc^JY = 37°30,

chord 2 arc ^^=.38^34'.

Then since
60P

:
38P34'

: : 9p33' :
6p8'

: :
18P57'

: 12p11'

: : 28pr : 18^

: :
36P33'

: 23^29'

: :
44P12'

: 28p25'

: :
50P44'

: 32p37'

: :
55P45'

: 35p52'

: :
58P55'

: 37p52',

therefore the chord of 2 arc EL is also available for each of the sections as they
increase in the usual manner by 10°. And the half of the arc subtending this

chord (that is, EL itself) is 2°56' at the first 10°; 5°50' at the second; 8°38' at the

third; 11°17' at the fourth; 13°42' at the fifth; 15°46' at the sixth; 17°24' at the

seventh; 18°24' at the eighth; and clearly 18°45' at the ninth.^ And so, since in

the right sphere the arc through the first 10° on the ecliptic ascends with 9°10'

in time; through the second, with 18°25'; through the third, with 27°50';

through the fourth, with 37°30'; through the fifth, with 47°28'; through the

sixth, with 57°44'; through the seventh, with 68°18'; through the eighth, with
79°5'; and through the ninth, with the 90° in time of the whole quadrant; there-

fore it is evident that, if we subtract from each of the ascensions in the right

sphere just mentioned the corresponding difference or arc EL, we shall have the

ascensions of those same arcs in the given latitude. And so the arc through the

first 10° of the ecliptic will ascend with 6°14' in time; through the second 10° of

the ecliptic, with 12°35' in time; through the third 10°, with 19°12'; through the

fourth, A\dth 26°13'; through the fifth, with 33°46'; through the sixth, vnih
41°58'; through the seventh, with 50°54'; through the eighth, with 60°41'; and
through the ninth or the whole quadrant, ^vith the 71°15' taken from the half

of the day. And therefore the first 10° of the ecliptic with 6°14' in time; the sec-

ond with 6°2r; the third with 6°37'; the fourth with 7°r ; the fifth with 7°33';

the sixth with 8°12'; the seventh with 8°56'; the eighth with 9°47'; and the ninth

with 10°34'.

And now ^ith these things demonstrated, the ascensions of the other quad-
rants are in consequence also demonstrated immediately. And having calculated

in the same way the ascensions of the other parallels for each 10°, which is as far

as it is possible to anticipate their use in every case, we shall set them out in a
table for use in the rest of this treatise, beginning with the parallel under the

equator and going as far as that whose longest day is 17 hours, and advancing
by half-hour increases because of the almost uniform increases of the periods

within the half-hours. Then, placing first the 36 divisions of 10° each, we next
set beside each one the time of its own ascension and then the successive addi-

tions of them, in the following manner:

^For when K is at 90° it coincides with H. Hence EL coincides with EH.
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8. Table of Ascensions by 10'
a •to'5

Signs
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8. Table of Ascensions by 10°—Continued

Signs
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8. Table of Ascensions by 10°—Continued

Signs
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8. Table of Ascensions by 10°—Continued

Signs
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9. On Particular Consequences of the Ascensions

It will be evident through the systematic means given below that, once the

times of the ascensions have been set out by us in the foregoing manner, all the

rest of those things which concern the particular will be easily available, and we
shall neither need proofs with figures for each of them, nor more tables.

For the first the length of the given day or night is gotten by calculating the

degrees in time of the particular latitude: (1) in the case of the day by adding up
the degrees in equatorial time from the point of the sun eastward to the point

exactly opposite on the ecliptic, (2) in the case of the night, from the point op-

posite to the sun. For if we take a fifteenth of the total time, we shall get how
many equatorial hours the given distance is ; but if we take a twelfth, we shall

get how many degrees in time the seasonal hour of the same distance is.

And the magnitude of the hour is also more easily found if, out of the fore-

going table, the difference is taken laterally between the totals of successive

additions of time in the parallel under the equator and that of the given lati-

tude: (1) in the case of the day at the point of the sun; (2) in the case of the

night, at the point directly opposite on the ecliptic. For taking % o^ the differ-

ence so found and adding it to the 15° in time of the equatorial hour when the

sun is in the northern hemisphere, and subtracting it when it is in the southern,

we shall get the number of degrees in time of the given seasonal hour.^

And consequently we reduce the given seasonal hours to equatorial hours by
multiplying the number of such hours in the day by the number of time-degrees

in the hour for that day in that latitude, and the number in the night by the

number of degrees in the hour for that night. For by taking K5 of the total we
shall have the number of equatorial hours. Conversely we reduce the given

equatorial hours to seasonal hours by multiplying by 15 and dividing by the

given number of time-degrees for the hour of that particular interval.

Again, given the time and any seasonal hour, we shall get the degree of the

ecliptic which is rising at that time by multiplying the number of hours from

the rising of the sun for the day, from the setting of the sun for the night, by the

proper number of time-degrees for that hour. For we compare the resulting

number with the ascensions of the given latitude: in the case of the day be-

ginning with the sun and going eastward; in the case of the night, from the

opposite point on the ecliptic. And to whatever degree the number corresponds

we shall say that degree rises at that moment.
And if we wish to get the degree culminating, we multiply the seasonal hours,

counted always from midday to the given hour, by the proper number of time-

degrees for that hour. Beginning from the sun eastward, with the ascensions in

the right sphere, we compare the resulting number, and on whatever degree the

number falls, that degree will be culminating at that moment.
Likewise from the degree given as rising We shall get the degree culminating

by locating the number resulting from the successive additions corresponding

to the degree given as rising, in the table of the proper latitude. For by always

subti'acting from it the 90° in time of the quadrant, we shall find the degree

culminating as that corresponding to the number resulting from this subtrac-

tion found in the column of successive additions of the right sphere. And con-

^For this difference, according to the construction of the Table [p. 52], is arc EL which is

half the difiference between the given and the equinoctial day [p. 50].
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versely, from the degree given as culminating, we shall again get the degree

which is rising by considering the number resulting from the successive addi-

tions corresponding to the degree given as rising, in the table of the right sphere.

For after always adding the 90° in time, we shall look for the degree, correspond-

ing to the resulting number, in the column of successive additions of the given

latitude. And then we shall have the degree rising at that moment.
And it is also evident that for those living under the same meridian the sun

is the same number of equatorial hours from noon or midnight; but for those

not living under the same meridian, it will differ by as many equatorial hours

as one meridian differs from the other.

10. On the Angles Formed by the Ecliptic and the Meridian

Since we still have to treat of the angles, to complete this theory—I mean
those angles made by the ecliptic—it must first be understood that we say a
right angle is contained by great circles if, when a circle is drawn with the inter-

section of the given great circles as pole and any distance, the arc intercepted

on this circle by the sections of the great circles containing the angle is a quad-
rant. And in general we say that whatever ratio the intercepted arc has to the

circle drawn in the manner we described, that same ratio does the angle con-

tained by the inclination of the planes have to four right angles. And so, since

we suppose the perimeter to be 360°, whatever number of degrees the inter-

cepted arc is found to be, that same number will the angle subtending it be.

For instance, one right angle is 90°.

Of the angles made by the ecliptic the most useful with respect to this theory

are: (1) those contained by its intersection with the meridian, (2) those con-

tained by its intersection with the horizon for each position, and likewise (3)

those contained by its intersection with the great circle drawn through the

horizon's poles. And along with the exposition of these last angles w^ill be given

also an exposition of the arcs intercepted on this great circle by the intersection

and the horizon's pole—that is, the zenith. For every one of the aforemen-
tioned things, when demonstrated, has a very considerable place in the theory

and contributes most especially to researches concerning the parallaxes of the

moon, since such work cannot advance without the prior understanding of these.

But since there are four angles contained by the intersection of the two
circles (that is, by the ecliptic and one of those intersecting it), and since we are

going to speak of just one of them always similar in position, it is first necessary

to determine that in general, of the two angles on either side of that arc of the

ecliptic east of the intersection of the circles, the one
on the north is to be considered, so that the inci-

dents and quantities which will be demonstrated be-

long to such angles. And since the demonstration of

the angles of the ecliptic considered with respect to

the meridian is simpler, we shall begin with it, and
we shall first prove that points on the ecliptic equi-

distant from the same equinoctial point make the

resulting angles equal to each other.

For let ABC be the arc of the equator, and DBE
the arc of the ecliptic, and point F the pole of the

equator. And with sltcsBG and BH cut off equal on
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either side of the equinoctial point B, let there be drawn through the pole F and
the points G and H the arcs of meridian circles FKG and FHL.

I say that

angle i^(?B = angle FHE.
For the three-sided figure BGK is equiangular with the three-sided figure

BHL, since it has its three sides equal to the three sides of the other respectively,

GB to BH, GK to HL, and BK to BL. For all these things have been proved be-

fore [Book I, Chaps. 14, 15]. And therefore

angle KGB = angle BHL = Sing\e FHE.

Which was to be proved.

Again it must be proved that, given two points on the ecliptic equidistant

from the same tropic point, the angles there formed with the meridian are to-

gether equal to two right angles.

For let ABC be an arc of the ecliptic with B given as the tropic point. And
with the equal arcs J5Z) and BJ^ intercepted on either to-n^ .

side of it, let the arcs of meridian circles FD and FE
be drawn through the points D and E and the pole

F of the equator.

I say that

angle i^D^H-angle FEC= 2 rt. angles.

And this is immediately evident. For since the

points D and E are equidistant from the same tropic

point,

Si,TcDF = 2i.TcEF,

And therefore

angle FDB = angle FEB
But

angle F^B-fangle FEC= 2 rt. angles.

And therefore

angle i^DB+angle FEC= 2 rt. angles

Which was to be proved.

And with these things understood first, let there be the meridian circle ABCD,
and the semicircle of the ecliptic AEC with the point A taken as the winter

tropic. And with A as pole and with a side of the inscribed square as distance

let the semicircle BED be drawn. Since then the
^^ meridian ABCD has been drawn through the poles

of AEC and those of BED, therefore ED is the arc

of the quadrant of a circle. Then the angle DAE is

right. And, by what has just been demonstrated, the

angle at the summer tropic is also right. Which was
to be proved.

Again let there be the meridian circle ABCD, and
the semicircle of the equator AEC. And let the semi-

circle of the ecliptic AFC be drawn in such a way
^^< ^ ^^^;^__ ^^.^^ that the point A is the autumn equinox ; and with A

as pole and with the side of the inscribed square as

distance, let the semicircle BFED be drawn.
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For the same reasons, then, since ABCD has been

drawn through the poles of AEC and BED, there-

fore AF and ED are quadrants. And so the point F
is the winter tropic, and as already proved

arc£'F = 23°51'. '^

And therefore, by addition, I

arcF£:D = 113°51',

angle i)AF=113°51'.
And therefore, as already proved, the angle at the

point of the spring equinox is what remains of two
right angles or 66°9'.

Again let there be the meridian circle ABCD, and
the semicircle of the equator AEC, and that of the ecliptic BFD, so that the point

F is taken as the autumn equinox, the arc BF first as one twelfth of the circle,

that of the Virgin, and the point B clearly as the be-

ginning of the Virgin. And again with 5 as pole

and with the side of the inscribed square as dis-

tance let the semicircle GHEK be drawn.

And let it be required to find angle KBH.
Since, then, the meridian ABCD has been drawn

through the poles of AEC and GEK, each of the arcs

BG, BH, and EG is a quadrant. Because of the con-

struction,

chord 2 arc AB : chord 2 arc AG comp.
chord 2 arc BF : chord 2 arc FH,
chord 2 arc EH : chord 2 arc EG.

But from things already proved

2arc A5 = 23°20',

chord 2 arc i45 = 24Pl6';

Wa oiB e 1

and

and again

and

2arc A(?=156°40',

chord 2 arc A(?= 117^31';

2 arc BF = 60°, ib arft n

chord2arcBF = 60P;

2arci^i/=120°,

chord 2 arc FH = 103^55'23'\

Then again

chord 2 arc EH : chord 2 arc EG comp. 24^16' : 117p31', 103p55'23" : 60^

or, very nearly,

chord 2qxqEH: chord 2 arc EG : : 42^58' : 120^

And
chord2arc^G=120P;

and therefore

chord 2 arc ^^ = 42^58'.

And so

2&TcEH=A2'',
arc EH= 21°, oijibhsm m'- i lal lo'^
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And therefore, by addition,

*^

angle 2^5^ = 111°; />
and, by previous proofs, the angle formed at the beginning of the Scorpion is

also lir, and each of the angles formed at the beginning of the Bull and of the
Fishes is the 69° which remain from two right angles. Which was to be proved.

Again, with the same construction, let arc BF be taken as two twelfths of a
circle, so that the point B is the beginning of the Lion and, with the same things
being assumed, so that

2arcAB = 41°,

chord 2 arc AB = ^2^2'

\

and

and again

and

2 arc AG =139°,

chord2arc AG=112P24';

2arc5F=120°,
chord 2 arc BF= 103p55'23'';

2arcFi^ = 60°

chord 2arc F^= 60p.

Then
chord 2 arc EH : chord 2 arc EG comp. 42p2' : 112p24', 60^ : 103p55'23"

or

chord 2 arc EH : chord 2 arc EG : : 25^53' : 120p.

Therefore

chord 2 arc ^i7 = 25^53',

And so

Therefore, by addition,

2 arc ^77= 25"

a,Tc EH =12}/^'

arc HEK= 102}/^'', • ,

angle i^5^= 102J^°.

And for this reason the angle formed at the beginning of the Archer is also

1023^°, and each of the angles formed at the beginning of the Twins and of the

Water Bearer is what remains of two right angles, or 773^°.

And we have proved what was required; and the method will be the same
for still smaller sections of the ecliptic. But the exposition of the twelve signs is

sufficient for the needs of this treatise.

11. On the Angles Formed by the Ecliptic and the Horizon

And next we shall show how we can also get, for a given latitude, the angles

formed by the ecliptic and the horizon; for they have a simpler system than the

others that are left to do. Now it is clear that those formed with the meridian

are the same as those formed with the horizon in the right sphere. But to get

those in the oblique sphere it is first necessary to prove that points on the eclip-

tic equidistant from the same equinoctial point make with the horizon, angles

equal to each other.

For let there be the meridian circle ABCD^ and the semicircle of the equator
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AEC, and that of the horizon BED. And let two
sections of the ecliptic, FGH and KLM, be drawn
in such a way that each of the points F and K is

taken to be the autumn equinox, and
arc re= arc KL.

I say that also

angle EGH ^mgle DLK,
And this is immediately evident. For the three-

sided figure EFG is equiangular with the three-

sided figure EKL, since, by previous proofs, it

has its three sides equal respectively to the three

sides of the other; FG to KL, the section of the

horizon GE to EL, and the ascension arc EF to

angle EGF = angle ELK,

angle EGH =•- angle DLK.
Which was to be proved.

And I say also that the two angles formed at two points directly opposite,

one at the east and the other at the west, together make two right angles.

For if we draw circle ABCD as the horizon and AECF as the ecliptic, cutting

each other at the points A and C,

angle FAD+angle DAE= 2 rt. angles.

But
angle F^D = angle /^CD

so that

angle FCD+angle DAE = 2 rt. angles.

Which was to be proved.

And now that these things are so—since angles

formed by the ecliptic and the same horizon, at

points on the ecliptic equidistant from the same
equinoctial point, have been proved equal—it

will also follow that the angle at the east and the

angle at the west, for points equidistant from the

same tropic and formed by the ecliptic and the horizon, will together equal two
right angles. And so, for this reason, if we find the rising angles from the Ram to

the Balance, the rising angles of the other semicircle will be made known at the

same time, and also the setting angles of both. And we shall briefly expound how
this is demonstrated, using again as an example the same parallel—that is, the

one where the north pole is 36° above the horizon.

Now, the angles formed by the ecliptic and the horizon at the equinoctial

points can be easily found. For if we draw the circle ABCD as the meridian and
AED as the eastern semicircle of the horizon, and EF as a quadrant of the equa-

tor, and if we draw the two arcs of the ecliptic BE and CE in such a way that

the point E is conceived as the fall equinox with respect to the quadrant BE and
as the spring equinox with respect to CE, and B in the first instance becomes the

winter tropic and C in the second becomes the summer tropic, then it is inferred

that, since it is supposed
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arcZ)F= 54°,

arcB/^= arcCG= 23°51',

therefore

arcCZ) =30X
arcBZ) = 77°5r.

And so, since the point ^ is a pole of the meridian

ABC, therefore the angle DEC formed at the be-

ginning of the Ram will be 30°9', and angle DEB
formed at the beginning of the Balance will be

77°5r.

To show clearly the method for getting the others, let it be required, for ex-

ample, to find the rising angle formed at the beginning of the Bull by the eclip-

tic and the horizon. And let there be the meridian

circle ABCD and the eastern semicircle of the

given horizon BED. And let the semicircle of the

ecliptic AEC be drawn so that the point E is the

beginning of the Bull. And since in this same lati-

tude, when the beginning of the Bull is just ris-

ing, the point 17°41' within the Crab is at the

meridian under the earth (for we showed [p. 56]

how to get such results easily from our Table of

Ascensions) . Therefore the arc CE is less than a

quadrant. Then let the section HGF of a great

circle be drawn with E as pole and the side of the

inscribed square as distance; and let the quad-

rants ECG and EDH be filled out. But each of the arcs DCF and FGH is also a

quadrant because the horizon BEH is through the poles of the meridian FCD
and of the great circle FGH. Again, since the point 17°41' within the Crab is

22°40' from the equator towards the north along the great circle through the

equator's poles (for this we have also proved), and since the equator is 36° from

the horizon's pole F along the same arc FCD, therefore it is inferred

arcOT= 58°40'.

Now with this given, because of the construction,

chord 2 arc CD : chord 2 arc DF comp. chord 2 arc CE : chord 2 arc EG,
chord 2 arc GH : chord 2 arc FH.

But, by what has already been laid down,

2 arc CZ) = 62°40',

chord2arcC2) = 62p24';

and
2arcZ)F=180°,

chord2arci)F=120P;

and again ij.Nrst H

2arc(7£'=155°22',

chord2arcC^=117Pl4';

and

,K.:ij I 2 arc ^G= 180°,

chord2arc^G=120P.
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chord 2 arc GH : chord 2 arc FH comp. 62p24' : 120^, 120^ : 117^14'

chord 2 arc GH : chord 2 arc FH : : 63p52' : 120^.

chord2arcFi7=120P;

chord 2 arc GH = Q3^52'.

:r! tr --rr^ tirff

2arc(?i/ = 64°20',

arcG/f = 32°10',

angle G^^ = 32°10'.

Which was to be proved.

Not to draw out this treatise by repeating for each case, the same method
will be understood as used for the other signs and latitudes.

j

12. On the Angles and Arcs Made by the Ecliptic with, and on, "
"^

THE Circle through the Poles of the Horizon

Now there remains the method by which we can get the angles formed by the

ecliptic and the circle through the poles of the horizon for each latitude and
position. And, as we said, there will result, at the same time and in each case, a
demonstration of the arc on the circle through the poles of the horizon inter-

cepted by the zenith and the intersection with the ecliptic. And again we shall

set out the fundamental things for this particular situation; and we shall prove

first that, if two points on the ecliptic equidistant from the same tropic inter-

cept an equal number of time degrees on either side of the meridian (the one to

the east, the other to the west), then the arcs on great circles from the zenith

to each of these points are equal to each other, and the angles formed at these

points in the way we have stipulated are equal to two right angles.

For let there be a section of the meridian, ABC, and take the zenith B on it,

and the pole of the equator C. And let two sec-

tions of the ecHptic, ADE and AFG, be drawn in

such a way that the points D and F are equi-

distant from the same tropic and intercept equal

arcs on the parallel through them from either

side of the meridian ABC. And let the arcs of

great circles, CD and CF, be drawn through the

points D and F from the equator's pole C; and
from the zenith B the arcs of great circles BD and
BF.

I say that
^^^'^^

'-'' aitcBD = a.TcBF,

and ^^

angle 5D^4-angle BFA = 2 rt. angles.

For since the points D and F are equidistant from the meridian ABC by
equal arcs on the parallel through them,

Single BCD = angle BCF.
Then we have the two three-sided figures BCD and BCF having two sides

equal to two sides r^espectively, CD to CF and BC common, and the angles
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contained by the equal sides equal—that is, angle BCD to angle BCF. And
therefore

base 5Z) = base BF,
angle BFC = angle BCD.

But since it has just been proved that the angles at points equidistant from the

same tropic and formed by the ecliptic and circles through the equator's poles

are together equal to two right angles, therefore

angle CD^+angle CFA =2 rt. angles.

But it was proved also

angle J5Z)C= angle BFC.

And therefore

angle BD^+angle BFA=2 rt. angles.

Which was to be proved.

Again, it must be proved that, when the same points on the ecliptic are equi-

distant in time from either side of the meridian, the arcs of great circles from the

zenith to these points are equal to each other; and the angles formed b}'' these

arcs with the ecliptic (the one in the east and the other in the west) are together

equal to the two angles at the same point formed by the ecliptic and the merid-

ian at that point, whenever the culminations of the points in either position are

either both to the north or both to the south of the zenith.

First let them be taken both to the south, and let there be the section of the

meridian ABCD, and on it the zenith C, and the

pole of the equator D. And let two sections of the

ecliptic, AEF and BGH, be drawn so that points E
and G, taken as the same, are equally distant from

the meridian ABCD on either side by an arc of the

parallel through the point. And again let the sec-

tions of great circles, CE and CG, be drawn through

these points from C; and DE and DG, from D.

By the same reasoning as before, since the points

E and G, on the same parallel, make on that parallel

equal arcs on either side from the meridian, there-

fore the three-sided figure CDE is equiangular and

equilateral with the figure CDG, so that

arc CE= Sivc CG.

I say then that

angle C^F+angle CG5 = angle DEF+amgle DGB,
For since angle DEF is the same as angle DGB, and

angle C^D = angle DGC,

therefore

angle C^^D+angle CGB = angle DEF.

And so also

angle C^^F+angle CGB = angle DEF+a,ug\e DGB.
Which was to be proved.

Let the same sections of the aforementioned circles be again constructed so

that this time the points A and B are north of the point C.

I say that the same thing will follow, that is

angle KEF+airngle LGB = angle DEF+smgle DGB.
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For since the angle DEF in the name a« angle DGH
and

angle 0E/C = ani5le DOL,
therefore, by a<Idi<ion,

angle //7//- angle /)/?F4-ang1e DPJK

And so

angle /C^F+ angle /.r;/i = angle /vi/sF+ angle /X;/i.

Now, again, lei a similar figure !x' mi out so that

this time the point of the eeliptie's eastern seetion

when culminating, that is /I, is south of the z<;nith

C, and the point of the western s«3ction when cul-

minating, that is Bf is north of it

I say that

angle C£'F-f angle Lr7/? = angle DEF
-}- angle DGH \-2 rt. angles

For since

angle />(?C = angle DEC,
and

angle DCTC^aiUgh D0L = 2 rt. angles,

therefore also

angle /)FC-f angle DCL = 2 rt. angles.

But angle DEF is the same as angle DBG. And »o

angle C^'F-f- angle /.C/? = angle DEF+
angle Z>(7B-|- angle D^C+angle DGL

or

angle C^F-f angle Z/;^ = 2 angle DEF -{-2 rt. angles.

Which was to Ix? pro\<,Hl.

And let the final romhination ^>e set out in a similar figtjre: the point A of tho

ecliptic's eastern section culminating north of the

point C, and the point B of the western section cul-

minating south of it.

1 say that

angleKEF+ angle CGB -f 2 rt . angles* 2angleDEF.
For, by the same reasoning, again

angle K^T-f angle W/i+angle DEKA-
angle />0r; = angle />/i7''Wangle />(///

or

angle /C£:F+an^le C07i+ angle />£;'/C-f

angle DW=2 angle />^F.

But

because

and

angle DEK -h'-inz^f* /X/'C = 2 rt. angle*,

angle /y^A i- angle DEC = ^ f
' aogl*^

angle A>i?r = angle jW/C'.

Which was to l>e provfHJ.

And it will l>e immwiiat^ly clear that, from the angles and arcs forrnefJ by the

ecliptic with the great circle through Uie senitb in the way we liave describ*>d,
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those formed on the meridian and the horizon

can be easily gotten. For if we draw the meridian

circle ABCD, and the semicircle of the horizon

BED, and that of the ecliptic FEG in any manner
whatsoever, then, whenever we conceive the

great circle drawn through the zenith A as pass-

ing through the culminating point F, it will coin-

cide with the meridian ABCD. And the angle

DFE is immediately given us because the point F
and the angle formed at it by the meridian [Book

II, Chap. 10] are given. And the arc AF is given

because we know how far on the meridian the

point F is from the equator, and how far the

equator is from the zenith A. And whenever we
conceive the great circle drawn through A as passing through the rising point E
(for example, the semicircle AEC) then it is immediately clear that the arc AE
will always be a quadrant; because the point A is the pole of the horizon BED.
And since for the same cause the angle AED is always right, and the angle

formed by the ecliptic and the horizon (that is, angle DEG) is given. Therefore

the whole angle AEG is also given. Which was to be proved.

And so it is clear that, since things are thus, if, in each latitude, we calculate

only the angles and arcs preceding the meridian and only those from the begin-

ning of the Crab to the beginning of the Goat, we shall have calculated at the

same time [p. 63; p. 64] the angles and arcs which follow the meridian, and for

the rest of the signs both those preceding and those following.

To make the method here clear for each position, again as an example, we
shall set out what will be a general demonstration through one theorem, sup-

posing that, in the same latitude (that is, where the north pole is 36° above the

horizon), the beginning of the Crab for instance is one equatorial hour to the

east of the meridian. And in this position, for this parallel, the point 16°12' with-

in the Twins is culminating and the point 17°37' within the Virgin is rising.

Then let there be the meridian circle ABCD; and the semicircle of the horizon

BED; and that of the ecliptic FGH in such a way
that the point G is the beginning of the Crab, the

point F 16°12' within the Twins, and H 17°37'

within the Virgin. And let section AGEC of the

great circle through the zenith A and through G,

the beginning of the Crab, be drawn.

And let it be required first to find arc AG.
Then it is evident that - -

-'

arcF^ = 91°25',

SiTc GH = 77''37\

And likewise since the point 16° 12' within the

Twins intercepts 23°7' on the meridian from the

equator northward and the equator is 36° from

the zenith A, therefore

arc AF=12°53',
and, by subtraction from the quadrant,

.,...,: arci5F= 77°r..

riW
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With these things given, it again follows from the construction that chord 2

arc BF
: chord 2 arc AB comp. chord 2 arc FH : chord 2 arc GH,

chord 2 arc EG : chord 2 arc ^^.
But

and

and again

and

2&TcBF=154:°14',
chord 2 arc BF= 116P59';

2arc^B=180°,
chord 2 arc AB = 120p;

2arc/^iy = 182°50',

chord 2 arc F/f = 119p58';

2 arc GH=155°U\
chord 2 arc GH =117^12'.

Therefore

chord 2 arc EG : chord 2 arc AE comp. 116p59'
: 120p, 117p12'

: 119p58'
or

chord 2 arc EG : chord 2 arc A^ ; : 114p16' • 120p
And

chord 2arc^£' = 120P;

and therefore

chord 2 arc £'G^= 114p16'.
And so

2arc£'(?mi4°26',
arc EG= 72°1S'.

And therefore, by subtraction from the quadrant,
arc^G=17°47'.

Which was to be proved.
And next we shall also find the angle AGH in this way: let the same figure be

set out, and with G as pole and with the side of
the inscribed square as distance let the section
KLM of a great circle be drawn so that, since cir-
cle AGE has been dra\\'Ti through the poles ofEHM and KLM, each of the arcs EM and KM is
a quadrant. Then again, because of the con-
struction,

chord 2 arc EG : chord 2 arc EK comp.
chord 2 arc GH : chord 2 arc HL,
chord 2 arc LM : chord 2 arc KM.

But
2arc£'(?=144°26',

chord 2 arc £'G=114p16':
and

and

2arc£'i^ = 35°34',

chord 2 arc £'i^= 36P38';

2arcG^ = 155°14',

chord 2 arc GH = 117n2';
XJ
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and
2arc/fL = 24°46'

chord 2 arc HL = 25HA'.

And so

chord 2 arc LM : chord 2 arc KM comp. 114^16' : 36^38', 25^44' : 117^12'

or very nearly

chord 2 arc LM : chord 2 arc KM : : 82^11' : 120^.

And
chord 2 arc KM =120^;

therefore

chord 2 arc LM = 82^11'.

And so

2arcLM = 86°28',

arcLilf = 43°14'.

And therefore, by subtraction,

arc i^L = 46°46'

angle LG2^ = 46°46'.

And so, by subtraction from two right angles,

angle AG/f=133°14'.

Which was to be proved.

Now, the method of finding these arcs and angles is inferred to be the same
also for the rest. But to have them set out, ready to hand, we have calculated

as many of the other arcs and angles as seemed likely to be useful for the de-

tailed researches. And we have begun geometrically with the parallel through

Meroe where the longest day is 13 equatorial hours and have gone to the parallel

dra^vn above Pontus through the mouth of the Borysthenes. And we have used

again, as in the case of the ascensions, an increase each time of a half hour for

the latitudes, of a twelfth of a circle for the sections of the ecliptic, and of one

equatorial hour for the positions either east or west of the meridian. And we set

them out in tables, one for each latitude and sign, putting in the first column

for each position the number of its equatorial hours' distance from either side

of the meridian; in the second column the lengths of the arcs running, as we
said, from the zenith to the beginning of the sign in question; and in the third

and fourth columns the sizes of the angles formed at the intersections and situ-

ated in the way we defined, with the positions east of the meridian in the third

column and those west in the fourth. And it is necessary to remember, as we
stipulated in the beginning, that, of the two angles contained by the section of

the ecliptic east of the intersection, we have always taken the one to the north

of it, comparing the size of each of them with the 90° of a right angle. And
here are the tables.^

^Since, for latitudes between the tropic of the Crab (Cancer) and the tropic of the Goat
(Capricorn), the zeniths lie on the meridian between the points where the two tropics cul-

minate, therefore, as the tropic of the Crab, for instance, is considered at the meridian and

then farther and farther eastward, the arc of the great circle through the zenith and the tropic,

first south of the echptic, comes nearer and nearer to coinciding with the ecliptic. Finally it

does coincide, and then passes to the northern side of the ecliptic. The angle in question starts

as a right angle, becomes smaller and smaller, does not exist or is equal to two right angles, and

then starting again as if from two right angles gets smaller and smaller. This is repeated,

mutatis mutandi, for all the signs. The letter N or S placed after an angle in the tables indicates

that the point of the ecliptic culminating is north or south of the zenith for that angle and all

below it until a change is indicated.
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And now, although the business of the angles has been worked out and there

is left to add to these things now established a research into the positions of the

principal cities of each province according to their longitudes and latitudes for

the calculations of the appearance observed in them, we shall do this exposition

as a special geographical treatise by itself; and we shall follow the writings of

those who have especially worked in this kind of thing, finding out how many
degrees each city is from the equator along the meridian drawn through that

city, and how many degrees east or west of the meridian of Alexandria each

city is. For w^e arrange the times of the other places with reference to this

meridian.

Now we have thought it pertinent to add this much about these positions:

whenever we wish to know, at a given hour in one of these places, what hour it

is in some other if their meridians are different, w^e must take the number of

degrees they differ from each other along the equator, and, according as the one

sought is east or west of the one given, increase or decrease the given hour by
that number of degrees to get the hour defined at the same time in the place

sought.



BOOK THREE

Now that we have methodically gone through, in all that has been put together

up until now, those things which have first to be completely grasped mathe-
matically concerning the heavens and the earth, and also concerning the ob-

hquity of the sun's path through the middle of the zodiac [along the ecliptic] and
its particular incidents in the right sphere and the oblique sphere for each lati-

tude, we consider it proper after all this to treat of the sun and moon and to take

account of the incidents concerning their movements, since without a prior

understanding of them none of the appearances having to do with the stars can

be discovered. And we find the treatise on the sun's movement advanced first,

for again, without this, matters concerning the moon could not be grasped in

detail.

1. On the Year's Magnitude

Since finding the year's time-length is the first of all the things demonstrated
concerning the sun, we shall first learn from the treatises of the ancients the dis-

agreements and difficulties concerning their statement on this, and especially

from that of Hipparchus, a diligent and truth-loving man. For he is brought to

a difficulty of this kind especially by the fact that, for the apparent returns of

the sun with respect to the tropics and equinoxes, the length of the year is found
to be less than 365j^ days, but for its returns observed with respect to the fixed

stars it is found to be more. And from that he conjectures that the sphere of the

fixed stars also has a very slow movement, and like that of the planets is in the

direction contrary to that of the prime movement which revolves the circle that

passes through the poles of the equator and the ecliptic. And we shall show this

is so and how it comes about, in the chapters on the fixed stars. For matters

concerning them could not be seen in their entirety without a prior understand-

ing of the sun and moon.
But for the present research we believe that we must consider the length of

the year looking only to the sun's return with respect to itself—that is, with re-

spect to the oblique circle made by it [the ecliptic]—and that we must define the

length of the year as the time in which the sun proceeds continuously from some
fixed point of this circle back to the same point, supposing as we do that the only

proper principles of this return are the points of this circle determined by the

tropics and equinoxes. For, if we tell the story mathematically, we shall not find

a more proper return than that which carries the sun through the same config-

uration both in space and time, whether it be considered with respect to the

horizons or the meridian or the magnitude of the solar days ; and we shall find no
other principles of the ecHptic except those accidentally defined by the tropic

and equinoctial points. And if one examines the subject more physically, he will

not find a more reasonable return than that which brings the sun from a like to

a like weather-condition and from the same season to the same season; nor will

77
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he find other principles than those by which the seasons are the most completely

distinguished. And the return of the sun considered with respect to the fixed

stars seems quite inept for this reason particularly that their sphere is observed

to make an ordered movement contrary to that of the heavens. For, with things

this way, nothing will keep one from saying that the length of the sun's year is

the time it takes the sun to overtake Saturn, for instance, or some other star.

And so there would be many different years.

And so we think it proper to consider such a period of time the sun's year

which is found, by as many observations as possible taken over a rather long in-

terval, from one tropic or equinox back to the same.

But since a suspected inequality in the periods of eveii this return, suspected

through continuous and successive observations, more or less worried Hip-

parchus, we shall try briefly to show how this is not at all disturbing, since we
are sure by the continuous instrumental observations we have made of the

tropics and equinoxes that these periods are not unequal. For we find them dif-

fering by no appreciable amount from the additional quarter day, but at times

by about as much as could be attributed to the error due to the construction or

position of the instruments. For we guess from what Hipparchus reports that

the error with regards to inequality belongs rather to the observations. For after

he has first set out, in his treatise On the Precession of the Tropic and Equi-

noctial Points, the summer and winter tropics seeming to him to have been ac-

curately observed and in order, he himself agrees that there is not such a differ-

ence between them as to recognize for this reason an inequality in the year. For

he adds this: "Then it is clear from these observations that the differences in the

years have been altogether small. But in the case of the tropics I do not despair

of Archimedes' and my having made an error of as much as a quarter day both

in observation and calculation. But the irregularity of the years can be ac-

curately perceived from observations made on the bronze ring situated in what
is called the Square Hall in Alexandria which is supposed to indicate the equi-

noctial day as that on which its concave surface begins to be lighted up from the

opposite side."^

Then he lists, first, the dates of tho^e autumn equinoxes which have been very

accurately observed. One fell in the year 17 of the Third Callippic Period, Mesore

30, at the setting of the sun; and another three years after, year 20, on the first

of the intercalated days in the morning, which should have been noon, so that

there was a disagreement of a quarter day. And another a year after, year 21,

at the sixth hour, which agreed with the preceding observation. And another

' *The inequality of the year is here being judged in terms of the number of solar days. This

might seem arbitrary, since the days might be unequal. And indeed it will be seen later on in

this Book that the solar days are considered to be unequal. But the theory of their irregularity

will be such that their inequahty is exactly symmetrical within each year. But, of course, to

judge that the inequality is symmetrical, it is necessary to fall back on something else sup-

posed equal. The Greeks usually supposed it to be the stellar day, the time it takes a fixed

star to go from a meridian back to the same meridian again. This is practically true for

Ptolemy, but not absolutely so, because of the precession of the equinoxes. For, as we shall see

in Book VII, the fixed stars move from west to east about the poles of the ecliptic nearly a

half a degree in a hundred years. This introduces an irregularity in the length of the stellar

day exactly parallel to one of the irregularities in the length of the solar day described in

Chapter 9 of this Book, but one so small in magnitude that it could not be perceived from day

to day, or even from year to year.
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eleven years after, year 32, on the third of the intercalated days at midnight be-

fore the fourth. And it should have been in the morning, so that there was again

a disagreement of a quarter day. And another a year after, year 33, on the fourth

of the intercalated days in the morning, which agreed with the preceding ob-

servation. And another three years after, year 36, on the fourth of the inter-

calated daj^s in the evening. And it should have been at midnight so that there

was again a disagreement of a quarter da3^

And next he lists those spring equinoxes likewise accurately observed. One
fell in the year 32 of the Third Callippic Period, Mechir 27, in the morning.

But he adds: ''The ring in Alexandria was also lighted up equally on both sides

at the fifth hour, so that the same equinox differently observed differed by near-

nearly five hours." And he says the equinoxes following, up to the year 37,

agreed with the addition of a quarter day. And eleven years after, year 43,

Mechir 29-30, just after midnight, he says, there was a spring equinox, which
also agreed with the observation in the year 32; and also, he ssbys, with the ob-

servations in the follo^ving years up to the year 50. For in that year it fell on
Phamenoth 1 at sunset, Tvithin very nearly 1^ days of that of the year 43,

which is also proportional to the 7 intervening years. And so in these observa-

tions there was no perceptible difference although it is possible for there to be

an error of as much as a quarter day, not only as regards the tropic observations,

but also the equinoctial. For even if the position or discrimination of the instru-

ments is inaccurate by only 3^:3600 of the circle through the poles of the equator,

at the equinoctial intersections the sun makes up for this advance in latitude

by shifting 34° in longitude along the ecliptic, so that there could be an incon-

sistency of very nearly a quarter day. And there could be a greater error still in

the case of instruments not placed permanently and not then corrected for each

observation, but which have been attached for some time to the pavement with

a \4ew to keeping a steady position for a good while, where yet some long un-

noticed shift has been made in them. And anyone can see an example of this in

the bronze rings in the palestra of our city, which are supposed to be in the

plane of the equator. For in making observations we find such a distortion in

their placement, and especially in the case of the largest and oldest, that at

times their concave surfaces Uvice suffer a shift in lighting at the same equi-

noxes.

But certainly from such things Hipparchus himself does not think there is

anything sohd to support a suspicion of inequality in the lengths of years. But
he says he finds by calculating from certain eclipses of the moon that the irregu-

larity of the years, on the average, does not embrace a difference greater than

three quarters of a day. And this would merit some attention if it were so and
not evidently belied by the reasons he offers. For he calculates, by the lunar

ecUpses observed near certain fixed stars, by how much in each case the star

Spica precedes the autumn equinox. And in this way he thinks he finds that

once it was at its greatest distance of 63^°, for the time he observed, and once

at its least distance of 5J^°. And he infers from this fact that, since it is not

possible for Spica to move so far in such a short time, it is likely that the sun,

from which Hipparchus examines the positions of the fixed stars, does not al-

ways make its return in an equal time.

But he has overlooked the point that, since this calculation cannot proceed

without laying down the sun's position at the eclipse, he, taking for this purpose
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in each case the tropics and equinoxes accurately observed by himself in those

veiy years, thereby immediately makes clear that in comparing the years there

is no difference be^yond the addition of the quarter day.

For example, from the observation of the eclipse in the year 32 of the Third
Callippic Period he thinks he finds Spica preceding the autumn equinox by
63^2°; t>ut from the eclipse in the year 43 of the same period, by 5j<i°. And like-

wise setting beside these calculations the spring equinoxes accurately observed
in those same years—so that by means of these he may get the sun's positions

at the middle of the echpses, and from these the moon's positions, and from the

moon's those of the stars—he says that the spring equinox of the year 32 fell on
Mechir 27 in the morning, and that of the year 43 on Mechir 29-30 after mid-
night, nearly 2^4 days later than that of the year 32, which is just equal to the

quart ei- day added for each of the 11 intervening years. If, then, the sun has
made its return to these equinoxes in neither more nor less time than the addi-

tional (juarter day, and if it is not possible for the star Spica to have moved
lJi° in so few years, how could it be otherwise than absurd to take the results

calculated from the principles assumed a.s an accusation against the very prin-

ciples combined to produce them, as if one were unable to saddle anything else

with the cause of this excessive movement of Spica except the equinoxes as-

simied at the same time to have been accurately and inaccurately observed,

although there were manj^ things which could have introduced sucli an error?*

For it would seem much more possible that the distances of the moon at the

eclipses with respect to the nearest fixed stars had been estimated rather

roughly; or that the calculations either of the moon's parallaxes for the sighting

of its apparent positions or of the sun's movement from the equinoxes to the

middle of the eclipses had been effected neither truly nor accurately.

And I think Hipparchus himself recognized there is nothing ct)nvincing in

such things as far :is imposing a second anomaly on the sun, but 1 think he only

wishes for the love of the truth not to keep back anj^thing which could in any-

way bring one to suspect. And so he himself used hj'potheses concerning the

sun and moon with just one anomaly belonging to the sun, an ant>maly which is

redeemed in the year considered with respect to the tropics and equinoxes.

.Ajid in supposing these revolutions to be equal in time we do not observe the

appearances at the eclipses differing in any perceptible way from the calcula-

tions based on these hypotheses. For it would be quite perceptible if a correc-

tion for the inequality of the year were not made at the san\e time, even if it

were only a difference of one degree or very nearly two standard hours.

From all these things, and from the times of the returns which we ourselves

have gotten from the consecutive passages of the sun observed by us, we do not

find the magnitude of the year unequal if it is considered with respect to some
one thing and not one time with respect to the tropic and equinoctial points

and another with respect to the fixed stars. Nor do we find any more proper

period of return than that which carries the sun from one tropic or equinoctial

point, or any other point on the ecliptic, back to that same point. And we do

think it entirely proper to explain the appearances by the simplest hypotheses

'Hipparchus' logic, contrary to wliat Ptolemy says, seems iTiipeccable insofar as lie is s.ay-

ing that .assumptions which lead to their contradictories are false. But the re;isoning must be

right, and Ptolemy is also suggesting that there were many steps in between which might have

been false.
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possible, so long as nothing perceptible appears contrary to this deduction.

And therefore it has become clear to us from what Hipparchus has shown
that the length of the year observed with respect to the tropics and equinoxes

is less than 36534 days, but it would not be possible to hnd out with very great

certainty by how much it is less since the increase of a quarter day remains per-

ceptibly unchanged for many years because of the very small difference. And so

the extra amount can be perceived only when it is found added up together

over a longer period of time. And it must be divided among the intervening

years oi the interval and it must be observed for a greater and a smaller number
of years than this same interval. And the period of return will be gotten the

more accurately the longer the time between the observations compared. And
this is the case not only with this period of return, but with all of them. For the

error resulting from the weakness of the observations themselves, even if they

are managed accurately, is small and very nearly the same as far as the senses

are concerned both for appearances considered over a long time and for those

considered over a short time. And this error of observation, when it is dis-

tributed over fewer years, makes the error in the length of the year greater and
also in multiples of it over a longer period of time; and it makes the error in the

length of the year smaller when distributed over a greater number of years.

And therefore it is properly thought sufficient if, when we consider how much
the time between us and the old yet accurate observations can help in the ap-

proximation of the supposed periods of revolution, we try to introduce them
with the others and do not willingly forego the proper veritication, and if we
suppose the establishing of dates for a whole long age or for some great multiple

of time between observations is the work for another's love of wisdom and
truth. Because of their age, then, the summer tropics observed by the pupils

of Meton and Euctemon and those observed after them by the pupils of Aris-

tarchus should be compared with those observed by us. But because the ob-

servations of the tropics are generally hard to determine and, moreover, be-

cause the observations handed down by these people were taken more or less in

the rough, as Hipparchus also seems to have thought, we pass them over. We
have used for this comparison the observation of the equinoxes, and, because

of their accuracy, especially those given Hipparchus' approval as having been
most certainly taken by him, and those most carefully observed by ourselves

with the instruments for such purposes described at the beginning of this

treatise. And from these we find that, in very nearly 300 years, the tropics

and equinoxes fall one day sooner than the quarter-day addition to 365 days
allows.

For in the year 32 of the Thii*d Callippic Period Hipparchus singles out es-

pecially the autumn equinox as most accurately observed, and he says he
calculates it to have fallen at midnight between the third and fourth of the

intercalated days. And this is the year 178 after the death of Alexander. And
285 years after in the year 3 of Antonine (which is 463 years after the death of

Alexander) we observed, again most correctly, the autumn equinox as having

fallen on Athyr 9 about one hour after sunrise. Therefore the return added on
in all the 285 Egyptian years, that is those of 365 days each, all told 70+34 +} 20
dajrs instead of the 7134 days due these years by the regular quarter-day addi-

tion. And so the return fell sooner by very nearly I day less 3^20 *^^^ ^^^ regular

quarter-day addition allowed.
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And likewise Hipparchus again says the spring equinox in the same year 32

of the Third CaUippic Period was very accurately observed to have fallen on
Mechir 27 in the morning. And this is 178 years after the death of Alexander.
And likewise 285 years later (463 years after the death of Alexander) we find

the spring equinox has fallen on Pactom 7 very nearly one hour after noon, so
that the period reached the aforesaid 70+34+Mo days very nearly, instead of

the regular quarter-day addition to the 285 years of 7134 days. Therefore the
return of the spring equinox fell sooner by 1 day less 3^o than the regular quarter-

day addition allowed. And so, since 300 years to 285 years, and 1 day to 1 day
less 3^0 > ^I'G the same ratio, it is inferred that in very nearly 300 years the sun^s

return with respect to the equinoctial points is sooner by 1 day than the regular

quarter-day addition allows.

Even if, because of its antiquity, we compare the summer tropic more or less

roughly recorded by the pupils of Meton and Euctemon with that calculated

by us, we shall find the same thing. For it is recorded to have taken place

Athenianwise in the Magistracy of Apseudes, Egyptianwise Phamenoth 21 in

the morning, and we, in the same 463rd year after the death of Alexander, very
carefully calculated it to have fallen on Mesore 11-12 two hours after midnight.

And from the summer tropic recorded under Apseudes to that observed by the

pupils of Aristarchus in the year 50 of the First Callippic Period, as Hipparchus
also says, is 152 years. And from this year 50 (which was the 44th year after

the death of Alexander) to the 463rd year [after the death of Alexander], the

year of our observation, is 419 years. Therefore, in the intervening 571 years

of the whole interval, if the summer tropic observed by the pupils of Euctemon
fell at the beginning of Phamenoth 21, very nearly 140+3^2+3^ days have
been added to the complete Egyptian years instead of the regular quarter-day

addition to the 571 years of 142+3^+34 days; so that this return fell sooner

by 2 days less 3^2 than the regular quarter-day addition allowed. It is therefore

evident that in 600 complete Egyptian years, the lengths of the solar years

anticipate the regular quarter-day addition by nearly 2 whole days.

And with many other observations we find this same thing happening, and we
see Hipparchus several times agreeing to this. For in his treatise On the Length

of the Year, when he compares the summer tropic observed by Aristarchus at the

end of the year 50 of the First Callippic Period with the one taken again very

accurately by himself at the end of the year 43 of the Third Callippic Period, he

says as follows: 'Tt is evident, therefore, that in 145 years the tropic has fallen

sooner by half a day and night together than the regular quarter-day addition

allows." And again in his treatise On Intercalated Months and Days, saying first

that the year, for the pupils of Meton and Euctemon, contains 365+3^+3^6
days and according to Callippus only 36534 days, he adds this: ''And we have

found as many whole months in the 19 years as they, but we have found that

the year comes to J^oo day less than the regularly added quarter day, so that

in 300 Egyptian years the sum of the solar years is 5 days less than Meton's and
only 1 day less than Callippus'. '^ And also in summarizing his views by citing

his own works, he says as follows: ''And I have also treated the question of the

length of the year in a book in which I show that the solar year (that is, the time

in which the sun goes from a tropic back to the same tropic or from an equinox

back to the same equinox) contains 365 days and less than 34 day by 3^oo o^ a

day and night, and not as the mathematicians think 36534 days."
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I think, then, it has been made clear that the appearances observed up to this

time concerning the magnitude of the year agree with the size just assigned the

return of the tropic and equinoctial points by a concurrence of present ap-

pearances with earlier ones. And since all this is so, if we distribute the one day
over the 300 years, there falls to each year 12'' of a day. And if we subtract this

from the 365 days 15' where the quarter day has been added, we shall have the

length of the year we are looking for—that is, 365 days 14' 48". And this num-
ber of days can be taken by us as the nearest approximation possible from the

observations we have at present.

And as regards the scrutiny of the movements of the sun and the other planets

in their particularities which is best furnished ready to hand and all set out by
the orderly construction of tables, we believe it is the necessary purpose and
aim of the mathematician to show forth all the appearances of the heavens as

products of regular and circular motions. And it is incumbent upon him to con-

struct such tables as, proper and consequent upon this purpose, separate out

the particular regular^ motions from the anomaly which seems to result from
the hypotheses of circles, and show forth their apparent movements as a com-
bination and union of all together. In order, then, that we may get this sort of

thing in more serviceable form for the demonstration under consideration, we
shall set out the regular movements of the sun in their particularities in

this way.

For since a return has been proved to be 365 days 14'48", if we divide these

into the 360° of one circle, we shall have the sun's mean daily movement along

the ecliptic as approximately 0°59'8"17^"13*^12^31^';2 for it will suffice to carry

out the fractions to this power of sixtieths. And again, taking 3^4 of the daily

movement along the ecliptic, we shall have for the hourly movement approxi-

mately 0°2'27^^50"^3'^3^P\ Likewise multiplying the daily movement by the

30 days of a month, we shall have the mean monthly movement of 29°34^8^'36'"

36*''15''30'''; and multiplying by the 365 days of an Egyptian year we shall have
the mean yearly movement of 359°45^24^^5"^21^^8''35''\ Again multiplying the

mean yearly movement by 18 years, because of the symmetry which will appear
in the construction of the tables, and subtracting the whole circles, we shall have
the surplus for the 18-year period, that is 355°37^25"36^^^20^^34^30^\

We have accordingly drawn up three tables of the regular movement of the

sun, one in forty-five rows and the others in two parts. The first table contains

the mean movements for the 18-year periods; the second table contains first

the movements for the Egyptian years, and then for hours ; the third, first the

movements for months and, under that, for days. The numbers designating the

time are set out in the first columns, and in the next columns the degrees, min-
utes, etc., are put beside them according to the proper combinations of each.

And the tables are as follows

:

^The word "regular" is here used as a translation of the Greek word ofiakSs. On the other
hand avonaXla, its privative, is translated by the technical "anomaly" instead of by the more
obvious "irregularity." There will be times, however, when "irregularity" is used. The Greek
word dudXos has three meanings, all significant in an astronomical context: (1) regular, (2)

uniform, (3) mean or average. It is evident that "regular" and "uniform" are here synonym-
ous. But also the regular movement of the sun is computed as the average or mean movement
of the sun for the interval of a solar year.

-The superscripts indicate the powers of the sixtieths in the denominator. Thus in ordinary
fractions this would be written M + ^^ + iu=* + io*, etc.
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2. Table of the Sun's Regular Movement



THE ALMAGEST, III 85

2. Table of the Sun's Regular Movement—Continued
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2. Table of the Sun's Regular Movement—Continued

Distance from the apogee 265°15'; mean epoch 0°45' within the Fishes

Egypt-
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movements either along circles not concentric \vith the cosmos, or along con-

centric circles; not with these simply, but with other circles borne upon them
called epicycles. For according to either hypothesis it will appear possible for

the planets seemingly to pass, in equal periods of time, through unequal arcs of

the ecliptic circle which is concentric with the cosmos.

For if, in the case of the hj^pothesis of eccentricity, we conceive the eccentric

circle ABCD on which the star moves regularly,

with E as center and with diameter AED, and the

point F on it as your eye so that the point A be-

comes the apogee and the point D the perigee ; and
if, cutting off equal arcs AB and DC, we join BE,
BF, CE, and CF, then it ^\^ll be evident that the

star moving through each of the arcs AB and CD in

an equal period of time will seem to have passed

through unequal arcs on the circle described around
F as a centre. For since

angle 5£'A = angle CED,
therefore angle BFA is less than either of them, and
angle CFD greater [Eucl. i, 16].

And if in the hypothesis of the epicycle we con-

ceive the circle ABCD concentric mth the ecliptic with centre E and diameter

AEC, and the epicycle FGHK borne on it on

which the star moves, with its centre at A, then

it will be immediately evident also that as the

epicycle passes regularly along the circle ABCD,
from A to B for example, and the star along the

epicycle, the star will appear indifferently to be

at A the centre of the epicycle when it is at F or

H; but when it is at other points, it will not. But
having come to G, for instance, it will seem to

have produced a movement greater than the reg-

ular movement by the arc AG; and having come
to K, likewise less by the arc AK.
Then with the hypothesis of eccentricity it is

always the case that the least movement belongs

to the apogee and the greatest movement to the

perigee, since angle AFB is always less than angle

DFC. But both cases can come about with the hypothesis of the epicycle. For

when the epicycle moves contrary to the heavens [from west to east], for exam-

ple from A to B, if the star so moves on the epicycle that it goes from the apogee

again contrary to the heavens (that is, from F in the direction of G), there will

result at the apogee the greatest advance, because the epicycle and the star are

moving the same way. But if the movement of the star on the epicycle is in the

direction of that of the heavens [from east to west], that is, from F towards K,

conversely the least advance will be effected at the apogee because the star is

then moving contrary to the movement of the epicycle.

With these things established, it must next be understood that, in the case of

those planets which effect two anomalies, it is possible to combine both of

these hypotheses, as we shall show in the chapters concerning them. But, in
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the case of those planets subject to only one anomaly, one of the hypotheses

will suffice. And it must be understood that all the appearances can be cared

for interchangeably according to either hypothesis, when the same ratios are

involved in each. In other words, the hypotheses are interchangeable when, in

the case of the hypothesis of the epicycle, the ratio of the epicycle's radius to

the radius of the circle carrying it^ is the same as, in the case of the hypothesis

of eccentricity, the ratio of the line between the centres (that is, between the

eye and the centre of the eccentric circle), to the eccentric circle's radius; mth
the added conditions that the star move on the epicycle from the apogee in the

direction of the movement of the heavens with the same angular velocity as

the epicycle moves on the circle concentric mth the eye in the direction op-

posite to that of the heavens, and that the star move regularly on the eccentric

circle with the same angular velocity also and in the direction opposite to the

movement of the heavens.

And we shall briefly show in a systematic way, first by reasoning and secondly

by the numbers discovered in the appearances of the sun's anomaly, that with

the above assumptions the same appearances agree with either hypothesis.

I say first, then, that on either hypothesis the greatest difference between the

regular movement and the apparent irregular movement (difference by which

the mean passage of the stars is apprehended) occurs when the apparent angular

distance cuts off a quadrant from the apogee; and that the time from the apogee

to this mean passage is greater than from this mean passage to the perigee.

Therefore it results—always on the hypothesis of the eccentric circles, and on

the hypothesis of the epicycle whenever their movements occur in the direction

of the movement of the heavens—that the time from the least passage to the

mean passage is greater than that from the mean to the greatest passage, be-

cause in each case the least progress is effected at the apogee. But on the hypoth-

esis of the epicycles which supposes the revolutions of the stars on them in the

direction contrary to that of the heavens, conversely the time from the greatest

to the mean passage is greater than that from the mean to the least, because in

this case the greatest progress is effected at the apogee.

First, then, let there be the star's eccentric circle ABCD with centre E and

diameter AEC. And let the centre of the ecliptic be

taken (that is, the point at the eye), and let it be F.

And with BED drawn through F at right angles to

AEC, let the star be supposed at points B and D,

so that the apparent angular distance on either

side from the apogee A is clearly a quadrant.

It must be proved that the greatest difference

between the regular and irregular movements oc-

curs at the points B and D.

For let EB and ED be joined. Then it is im-

mediately evident that the arc of the anomalistic

difference has to the whole circle the same ratio

that angle EBF has to 4 right angles, since the

angle AEB subtends the arc of the regular move-

ment and angle AFB that of the apparent irregular movement, and angle EBF
is the difference between them.

^The circle carrying the epicycle is often called the deferent.
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I say, then, that no other angle can be constructed on the circumference of

the circle ABCD and on the straight line EF greater than these two at B and D.

For let the angles EHF and EKF be constructed at the points H and K, and
let HD and KD be joined. Since then in every triangle the greater side sub-

tends the greater angle, and
HF>FD, [Eucl. Ill, 7,3]

also angle HDF> angle DHF
But angle EDH = angle EHD
since EH = ED.
And therefore angle EDF>ajig\e EHF,

angle EBD>SLng\e EHF.
Again since DF>KF,

angle FKD> single FDK.
But angle EKD = angle EDK,
since again EK = ED.

And therefore, by subtraction,

angle EDF> angle EKF,
angle EBF> angle EKF.

Therefore it is not possible to construct other angles in the wa}^ we have de-

scribed greater than those at points B and D.^

And at the same time it is proved that arc AB, which embraces the time
from the least to the mean movement, is greater than arc BC which embraces
the time from the mean to the greatest movement, by twice the arc containing

the anomalistic difference. For
angle A£'5 = angle E'FB+angle EBF,

= rt . angle+ angle EBF,
and

angle B^C+ angle EBF=rt. angle.

Again, to prove the same thing occurs in the other hypothesis, let there be
the circle ABC concentric with the cosmos, with center D and diameter ABD;
and let there be in the same plane the epicycle EFG with centre A, carried on it.

And let the star be supposed at G where it appears to be a quadrant's distance

from the apogee point. And let AG and DGC be joined.

*The Greeks, in general, avoided the notion of a body's speed at a given point, and Ptolemy
here handles the problem in the classic way, in terms of boundan," points. Thus bj' proving
that the greatest difference between the angle of the regular movement and that of the ap>-

parent irregular movement is at a point an apparent quadrant's distance from the apogee, it

then follows that this point is a boundary point such that for all arcs between it and the
apogee the star will appear to move more slowh' than its regular or average movement, and
for all arcs between it and the perigee the star will appear to move faster than its regular or
average movement. Ptolemy therefore calls the point itself the point of the star's mean pas-
sage. It is not verv' different from saying in modern terms that the speed of the star at this

point is its regular speed.

That the point of greatest anomaUstic difference is such a boundary point is simply stated
by Ptolemy and not explained. The explanation is this: From the apogee to the point of

greatest difference the apparent angular speed of the star is always slower than its regular

speed, for otherwise the difference between the two angles traveled would not be getting
greater and greater. Likewise from the point of greatest difference to the perigee the apparent
angular speed is greater than the regular speed, for otherwise the difference between the two
angles traveled would not be getting less and less.
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I say that the straight hne DGC is tangent to

the epicycle. For at that time there occurs the

greatest difference between the regular and ir-

regular movements.
For since the regular movement from the apo-

gee is contained by the angle EAG (for the star

traverses the epicycle, and the epicycle the cir-

cle ABC, with the same angular velocity), and

the difference between the regular and apparent

movements is contained by the angle ADG,
therefore it is evident that also the difference

between angle EAG and angle ADG (that is,

angle AGD) contains the apparent angular dis-

tance of the star from the apogee. And so, since

it is assumed to be the angle of a quadrant,

angle AGD will also be a right angle, and therefore the straight line DGC will be

tangent to the epicycle EFG [Eucl. iii, 16, Por.]. Therefore the arc AC between

the centre A and the tangent is the greatest anomalistic difference.

And in the same way arc EG, which, according to the motion assumed for

the epicycle, embraces the time from the least to the mean movement, is

greater than arc GF, which embraces the time from the mean to the greatest

movement. And it is greater by twice arc AC. For if we produce the straight

Kne DGH and draw AKH at right angles to EF, then

angle KAG= angle ADC, [Eucl. vi, 8]

and arc KG is similar to arc AC. Therefore arc EKG is greater than a quadrant

by arc AC, and arc FG is less than a quadrant by arc AC. Which it was re-

quired to prove.

^

And next it will be clearly seen that, even in the other particular movements,
in the case of both hypotheses, for equal times,

all the same things will occur with respect to the

regular and apparent movements and the differ-

ences between them—that is, the anomalistic

difference.

For let there be the circle ABC with centre D,

concentric with the ecliptic; and the eccentric

EFG with center H, equal to the concentric circle

ABC; and the diameter EAHD common to both,

through the centres D and H and the apogee E.

And with arc AB taken at random length on the

concentric circle, let the epicycle KF with centre

B and radius DH be described, and let KBD be

joined.

I say that the star will be borne by either

movement to F, the intersection of the eccentric

'In the case where the star moves on the epicycle in the same direction that the epicycle

moves on the concentric circle, the mean passage and greatest anomahstic difference do not

occur an apparent quadrant's distance from the apogee—that is, if the angular velocity of the

star on the epicycle is the same as that of the epicycle's centre on the concentric circle. But it

is greater than a quadrant's distance from the apogee. This is immediately evident if we refer

to the previous figure and suppose DGH drawn tangent on the opposite side of the epicycle.
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circle and the epicycle, in the same amount of time. That is, the three arcs, EF
on the eccentric, AB on the concentric, and KF on the epicycle are similar to

each other; and the difference between the regular and irregular movements,
and the apparent passage of the star, will be similar and the same under either

hypothesis.

For let FH, BF, and DF be joined. Since the opposite sides of the quadri-

lateral BDHF are equal to each other, FH to BD, and BF to DH, the quadri-

lateral BDFH is a parallelogram. Therefore the three angles EHF^ ADB, and
FBK are equal. And so, since they are angles at the centres, the arcs sub-

tended by them

—

EF on the eccentric, AB on the concentric, and KF on the

epicycle—are similar to one another. Therefore by either motion, the star will

be brought to the same point F in an equal period of time, and will appear to

have passed from the apogee along the same arc of the ecliptic, AL. And ac-

cordingly the anomalistic difference will be the same according to either hypo-
thesis, since we have already proved that the difference contained by angle

DFH on the hypothesis of eccentricity is of the same kind as that contained

by angle BDF on the hypothesis of the epicycle, and since these angles are here

also alternate and equal, with FH proved parallel to BD.
And it is clear that for all distances these same results will follow, HDFB be-

ing always a parallelogram and the eccentric circle being described by the move-
ment of the star on the epicycle whenever the relations under either hypothesis

are both similar and equal.

But it will also become clear in the following way that, even if they are only

similar but unequal in magnitude, the same appearances will again result. For
in the same way, let there be the circle ABC with centre Z>, concentric with the

cosmos; and its diameter ADC passing through the star's apogee and perigee;

and the epicycle about B at the random distance of arc AB from the apogee A.
And let the star have moved through arc EF similar to AB since the returns of

the circles take place in the same time. And let the straight lines DBE, BF, and
DF be joined.

It is inamediately clear that, on this hypothesis, angle ADE and angle FBE
are always equal, and that the star will

appear on the straight line DF.
I say also that, on the hypothesis of

eccentricity, both if the eccentric circle

is greater than the concentric circle

and if it is less, with only the similarity

of the relations and the isochronism of

the returns assumed, the star will

again appear on the same straight

line DF.
For let the eccentric circle GH be

drawn greater, as we said, with its centre

at K on AC; and likewise LM less, with

centre N. And producing DMFH and
DLAG, let HK and MN be joined. Since

DB.BF'.'.HK.KD'.'.MN : ND,
and since

angle BFD = angle MDN
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because of the parallels DA and BF, therefore the three triangles are equian-
gular [Eucl. VI, 7], and the angles BDF, DHK, and DMN, subtending the corre-

sponding sides, are equal. Therefore the straight lines BD, HK, and MN are
parallel, so that also angles ADB, AKH, and ANM are equal. And since they
are angles at the centres of the circles, therefore the arcs subtended by them,
AB, GH, and LM, will be similar. Therefore, in the same length of time, not
only has the epicycle traversed arc AB, and the star arc EF, but also on the
eccentric circles the star will have traversed arcs GH and LM; and in each case,

therefore, it will be observed on the same straight line DMFH, being at the
point F in the case of the epicycle, at H for the greater eccentric, at M for the
sm.aller eccentric, and likewise for all positions.

And furthermore it results that, when the star appears to have traversed
equal arcs both from the apogee and the perigee, the anomalistic difference in

either position will be equal.

For, on the hypothesis of eccentricity, if we describe the eccentric circle

ABCD about centre E with diameter AEC through
the apogee A, with the eye supposed on it at F, and
if, drawing through F the straight line BFD at ran-

dom, we join EB and ED, then the apparent courses

will be equal and opposite; that is, angle AFB of the

course from the apogee and angle CFD of that from
the perigee. And the anomalistic difference will be

the same because BE is equal to DE and angle EBF
to angle EDF. And so the arc from the apogee A and
the arc from the perigee C (that is, the arcs con-

tained by angles AFB and CFD, respectively) are,

the one greater and the other less, than the regular

movement by the same difference of the apparent

arc; because AEB is greater than angle AFB and
angle CED less than angle CFD.
And, on the hypothesis of the epicycle, if we describe likewise the concentric

circle around centre D and with diameter ADC, and
the epicycle EFG around centre A, and if, drawing
at random the straight line DGBF, we join AF and
AG, then the arc of the anomalistic difference AB
will be the same for both positions. That is, if the

star is at F or if the star is at G, it will appear on the

ecliptic at the same distance from the apogee point

when it is at F as from the perigee point when it is

at G, since the apparent arc from the apogee is con-

tained by angle DFA. For angle DFA has been
shown to be the difference between the regular

movement and the anomalistic difference. And the

apparent arc from the perigee is contained by angle

FGA. For it is also equal to the angle of the regular

movement from the perigee plus the anomalistic

difference. And so it is thereupon inferred again that

the mean movement is greater than the apparent movement about the apogee
(that is, angle EAF than angle AFD) and the mean movement is less than the
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apparent about the perigee (that is, angle GAD than angle AGF), both by the

same difference, by angle ADG. Which was to be proved.

4. On the Apparent Irregularity or Anomaly of the Sun

With these things explained, it is now necessary to take up the apparent ir-

regularity or anomaly of the sun; because there is one only, and it is such that

the time from the least movement to the mean is greater than the time from the

mean to the greatest movement. For we find this agrees with the appearances.

And this can be accomplished by either hypothesis:—(1) by that of the epicycle

when the movement of the sun is in the direction of the movement of the heav-

ens on its arc at the apogee. But (2) it would be more reasonable to stick to the

hypothesis of eccentricity which is simpler and completely effected by one and
not two movements.
Now, the first question is that of finding the ratio of eccentricity of the sun^s

circle—that is, what ratio the line between the eccentric circle's centre and the

ecliptic's centre at the eye has to the radius of the eccentric circle; and next at

what section of the ecliptic the apogee of the eccentric circle is to be found. And
these things have been shown in a serious way by Hipparchus. For having sup-

posed the time from the spring equinox to the summer tropic to be 943^2 days,

and the time from the summer tropic to the autumn equinox to be 923/2 days,

he proves from these appearances alone that the straight line between the

aforesaid centres is very nearly 3^4 the radius of the eccentric circle; and that

its apogee precedes the summer tropic by very nearly 24J^° of the ecliptic's

360°.

And we too find that the time-periods of these quarters and these ratios are

very nearly the same even now, so that in this way it is clear to us that the sun's

eccentric circle always preserves the same position with respect to the tropic and
equinoctial points. And not to establish this position on hearsay only, but to

expound the theory systematically with our own numbers, we shall prove these

things ourselves, using these same appearances as regards the eccentric circle

—

that is, as we said, 94^ days from the spring equinox to the sunmier tropic and
923^2 days from the summer tropic to the autumn equinox. For with the very

accurate observations made by us in the year 463 after the death of Alexander

we find a complete agreement in the number of days between the summer tropic

and the equinoxes. For as we said [pp. 81-82], the autumn equinox fell on
Athyr 9 after sunrise, the spring equinox on Pachom 7 after midday, which
makes an interval of 1783^ days, and the summer tropic on Mesore 11-12 after

midnight, which makes the interval from the spring equinox to the summer
tropic 943^^ days, and leaves very nearly 92J^ days for the interval from the

summer tropic to the following autumn equinox.

Then let there be the ecliptic circle ABCD with centre E, and let the two di-

ameters AC and BD be drawn in it perpendicular to each other through the

tropic and equinoctial points. And let A be supposed the spring point, B the

summer, and the rest accordingly.

Now, that the centre of the eccentric circle will fall between the straight

lines EA and EB, is clear on the one hand from the fact that the semicircle

ABC embraces more time than half a year and therefore cuts off a section of the

eccentric greater than a semicircle, and on the other hand from the fact that

the quadrant AB itself also embraces more time and cuts off a greater arc of
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the eccentric than quadrant BC.
This being so, let the point F be sup-

posed the centre of the eccentric circle,

and let the diameter EFG be drawn
through both centres and the apogee.

And with centre F and any radius, let the

eccentric circle of the sun HKLM be

drawn, and through F the line NQO par-

allel to AC and the line PRS parallel to

BD. And again let HTU, the perpendi-

cular from H to NQO, and KWX, the

perpendicular fromK to PRS, be drawn.

Since, then, the sun, moving regularly

on the circle HKLM, traverses arc HK
in 943^2 days and arc KL in 923^ days,

and since it covers regularly in 943^
days very nearly 93°9', and in 923^ days 91°11' [Chap, ii, Table of Sun's Regular

Movement], therefore

arc /^i^L = 184°20',

and

arci\^/f+arcLO = 4°20'

by subtraction of the semicircle NPO. And
arc HNU= 2 arc HN = 4:°20\

And so
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therefore, in length,

^F= 2p29'30''

where

rad. ecc. =60p.

Therefore the radius of the eccentric circle is very nearly twenty-four times

the line between its centre and that of the ecliptic.

Again since

FQ = 1^2'

where it was proved

therefore

where

EF = 2^29'S0'\

FQN49P46'

hypt. EF =120^,

and, on the circle about right triangle EFQ,
arcFQ = 49°.

And therefore

angleF£'Q = 49° to2rt.
= 24°30'.

And so, since the angle is at the centre of the ecliptic, arc BG by which the

apogee G precedes the summer tropic point B, is also 24°30'.

Finally, since the quadrants OS and SN are each 90°, and
arc OL = arc /fA^ = 2°10',

and

therefore

arcikf/S = 0°59',

arcLM = 86°51'

and
arcilfi7 = 88°49'.

But the sun moves regularly through 86°51' in 883^8 days, and through 88°

49' in very nearly 903^ days [Chap. 2, Table of Sun's Regular Movement].
And so the sun will appear to traverse arc CZ), which is the arc from the

autumn equinox to the winter tropic in 883^8 days; and arc DA, which is the

arc from the winter tropic to the spring equinox, in very nearly 903^ days.

And these things have been found by us in accord with what Hipparchus

says.

Now with these quantities, let us find out first

how much is the greatest difference between the

regular and irregular movements, and at what point

this occurs.

Then let there be the eccentric circle ABC with

centre D and diameter ADC through the apogee A;
and on it let there be the centre of the ecliptic E.

And let EB be drawn perpendicular to AC, and DB
be joined. Since

1. betw. c. DE = 2^30'

where
rad. Bi) = 60P
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according to the ratio of 1 to 24, therefore

DE = 5^

where
hypt. BZ) = 120P,

and, on the circle about right triangle BDE,
arcZ)^ = 4°46'.

And so angle DBF which contains the greatest anomalistic difference will be
4°46' to 2 right angles' and 2°23' to 4 right angles' 360°. And

rt. angle BED = 90°

and
angle BDA= Single BED -jangle DBF = 92°23'.

And since angle BDA is at the centre of the eccentric circle and angle BED of

the ecliptic, we shall have the greatest anomahstic difference as 2°23'. And
as for the arcs at which this occurs, that of the eccentric which is regular is

92°23' from the apogee, and that of the ecliptic which is apparent and irregular

is a quadrant or 90°, as we have already proved. And it is clear from what has

been set out that in the opposite section the apparent mean passage and the

greatest anomalistic difference will be at 270°, and the regular mean passage

at 267°37' on the eccentric.

In order to show with numbers also that the same quantities can be in-

ferred on the hypothesis of the epicycle when there

are the same ratios in the way we described, let

there be the circle ABC with centre D and diameter

ADC, concentric with the ecliptic, and the epicycle

EFG with centre A. And let the straight line DFB
be drawn from D tangent to the epicycle, and let

AF be joined. Then likewise

AD = 2iAF,
so that again also

where
hypt. AD = 120^,

and, on the circle about right triangle ADF,
arc AF = 4°46' to2rt.

= 2°23'

Therefore, the greatest anomalistic difference (that

is, arc AB) is thereupon found rightly to be 2°23'; and the irregular arc, since it

is contained by the right angle AFD, to be 90° and the regular arc, contained by

angle FAF, again to be 92°23'.

5. On the Examination of Particular Sections of the Anomaly

And to be able to distinguish at any time particular irregular movements,

we shall again show for either hypothesis how, given one of these arcs, we can

get the others also.

Then first let there be the circle ABC with centre D, concentric with the

ecliptic; and the eccentric circle with centre H; and the diameter FAHDG
through both centres and the apogee E. And with arc EF cut off, let FD and FH
he joined. And first let arc EF be given, for instance, as 30°; and on FH pro-

duced let fall the perpendicularDK from D.
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Since then it is assumed
arc £;/^= 30^

therefore

angle EHF = sing\e DHK = SO°

= 60° to2rt.
And therefore, on the circle about right triangle

DHK,
'drc DK = m°,

and, the rest of the semicircle,

arci/i!: = 120°. [Eucl. iii, 31]

And therefore

and
K// = 103^55'

where
hypt. DH = 120^.

DK=in5',
HK = 2nO\
KHF = Q2nO'

DH = 2^^S0',

rad. FH = 60^.

sq. DK+sq. FHK = sq. FD,
hypt. FD = Q2nr.

DK = 2^25'

And so

where

And since

And therefore

where
FD = 120^,

and, on the circle about right triangle FDK,
SLYC DK = 2°1S'.

And so

angle DFK = 2° 18' to 2 rt.

= r9\
Therefore the anomalistic difference at that time is

V9\ But angle EHF was 30°, and therefore the re-

maining angle ADB (that is, arc AB on the ecliptic)

is 28°5r.

And with the same construction, if HL is dropped
from // perpendicular to FD, it will be immediately

clear that also, if any other angle is given, the rest

are given. For if we suppose the arc AB on the eclip-

tic given (that is, angle HDL), then the ratio of DH
to HL is given. And if the ratio DH to HF is given,

the ratio of HF to HL is also given; and therefore

we shall have angle HFL given (that is, the anom-
alistic difference) and angle EHF (that is, arc EF of

the eccentric circle).
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And if we suppose the anomalistic difference (that is, angle HFD) given, then,

conversely, the same things will occur. For the ratio of HF to HL is given, and
given from the first is the ratio of HF to HD. And so the ratio of DH to HL is

also given; and therefore also angle HDL (that is, arc AB oi the ecliptic) and
angle EHF (that is, arc EF on the eccentric circle) are given.

Again let there be the circle ABC with centre D and diameter ADC, con-

centric with the ecliptic, and the epicycle EFGH
with centre A, in the same ratio. And let arc EF be

cut off, and FBD and FA joined. Again let arc EF
be supposed 30°, and let the line KF be drawn from
F perpendicular to AE.
Since

arc £^F= 30°,

angle ^AF= 30°

= 60° to2rt.

And so, on the circle about right triangle AFK,
arcFK = 60°,

and, the remainder of the semicircle,

arc Ai^=120°.

And therefore

chord Fi^ = 60p,

chord AK =103^55'

—

c

where

And so

where

And since

diam. ^^=120^.

FK=inb',
AZ = 2P10',

KAD = ^2nO'

hypt. AF = 2p30',

rad. AZ) = 60P.

sq. FK+sq. KAD = sq. FBD,
therefore, in length,

FD = ^2nV
where

FK = inb'.

And therefore

Fii: = 2p25'

where
hypt. i)F=120P,

and, on the circle about the right triangle DFK,
SiYc FK = 2°IS\

And so also

angle FZ)X = 2°18' to 2 rt.

= 1°9'.

And therefore, again, the anomalistic difference, which is arc AB, is also 1°9'.

But angle EAF was 30°. Therefore the remaining angle AFD (that is, the ap-
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parent arc of the ecliptic) is 28°5r, which agrees with the magnitudes proved on

the hypothesis of eccentricity.

Likewise in this case too, even if any other angle is given, the others will also

be given if, -svith the same construction, ^L is drawn
from A perpendicular to FD. For if, conversel}^, we
give the apparent arc of the ecliptic (that is, angle

AFD) then the ratio of AF to AL is also given. And
since the ratio oi AF to AD was given from the be-

ginning, the ratio oi AD to AL is also given. And
therefore angle ADB (that is, arc AB which is the

anomalistic difference) is given; and also angle EAF
(that is, arc EF) of the epicycle.

And if we suppose the anomalistic difference given

(that is, angle ADB) then, conversely, the ratio of

AD to AL will likewise be given. But since the ratio

oi AD toAF was given from the beginning, the ratio

of AF to AL is also given, and therefore angle AFD
is given (that is, the apparent arc of the ecliptic)

and angle EAF (that is, arc EF of the epicycle)

.

Again, with the previous construction of the eccentric circle, let the arc FG
be cut off from the perigee G on the eccentric circle

and be assumed to be 30°. And let DFB and FH be

joined, and let DK be dropped from D perpendicu-

lar to HF.
Since

arc re = 30°,

angle FHG = SO°

= 60°to2rt.
And so, on the circle about right triangle DHK,

arcZ)Z = 60°

and, the remainder of the semicircle,

arc 7^^=120°.

And therefore

chord Z)2^ = 60P,

chord K^ = 103^55'

where

diam. DH =120^,

And therefore

DK = in5',

HK = 2nO\
KF= 57^50',

where

hypt.DH = 2^S0\

rad. i7F = 60p.

And since

sq. DK-\-sq. KF = sq. DF,

therefore, in length,

DF^bl^bV
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where

DK=W5\
And therefore

Z)i^ = 2p34'36''

where
hypt. DF= 120^,

and, on the circle about right triangle DFK,
Sire DK = 2°27\

And so

angleZ)7^i^ = 2°27' to2rt.

m°14'.
Therefore the anomalistic difference is 1°14'. And since angle FHG is assumed
to be 30°, the whole angle BDC (that is, arc BC of the ecliptic) will be 3ri4'.
And in the same way now, with BD produced and HL drawn perpendicular

to it, if we give arc BC of the ecliptic (that is, angle

HDL), then the ratio ofDH to HL is also given; and
since the ratio of HD to HF was given from the be-

ginning, the ratio of FH to HL is also given. And
therefore we have angle HFD given, that is, the

anomalistic difference ; and angle FHD (that is, arc

GF) on the eccentric circle.

And if we give the anomalistic difference (that is,

angle HFD) then conversely the ratio of FH to HL
is also given; and since the ratio of FH to DH has

been given from the beginning, the ratio of DH to

HL is also given. And therefore we have angle HDL
given (that is, arc BC of the ecliptic) and angle FHG
(that is, arc FG of the eccentric circle).

In the same way, with the previous construction

of the concentric circle and epicycle, let arc HG be

cut off from the perigee H at 30°. And let AG and DGB be joined, and GK drawn
from G perpendicular to AD.

Then since again

arcG^ = 30°,

angle J^AG = 30°

= 60° to2rt.

And so, on the circle about right triangle GKA,
arcGi^ = 60°

and, the remainder of the semicircle,

arc .4 /C= 120°.

And therefore

where

And therefore

chord (?A' = 60p,

chord JK = 103^55'

hypt. AG =120^.

GK = m5\
AK = 2nO',

KD = 57^50'
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where
^G = 2P30',

rad. AD = {jOp.

And since

sq. GK-i-sq. KD = sq. DG,
therefore, in length,

i)G= 57^51'

where
GK = in5\

And therefore

GiC = 2p34'36"

where
DG= 120^;

and, on the circle about right triangle DGK,
a,YcGK = 2°2r.

And so also

angle GDK = 2°21' to 2 rt.

= ri4'.

Therefore the anomalistic difference (that is, arc AB) is here also very nearly
1°14'. And since angle KAG is assumed to be 30°, the whole angle BGA which
contains the apparent arc of the ecliptic will be 31° 14', agreeing with the mag-
nitudes found for the eccentric circle.

And likewise here also, with AL drawn perpendicular to DB, if we give the

arc of the ecHptic (that is, angle AGL), then the

ratio of AG to AL is given; and since the ratio of

AG to AD has been given from the beginning, the

ratio of AD to AL is also given. And therefore we
have angle ADB given (that is, arc AB which is the

anomalistic difference) and angle HAG (that is, arc

HG of the epicycle).

And, again, if we give arc AB of the anomalistic

difference (that is, angle ADB) then, conversely, the

ratio of AZ) to AL is likewise given; and since the

ratio of AD to AG has been given from the begin-

ning, the ratio of AG to AL is also given. And there-

fore we shall have angle AGL given (that is, the arc

of the ecliptic) and angle HAG (that is, arc HG of

the epicycle). And we have shown what was pro-

posed.

Now, although, by means of these theorems, various tables of the sections

containing the anomalistic distinctions of the apparent courses can be con-

structed, yet that one containing the anomalistic differences arranged side by
side with the regular arcs will better serve us for getting easily the magnitudes

of the particular corrections, both because of its conformity with the hypotheses

themselves and because of the simplicity and facility in the calculation for each

section. Therefore we followed the first of the theorems set out with numbers for

the particular sections, and calculated geometrically just as before the anomal-

istic differences corresponding to each of the regular arcs. And in general, both

in the case of the sun and of the other planets, we divide the quadrants at the
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apogees into 15 sections, so that the comparison is at intervals of 6°; and the

quadrants at the perigees into 30 sections so that the comparison in this case is

at intervals of 3°. This is done because the differences in excess at the perigees

are greater than those corresponding to equal sections at the apogee.

And so we shall arrange the table of the sun's anomaly into forty-five rows
and three columns. And of these columns the first two contain the numbers of

the 360° of regular movement, while the first fifteen rows embrace the two quad-
rants at the apogee, and the other thirty those at the perigee. And the third col-

umn contains the degrees of anomalistic difference to be added or subtracted,

corresponding to each of the regular numbers. And here is the table:

6. Table of the Sun's Anomaly

1.
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7. On the Epoch of the Sun's Mean Course

Since there remains to be established the epoch of the sun's regular movement
for finding out its particular course at any time, we shall make the following ex-

position, using again in general, both in the case of the sun and of the other

planets, the passages most accurately observed by ourselves, and taking the

establishing of the epochs back to the beginning of the reign of Nabonassar by
means of the mean movements already demonstrated. For we have ancient ob-

servations completely preserved from that period to the present.

Then let there be the circle with centre D concentric with the ecliptic ; and the

eccentric circle of the sun EFG with centre H; and
the diameter EAGC through both centres and the

apogee E. And let B be supposed the fall equinox

point on the ecliptic; and let BFD and FH be
joined; and let HK be dropped from H perpendicu-

lar to FD.
Since the point B, the autumn equinox, is at the

beginning of the sign of the Balance, and the perigee

C 53^° within the sign of the Archer, therefore

arcBC = 65°30'.

And therefore

angle 5Z)C= angle HDK = m°30'
= 131° to 2 rt.

And so, on the circle about right triangle DHK,
arci/K=131°,

and
chord ^X=109n2'

where

Therefore

where

diam. DH = 120^.

HK= ^^S3'

hypt. FH =120^.

And, on the circle about right triangle FHK,
arc HK= ^20'.

And so

angle HFK = 4°20' to 2 rt.

= 2°10'.

But it was proved

angle 5Z)C = 65°30',

and therefore the remaining angle FHG (that is, arc FG on the eccentric circle)

is 63°20'. Therefore, when the sun is at the autumn equinox, it precedes the

perigee (that is, the point 53^° within the Archer) by 63°20' mean movement;
and it is 116°40' in mean movement from the apogee (that is, 53^° within the
Twins) in the direction contrary to the movement of the heavens.

Now that this is understood—since, of the first equinoxes observed by us, one
of the most accurate occured as the autumn equinox in the year 17 of Hadrian,

Egyptianwise Athyr 7, very nearly 2 hours after midday—it is clear that at that
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time the sun was 116°40' in mean movement on the eccentric circle, away from
the apogee in the direction contrary to the movement of the heavens. But from

the reign of Nabonassar to the death of Alexander amounts to 424 Egyptian

years ; and from the death of Alexander to the reign of Augustus, 294 years ; and
from the year 1 of Augustus, Egyptianwise Thoth 1, midday (for we establish

the epochs from midday) to the year 17 of Hadrian, Athyr 7, 2 hours after mid-

day, amounts to 161 years, 66 days, and 2 equatorial hours. And therefore from
the year 1 of Nabonassar, Egyptianwise Thoth 1, midday, to the time of the

autumn equinox just mentioned amounts to 879 Egyptian years, 66 days, and
2 equatorial hours.

But in that amount of time the sun makes a mean movement of very nearly

211°25' over and above the complete circles. If then we add to the 116°40',

representing the distance of this autumn equinox from the eccentric circle's apo-

gee, the 360° of a whole circle and subtract from the sum the 311°25' left over

from the time between, then we shall have the sun at its epoch of mean move-
ment in the year 1 of Nabonassar, Egyptianwise Thoth 1 at midday, 265° 15' of

mean movement distant from the apogee in the direction contrary to the move-
ment of the heavens, and 0°45' within the Fishes.

8. On Calculating the Sun

Whenever we wish to know the course of the sun for any desired time, taking

the total time from the epoch to the proposed date with reference to the hour

in Alexandria and taking it to the tables of mean movement, we add the degrees

corresponding to the particular numbers to the 265° 15' of the distance found

above; and striking the complete circles out of the result, we subtract the rest

from the 5°30' within the Twins backwards in the order of the signs [from west

to east]. And wherever the number falls, there we find the mean course of the

sun. Next we take the same number (that is, the number of degrees from the

apogee to the mean course) to the Table of Anomaly. And, if the number falls

in the first column (that is, if it is not greater than 180°), then we subtract the

corresponding degrees in the third column from the position of the mean course;

but, if it falls in the second column (that is, if it is greater than 180°), then we
add it to the mean course. And thus we find the true and apparent sun.

9. On the Inequality of Solar Days

Now this is pretty nearly all of the theory of the sun considered by itself. But

it would be well to add briefly to this something concerning the inequality of

the solar days, a matter which ought to be cleared up before what follows. For

each of the simple mean movements we have given receives a uniform increase,

as if the solar days were equal in time; but this is contrary to true theory. Now,
given that the revolution of the universe is effected regularly about the poles of

the equator, if the cyclical return is taken either with respect to the horizon or

the meridian (whichever point is the more easily distinguishable) , it is clear that

one complete turn of the cosmos is the return of the same equatorial point from

some section either of the horizon or the meridian back to that same section,

and the solar day considered simply is the return of the sun from some section

either of the horizon or of the meridian back again to the same section. The
regular [or mean] solar day is, therefore, that embracing a course of 360° equa-

torial time proper to one revolution of the equator plus very nearly 59' equa-
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torial time for the sun's contrary mean movement along the ecHptic. And the

irregular solar day is that embracing a course of 360° equatorial time proper to

one revolution of the equator plus the extra arc, either at the horizon or at the

meridian, corresponding to the sun's contrary irregular movement.
And so this section of the equator which is traversed over and above the 360°

equatorial time must be an unequal one because of the sun's apparent irregu-

larity, and because equal sections of the ecliptic do not traverse the horizon or

the meridian in equal periods of time. Each of these extra sections makes the

difference between the regular and irregular return, in the case of one solar day,

a difference indistinguishable by the senses; but a total of many solar days

makes a very sensible difference.

Now, the sun's greatest anomalistic difference occurs at intervals of one mean
movement of the sun to the other. For in this way the total of solar days will

differ from the total of regular [or mean] solar days by very nearly 4^° equa-

torial time; and the total in one interval will differ from the total in the other

by twice as much, that is by 9}^° equatorial time. And this is so because the

apparent course of the sun is less, in the semicircle of the apogee, than the regu-

lar course by 4%°, but greater, in the semicircle of the perigee, by the same
amount.^

And the greatest difference of irregularity in the corresponding risings or set-

tings occurs in the semicircles bounded by the tropic points. For then the ascen-

sions in each of these semicircles will differ from the 180° equatorial time of

those considered regularly by the difference between the shortest or longest day
and the equinoctial day; and they will differ from each other by the difference

between the longest day or night and the shortest day or night. But the greatest

difference of inequality in the case of simultaneous culminations occurs in the

intervals containing two signs, one sign on each side of the tropic or equinoctial

point. For those at the tropics taken together will differ from the regular by very

nearly 43/^° equatorial time, but from those at the equinoctial points taken to-

gether by 9° equatorial time. For the latter are less than the mean movement,
and the former are greater by nearly an equal amount.- And thence we estab-

lish the beginnings of the solar da^^s at the positions of the sun as it passes the

meridian, and not from the sun's risings or settings ; because the difference con-

sidered with respect to horizons can amount to many hours and is not the same
everjrvvhere, but changes with the excess of the longest over the shortest day in

each latitude of the sphere. But the difference at the meridian is the same every-

where and does not exceed the total time of the sun's anomalistic difference.

And the difference in the intervals to be added or subtracted is constructed

out of the combination of both of the aforesaid differences: that of the sun's

^For the greatest anomalistic differences, it has already been proved, occur at the apparent
distance of a quadrant from the apogee, which are also the points of mean movement. Now,
it has been shown that the difference between the angles of the regular and irregular move-
ments from the mean to the apogee is 2°23' and from the apogee to the other mean again
2°23', the regular exceeding in both cases. The same thing occurs from the mean through the

perigee to the other mean, the irregular exceeding in both cases.

^This difference is tlemonstrated in tbe Table of Ascensions for the Right Sphere, Book II.

The difference in the co-ascensions of the ecUptic and equator is additive for the echptic in

the Twins and the Crab, and the Archer and the Goat. It is subtractive for the echptic in the

Fishes and the Ram, and the Virgin and the Balance. The other signs are all mixed. The
equator here, of course, represents the regular movement of the sun for the mean solar days;

and the ecliptic represents the irregular movement of the sun for the irregular true solar days.
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anomaly and that of the culminations. And the interval from the middle of the

Water Bearer to the Balance is subtractive for either difference ; and the interval

from the Scorpion to the middle of the Water Bearer is additive. For each of

these sections either adds or subtracts with respect to the solar anomaly at most
very nearly 3%° equatorial time, and with respect to the culminations very

nearly 4%° equatorial time. And so, at most, the difference in the solar day,

gotten from the combination of the two, amounts, for either interval, to 83^°

equatorial time over and above the regular difference—that is, J^+Ks [equa-

torial] hour. And with respect to each other it amounts to 16^° equatorial time

—that is, 1J^ [equatorial] hours. Now, if this difference is neglected in the case

of the sun, it perhaps would not hurt the study of its appearances to any appre-

ciable extent; but in the case of the moon, because of the rapidity of its move-
ment, it would produce a considerable difference even for 33^°.

In order to reduce the solar days given over any interval of time (and by solar

days I mean from midday or midnight to midday or midnight) to regular solar

days, we find out for the beginning and end of the given interval at what part of

the ecliptic the sun is to be found both in its regular and irregular movements.
Then, taking the surplus over and above complete revolutions accumulated in

the irregular interval (that is, from apparent position to apparent position) to

the Table of Ascensions in the Right Sphere, we find out with how many de-

grees equatorial time the degrees of the irregular interval, as we said, culminate.

Then we take the difference between the amount of time thus found and the

degrees of the regular interval and calculate the part of the corresponding equa-

torial hour. And if the amount of time found in the Table of Ascensions in the

Right Sphere is greater than that of the regular interval, we add this difference

to the given number of solar days; if less, we subtract. And finally, in this way,

we have the time expressed in mean solar days. We shall use this correction

especially in the successive additions of the mean movements in the moon's ta-

bles. And it is immediately seen that, given the regular [or mean] solar days, the

simply considered seasonal solar days are gotten by an addition or subtraction

in the converse order.^

^If the sun moved regularly along the equator instead of moving irregularly along the

ecliptic, the solar days would all be regular. Their irregularity, then, is due to two things: (1)

the irregularity of the sun's movement, and (2) the fact that the sun moves on a circle obhque

to the equator.

Now, as far as the solar days are concerned, it is not the arc of the echptic that is directly

involved, but the corresponding or co-ascending arc of the equator. For the culminations

which define solar days take place at the meridian, and the meridian is through the pole of the

equator. Therefore we first find the arc on the equator co-ascending with the apparent arc

traversed by the sun along the echptic.

Now if the arc of the sun's regular movement is less than the equatorial arc co-ascending

with the apparent arc, then the number of actual solar days is less than the number of regular

ones. But if the arc of the sun's regular movement is greater, then the number of actual solar

days is greater than the number of regular ones. For when the sun moves faster than the

regular, then the actual solar day is longer than the mean solar day and there are fewer of

them in a given time; but, when it moves slower, then the actual solar day is shorter.

And in each case the difference between the number of actual solar days and the number
of corresponding regular solar days is expressed by the difference between the equatorial arc cor-

responding to the apparent arc on the ecliptic and the arc of regular movement. For (1) if the

regular arc is less than the equator's arc, then the apparent arc is reaching the meridian that

many time-degrees later; and so just so many time-degrees have been lost to the number of

regular solar days. For the same number of regular solar days as actual solar days would only

take the sun the length of the arc of regular movement, if we consider it as moving on the
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Now, according to the epoch we have chosen (that is, the year 1 of Nabonas-
sar, Egyptianwise Thoth 1 at midday), the sun's mean position, as we have just

shown [p. 104], was 0°45' within the Fishes. But, considered with its anomaly,

its position was very nearly 3°8' within the Fishes.

equator. It would perhaps be clearer if we imagined that the regular arc were less by a revolu-

tion than the equator's arc representing the apparent arc on the ecliptic. Then the number of

actual solar days would be one day less than the number of regular solar days. For the sun
would have moved back one whole circle, and thus would have come to the meridian one time
less over the period assigned than if it had moved back according to the regular movement.
And by the same argument (2) if the regular arc is greater, just so many time-degrees have
been added to the number of regular solar days. Therefore, in the first case, we add the differ-

ence to the number of actual solar days to get the number of regular solar days; and, in the

second case, we subtract.



BOOK FOUR

1. From What Kind of Observations an Inquiry into
THE Moon Must be Conducted

Having now organized in the preceding book all the incidents one could ob-

serve with respect to the sun's movement, we begin next in order with the trea-

tise on the moon. First we think it is not proper to proceed simply and hap-
hazardly in the use of observations for this purpose; but for the general under-

standing of the moon it is best to attend especially to those demonstrations

which not only cover a longer period of time but also are gotten from the obser-

vations of lunar eclipses. For it is only by means of these that the positions of

the moon can be found in an accurate way, since the other kinds of observations

which depend either on its courses with respect to the fixed stars, or on instru-

ments, or on the solar eclipses, can, because of the moon's parallaxes, be very

deceptive. But with respect to the particular incidents the inquiry can be carried

on from the other observations also.

For since the distance from the earth's centre to the lunar sphere is not as

that to the ecliptic circle which is so great that the magnitude of the earth is

in the ratio of a point to it, therefore the straight line drawn from the moon's

centre to sections of the ecliptic, according to which the true courses of all the

stars are conceived, necessarily does not everywhere sensibly coincide with the

straight line according to which its apparent course is observed—that is, the

straight line drawn from some part of the earth's surface or rather from the ob-

server's eye to the moon's centre. But w^hen the moon is directly above the ob-

server, then only are the straight lines draw^n from the earth's centre and the ob-

server's eye to the moon's centre and the ecliptic one and the same straight fine.

And when it is in any way v/hatsoever removed from the zenith, a difference of

inclination in these straight lines follows; and therefore the apparent course dif-

fers from the true one for different positions of the eye as it moves downward.

For the positions of the moon seen from the earth's centre are determined pro-

portionately to the magnitudes of the angles resulting from the inclination.

Therefore, when solar eclipses take place through the intervention and inter-

position of the moon, and when their occurrence shapes its passing shadow into

a cone from our eye to the sun, the result is that these things are not fulfilled

everywhere in the same way either in magnitudes or times, nor to all alike for

the causes we have assigned; nor does the moon appear to shadow the same
parts of the sun. But in the case of lunar eclipses no such difference follows from

the parallaxes, since the eclipse of the moon does not involve the eye of the ob-

server as an incidental cause. For the moon always receives its light from the

sun; and, when the moon is opposite it, the whole of it appears to us lighted up,

because the whole of the bright hemisphere is also at that time turned towards

us. But when it is opposite the sun in such a way that it falls into the cone of the

earth's shadow which is always revolving opposite the sun, then the moon be-

108
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comes darkened proportionately to the extent it enters the cone, since the earth

screens the rays of the sun. Therefore it appears to be echpsed similarly for all

parts of the earth both as to magnitudes and as to the times of the intervals.

Therefore, insofar as we are concerned with a general examination of the true

positions of the moon but not of apparent ones^ (the true ones to be ascertained

because the ordered and similar thing should be necessarily preferred to dis-

ordered and dissimilar things), we say we must not use the other observations

where the positions depend on the eye of the observers, but only the observa-

tions of the moon's eclipses, since there the eye is in no way involved in getting

the positions. For whatever section of the ecliptic the sun is found to occupy at

the midtime of the eclipse w^hen the moon's centre is directly opposite in true

longitude to the sun's centre, the section opposite that section the moon's centre

will also truly occupy at the same midtime of the eclipse.

2. On the Moon's Periods of Time

Let this be our brief exposition as to what observations are to be used for gen-

eral considerations of the moon. We shall try and give an account of how the

ancients proceeded in their demonstrations, and how we can make a more useful

differentiation of the hypotheses which conform to the appearances.

Now, since the moon appears to move irregularly both in longitude and lati-

tude,^ and not to cross the ecliptic nor to have a cyclical return in its latitudinal

course at equal intervals of time; and since, without the discovery of the interval

in which this irregularity is redeemed, necessarily the periods of the others could

not be gotten; and since, from particular observations, the moon appears to

have its mean, greatest, and least movements in all parts of the zodiac, and to

be at its northernmost point, southernmost point, and on the ecliptic itself at

all parts of the zodiac, very reasonably therefore the ancient mathematicians
sought a certain time in which the moon would always move the same distance

in longitude, for this alone could redeem the irregularity. Comparing, then, for

the causes we have assigned, the observations of the lunar eclipses, they tried

to find what multitude of lunar months would always be isochronous with other

equal multitudes and would embrace an equal number of circles in longitude,

either w^hole or in parts. Now the even more ancient ones in a more or less rough

^In the case of the sun, there were the mean positions and the true (Akpi/St/s) positions.

And the true positions were taken as coinciding with the apparent ones. For the true positions

are the projections of the sun on the ecHptic by a straight hne through the earth's centre and
the sun's centre; the apparent ones are the projections on the ecUptic by a straight hne through
the observer's eye and the sun's centre. In the case of the moon, they are all three distinct by
reason of the parallaxes.

*The moon's latitudinal movement is its movement along a great circle incHned to the

echptic. It is not, as might be thought, its movement along an arc at right angles to the

echptic. This inchned circle is the moon's obUque circle which is not to be confused with the

echptic itself, the sun's oblique circle. The moon's longitudinal movement is its movement
considered with reference to the echptic, just as the sun's is its movement with respect to the

equator. The sun's movement with respect to the equator is distinguished from its movement
along the echptic because of the great obliquity of the one to the other. In the case of the

moon, the inchnation of its oblique circle with respect to the ecliptic is so small as to be neg-

Ugible for such considerations. But the moon's returns in latitude do not appear to correspond

to its returns in longitude—that is, its successive returns to the same parallel to the ecliptic

take place at different great circles through the echptic's poles. Hence it is necessary to sup-

pose that the nodes of its obhque circle move with respect to the echptic, and therefore it is

necessary to distinguish its latitudinal movement from its longitudinal.
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way assumed that period of time to be 6,5853^ days. For in this period they saw
accomplished very nearly 223 lunar months, 239 restitutions of anomaly, 242
latitudinal cycles, and 241 longitudinal cycles plus the 10^° which the sun also

adds to its 18 complete revolutions in that time, their restitutions being ob-

served with respect to the fixed stars. And they called this interval of time
''periodic" as being the least to collect approximately the differences of the

movements into one complete cyclical restitution. In order to arrange it in terms
of whole days, they tripled the 6,5853^ days and got the number 19,756 which
they called an evolution [k^eXLyiios]. And likewise tripling the others, they had
669 lunar months, 717 restitutions of anomaly, 726 latitudinal cycles, and 723

longitudinal cycles plus the 32° which the sun also adds to its 54 complete

revolutions.

And again Hipparchus proved by calculations from his own and Chaldean
observations that these numbers were not accurate. For he shows by the obser-

vations he lays down that the least number of days in which the moment of

eclipse recurs, after an equal number of months and an equal number of move-
ments, is 126,007 days and 1 equatorial hour. And in this amount of time he

finds fulfilled 4,267 lunar months, 4,573 complete restitutions of anomaly, 4,612

zodiacal revolutions less the 73^° (very nearly) which the sun also lacks of com-
pleting 345 circles, these restitutions again being observed with respect to the

fixed stars. And so he finds, when the given number of days is distributed over

the 4,267 lunar months, that the mean time of the lunar month amounts to very

nearly 29 days 31 '50 ''8 '"20'''. Then he shows that in this period of time the cor-

responding intervals from lunar eclipse to lunar eclipse are equal, so that the

restitution of irregularity becomes evident from the fact that always in this

amount of time there are contained just so many lunar months, and that to the

4,611 revolutions, equal in longitude, are added 3523^° in accordance with the

sun's syzygies.

But if one should seek, not the number of months from lunar eclipse to lunar

eclipse, but only from a conjunction or full moon to the corresponding syzygy,

he would find a still smaller number for the restitution of anomaly and for the

lunar months by taking their only common measure 17, which brings the result

to 251 lunar months and 269 restitutions of anomaly. But this period of time

was found no longer to complete the latitudinal restitution. For the return of the

eclipses appeared to save the equalities only with respect to the intervals of time

and of the longitudinal revolutions, but not with respect to the magnitudes and
similarities of the shadows cast, from which the latitude is known.

Now, having already found the time of the return of anomaly, Hipparchus

again compares the intervals of lunar months bounded by eclipses in every way
similar both in the magnitude and length of time of the shadows cast and in

which was no anomalistic difference, so that the latitudinal course for that rea-

son appears to make a cyclical return. And he shows that such a revolution is

completed in 5,458 lunar months and 5,923 latitudinal cycles.

Now this was somewhat the way in which our predecessors dealt with these

researches. But we would consider it neither a simple nor easy way, but one de-

manding much methodical diligence. For, first, it would be no use for us to grant

that the durations of the intervals are accurately found to be equal to each

other, unless the sun effected either the same anomalistic difference or none for

each of the intervals. For if this should not be so, and there should be, as I said,
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some anomalistic difference of the sun, then neither will the sun, nor evidently

the moon, have made equal revolutions in equal periods of time. If, for instance,

each of the distances compared in addition to the complete and equal solar years

takes on another half year, and if in this amount of time the sun happens to

have moved in the first interval from its mean movement in the Fishes, and in

the second interval from its mean movement in the Virgin, then in the first in-

terval it will have added on less than the semicircle by nearly 4J^°; and in the

second interval, more than the semicircle by the same amount. And so in the

same time the moon has a surplus, over and above complete circles, of 175J^°
in the first interval; and 184^° in the second.

Hence we say it is first necessary that this sort of accident be characteristic

of the intervals in their relationship to the sun: either (1) that it embrace whole

circles; or (2) that for one interval it add on a semicircle from the apogee and
for the other a semicircle from the perigee; or (3) that for both it begin from the

same section; or (4) that it be equidistant on each side of either the apogee or

the perigee, for the first eclipse in one interval and for the second eclipse in the

other. For only in this way would its anomalistic difference be either equal or

absent in each interval, so that the extra arcs would be equal either to each

other, or to each other and arcs of regular movement.
And, secondly, we think that like attention should be paid to the courses of

the moon. For if no distinctions are made here, it will again appear possible for

the moon to be able to add on equal longitudinal arcs in equal periods of time

without any restitution of its anomaly. And this will happen (1) if for each of

the intervals it begins from the same course which is to be added or subtracted

and does not stop at the same ; or (2) if in one interval it begins from the greatest

movement and stops at the least, while in the other it starts from the least and
ends at the greatest; or (3) if the first course of one interval and the last course

of the other are equidistant on each side of either the course of greatest move-
ment or the course of least movement. For each of these cases, if it come about,

will either again produce no anomalistic difference or the same, and therefore

make the longitudinal surpluses equal, but will effect no restitution of anomaly.

Therefore the intervals considered must fall under none of these cases if they

are to embrace a restitution of anomaly.

But on the contrary, if complete restitutions of anomaly are not embraced by
the intervals, we should choose those which can most thoroughly manifest the

inequality; that is, we should choose them when they begin not only from differ-

ent courses but also from ones very different either in magnitude or power;

(a) in magnitude as when in one interval it begins from the least course and does

not end with the greatest and when in the other interval it begins from the great-

est and does not end with the least, for in this way the difference of longitudinal

surplus will be greatest if whole cycles of anomaly are not completed, especially

when one quadrant or three quadrants of one anomaly are left over, the inter-

vals then being unequal by twice the anomalistic difference; and (b) in power
as when in each of the intervals it begins from the mean course, and not from

the same mean, but in one interval from the mean additively and in the other

subtractively; for in this way, if the anomaly is not restored, the longitudinal

surpluses will differ from each other the most—by twice the anomalistic differ-

ence if the surpluses are again a quadrant or three quadrants of an anomalistic

cycle, or four times the difference if a half cycle.
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And, therefore, we see that Hipparchus was most attentive, as he judged, in

his choice of the intervals gotten for this research. And we see he used the case

where the moon, in one interval, started from the greatest course and did not

stop with the least, and, in the other interval, started from the least and did not

stop with the greatest; and redeemed the resulting anomalistic difference of the

sun, although it is short a bit because the sun's return fails of complete circles

by very nearly one quarter of a sign which is not the same sign and does not

produce an equal anomalistic difference in each of the intervals.

And we say these things, not to belittle this method of getting at the periods

of return, but to bring to mind that, when it is done with the proper care and
consequent calculation, it can rectify the difference; but that, if any at all of the

incidents explained are neglected, it will completely falsify the solution sought

;

and that a rectification which accurately takes into account all the incidents of

the observations is very difficult for those who are making a discerning choice

of these observations.

Now, of the periodic returns given according to the calculations made by
Hipparchus, that of the lunar month, as we said, appears to have been calcu-

lated as soundly as possible and not to differ by any sensible amount from the

true one. But the periodic return in latitude and the restitution of anomaly ap-

pear to be off by an appreciable amount. So much so that we have immediately

seen the flaw from the simpler and easier means employed by us in view of the

same discrimination. And we shall immediately demonstrate these methods a-

long with the quantity of the moon's anomaly. But first we set out, for greater

service in what follows, the particular mean movements in latitude, longitude,

and anomaly, in accordance with the proposed times of return of the periodic

movements modified by that correction which will be demonstrated later.

3. On the Moon's Regular Movements in Detail

If now we multiply the sun's mean daily movement, proved to be very nearly

0°59^8^'17"'13^^12^3rS by the 29 days 31^50^^8i*i20^^ of one lunar month, and

add to the result the 360° of one circle, then we shall have the longitudinal

course of the moon's mean movement in one lunar month—that is, very nearly

389°6^23"1^^'24^^2^30^^57^^^\ Distributing these over the days of the lunar month
we shall have the moon's daily movement in longitude—that is, very nearly
13°10'34ii58i"33i^30\30^^

Again, multiplying the 269 circles of the anomaly by the 360° of one circle,

we shall have the number 96,840°. Distributing these over the 7,412 days 10'44"
5jiii4Qiv Qf ^Y^Q 251 lunar months, we shall have a daily mean movement of

anomaly of 13°3^53i'56-'29-38^38^\

Likewise multiplying the 5,923 returns in latitude by the 360° of one circle, we
shall have the number 2,132,280°. Distributing these over the 161,277 days 58'

58"3'''20^'' of the 5,458 lunar months, we shall have the daily mean latitudinal

movement of 13°13i45''39''^0^n7^19^'.

Again, subtracting the sun's daily mean movement from the moon's daily

mean movement in longitude, we shall have the daily mean elongation of 12°11^

26"41"^20*^17^59^'.

Through the methods we shall employ later on, as we have already said, we
find that the daily mean movement in longitude remains practically unchanged

and that, of course, the movement of elongation remains about the same, too;
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but that the daily mean movement of anomaly is less by 11'^46''39''', so that it

becomes 13°3^53"56'"17'^51^59''', and that the daily mean movement in latitude

is more by 8^^39^18^S so that it becomes 13°13'45"39"48'^56^37^\

If, in accordance with these daily movements, we take one twenty-fourth of

each, we shall have the hourly mean movement in longitude of 0°32'56"27"^26^''

23^46^'15^^'; the hourly mean movement of anomaly of 0°32^39^'44'>'50'^44^

39vi57vii30viii. in latitude of 0°33'4'^24"'9'^32^21^i32^i'30^"'; and of elongation

of 0°30'28 "36*^^43 ^^20^44^''57""30^'^\ And if we multiply the daily movements
by thirty and subtract the complete circles, we shall have the monthly mean
surplus in longitude of 35°17*29^'1(V''45^''15''; the monthly mean surplus of a-

nomaly of 3r56'58^'8ii'55i^'59^'30-; in latitude of 36°52'49"54i"28in8-31-»; and
of elongation of 5°43i20i^0i"8'^59^30^''.

Again, multiplying the daily mean movements by the 365 days of an Egyp-
tian year and subtracting the complete circles, we shall have the yearly mean
surplus in longitude of 129°22»46^'13^^'50^^32^30^*; the yearly mean surplus of

anomaly of 8S°4S'7^'2S^'^4:Vn3'^55'''; in latitude of 148°42^7i»12"^4i^25^5^i;

and of elongation of 129°37i21i'28^"29^^23^55^'.

Next, multiplying the yearly movements by eighteen for greater facility as

we said, in using the table, and subtracting the complete circles, we shall have
an eighteen-year mean surplus in longitude of 168°49^52^^9"'9'''45^; an eighteen-

year mean surplus of anomaly of 156°5644'i36'"22i^l0"30^^; in latitude of 156°
50i9ii49iiii9iv3iv30vi. ^^d of elongation of 173°12^26ii32'ii49^n0^30^\

Then we shall construct, as in the case of the sun, 3 tables, again of 45 rows and
5 columns each. Now the first column will contain the particular times: in the

first table, the eighteen-year periods; in the second table, the years and then

again the hours; in the third table, the months and then again the days. And the

other four columns contain the particular comparisons in degrees: the second

column those in longitude, the third those of anomaly, the fourth those in lati-

tude, and the fifth those of elongation. See tables on following pages.
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5. That, in the Case of the Simple Hypothesis of the Moon,
BOTH the Hypothesis of Eccextricity axd of the Epicycle

Produce the Same AppEAIL^^XEs

And after these things there follows an explication of the manner and size of

the moon's anomaly. At present we shall develop the explication as if there were
that one anomah' belongiag to it to which alone nearh^ all our predecessors ap-

pear to have turned their attention; I mean to that anomah' completed in the

period of return already mentioned. .Afterwards we shall show that the moon
effects a second anomal}^ in its elongations from the sun,^ an anomaly which be-

comes greatest at the two quarters and is twice redeemed in the month's time,

at conjunctions and full moons.

We shall use this order of demonstration because the second can never be

found without the first's being implied by it. But the first can be found without

the second since it is derived from lunar echpses where there is no sensible dif-

ference due to the anomah^ relative to the sun. And ui the first proof we shall

follow the methods we see Hipparchus used. For consideiing three lunar echp-

ses, we shall demonstrate the size of the greatest difference at the point of mean
movement and the position of the apogee ; we shall show that considered in itself

this first anomaly can be effected both bj' the hj'pothesis of the epicycle and the

h\T)othesis of eccentricity and the appearances will be the same; but that this

last hjTJothesis would be more properly apphed to the second anomaly relative

to the sun iu the combination of both anomahes.

And so, in making this research, we shall see that agaia lq the case of the sim-

ple anomalj^ of the moon the appearances are the same m either of these hy-

potheses even if the time-periods of the two returns— (1) that relative to the

anomaly and (2) that relative to the ecliptic—are not equal to each other as in

the case of the sun, but are unequal as in the case of the moon, \sith onl}- the

ratios being again supposed the same. Since, then, the moon effects its return

with respect to the ecliptic more rapidh^ than its return ^\-ith respect to this

anomaly, therefore it is evident that, on the hj^pothesis of the epicycle, in equal

times the epicycle ^ill move on the circle concentric Tsith the ecliptic through

an arc greater than the one similar to that traversed by the moon on the epicycle

itself; but that, on the h^^pothesis of eccentricity, the moon vrHl traverse an

arc on the eccentric circle similar to that traversed on the epicycle, and the ec-

centric will turn about the ecliptic's centre, in the same direction as the moon,-

through an arc equal to the excess of the longitudinal course over the anomalistic

course—that is, the excess of the concentric circle's arc over the epicycle's. For

in this wa}" not only the sameness of the ratios but also the equahty of the times

of each of the movements "v\ill be saved in both h>^)otheses.

Now, these things being supposed as necessar\^ and immediate consequences,

*This second anomaly of the moon with respect to the sun is the first of those appearances

which tie the planets to the sun instead of the earth. As we shall see later, each of the five

planets has an anomah' with respect to the sun besides its other anomahes. And thus even on

the geocentric hj'pothesis of Ptolem}', there are manifested ineWtabh- hehocentric appe^r-

ances. And so it is no wonder the Greeks had hehocentric theories. Xor is the appearance of

the Copernican theor}' am^thing very extraordinan.' ; Copernicus had only to look at Ptolemy.

Ptolemy himself sees all this when he says, in Book I, that the hehocentric theorj- would be

simpler as far as the planets are concerned.

*That is, both movements of the eccentric h>T)othesis—(1) that of the moon on the ec-
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let there be the circle ABC concentric with the

ecliptic, "^ith centre D and diameter AD; and
the epicycle EF with centre C. And let it be
assumed that, when the epicycle was at A, the

moon was at E, the epicycle's apogee; and
that in the same time the epicycle has tra-

versed the arc AC and the moon the arc EF.
.And let DE and CF be joined. And since the

arc AC is greater than the arc similar to £'F,

let BC be taken similar to EF and let BD be

joined. It is clear, then, that in the same time

the eccentric circle has moved through angle

ADB, the excess of one of the courses over the

other, and that its centre and apogee have
come to be along the straight line BD. This

being so, let DG be laid off equal to CF, and
let FG be joined. And with centre G and radius FG, let the eccentric circle FH
be dra\\Ti.

I sav that

FG.DG: : CD : CF;
and that, according to this last h^-pothesLs also, the moon wiU be at point F—
that is, arc FH wiU also be similar to arc EF.
For since

angle BDC = angle ECF,
CF is parallel to DG. And

CF=DG;
and therefore

FG= CD,

and is parallel to it. And
FG'.DG:: CD : CF.

Again, since CD is parallel to FG,
angle 5Z)C = angle FGH.

But it was supposed

angle BDC = angle ECF.
-And so also arc FH is similar to arc EF. Therefore, in the .same time according

to either hypothesis, the moon has arrived at the point F, since it has moved
through the epicycle's arc EF and the eccentric's arc FH, which have been

proved similar, and since the epicycle's centre has moved through arc AC and
the eccentric's centre through arc AB, the excess of arc AC over arc EF. WTiich

was to be proved.

centric, and (2) that of the eccentric about the ecliptic's centre or the earth—are from west

to east in the general direction of the moon's movement on the ecliptic or of the epicycle's

centre on the concentric circle.

The equivalent epicycUc h^-pothesis Is, of course, the case where the epicycle's centre moves
counter-clockwise while the epicycle itself turns clockwise. In the case of the moon, Ptolemy
does not expUcitly state, as he does with the other five planets, why it is necessarj' to take

one epicychc h}-pothesis and not the other. The rea-son is obvious. By the tables of observa-

tions it was knov\-n that the time from the moon's mean movement in longitude through its

greatest movement back to the mean is always less than the time from its mean movement
through its least movement back to the mean.
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And, even if only the ratios are equal without their i-espective terms being so,

and the eccentric circle is not equal to the concentric, it is clear to us as follows

that the result will be the same.

For let each of the hypotheses be drawn separately. And let there be the circle

ABC concentric with the ecliptic, with centre

D and diameter AD; and the epicycle EF with

centre C. And let the moon be at F. And again

let there be the eccentric circle GHK with cen-

tre L and diameter HLM. And on this diame-

ter let there be the ecliptic's centre M; and let

the point K be the moon. And in the first

figure let DCE, CF, DF be joined; and in the

second figure GM, KM, KL.
And let

CD:CE::HL: LM.
And let the epicycle have moved through

angle ADC and the moon through angle ECF
in the same time. And let the eccentric circle have moved through angle GMH

and the moon in turn through angle HLK in the

same time. Then, because of the relations assumed
to hold between the movements,

angle ^CF = angle HLK
and

angle ADC= angle GMH -{-angle HLK.
This being so, I say that, again on either hypothe-

sis, in the same time the moon will appear to have
traversed equal arcs ; that is,

angle ADF = angle GMK.
For the moon at the beginning of the interval is at

the apogees, and appears along the straight lines

AD and GM; and at the end of the interval is at the

points F and K, and appears along the straight lines DF and KM.
For again let arc BC be laid out similar to each of the arcs HK and EF, and

let BD be joined. Then, since

CD:CF::KL: LM,
and since the sides about the equal angles at C and L are for that reason pro-

portional, therefore the triangle CDF is equiangular with the triangle KLM and

the angles opposite the proportional sides are equal. Therefore

angle CFD = angle KML.
But also

angle BDF= angle CFD
since it is supposed

angle ECF= angle BDC
and since, therefore, CF and BD are parallel. Therefore

angle BDF = angle KAIL.

But angle ADB, the excess of one movement over the other, is assumed equal to

angle GMH, the passage of the eccentric. And therefore, by addition,

angle ADF = angle GMK.
Which was to be proved.

I
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6. Demonstration of the Moon's First and Simple Anomaly

Now that we have understood this much, we shall demonstrate this lunar

anomaly on the hypothesis of the epicycle for the reason we assigned, first using

three of the oldest eclipses we have which seem to have been faithfully recorded,

and then again three from the present very accurately observed by ourselves.

In this way our inspection will extend over the longest time possible ; and espe-

cially it wdll be evident that the anomalistic difference comes to be very nearly

the same in both cases, and that the surplus of the mean movements is always

found to agree with that computed from the periods of time already given with

our corrections. With respect, then, to the demonstration of the first anomaly
considered in itself, let the hypothesis of the epicycle, the one we have chosen,

be applied as follows

:

Let the concentric circle be conceived on the lunar sphere and lying in the

same plane with the ecliptic. And let another circle be conceived inclined to this

one proportionately to the quantity of the moon's latitudinal course, and borne

from east to west around the ecliptic's centre at a regular speed equal to the ex-

cess of the latitudinal movement over the longitudinal. Then on this oblique

circle we suppose the epicycle to be moving regularly but from west to east ac-

cording to the latitudinal return, which (considered with respect to the ecliptic)

produces, of course, the longitudinal movement. And on the epicycle we suppose

the moon to be passing through the arc of the apogee from east to west, accord-

ing to the anomalistic return. Yet in this demonstration we shall not be con-

cerned with the latitudinal advance nor with the obliquity of the lunar circle

since no appreciable difference results in the longitudinal movement from an in-

clination of this amount.

I.—Then of the three ancient eclipses observed in Babylon, of which we
spoke, the first is recorded as having taken place in the year 1 of Mardokempad,
Egyptianwise Thoth 29-30. And the eclipse began, it is stated, more than one

hour after the rise of the moon, and the eclipse was total. Now, since the sun

was very nearly at the end of the Fishes, and the night was very nearly 12 equa-

torial hours, evidently the beginning of the eclipse was 43^ equatorial hours be-

fore midnight, and the middle of the eclipse, since it was complete, was 23^
hours before midnight. Therefore, in Alexandria, the midtime of this eclipse oc-

curred 3J^ equatorial hours before midnight. For we establish hour-positions

with respect to its meridian, and the meridian through Alexandria is west of that

through Babylon by 3^+3/^ equatorial hour. And at that hour the sun's true

position was very nearly 243/^° within the Fishes.

The second of the ecUpses is recorded as having occurred in the year 2 of Mar-
dokempad, Egyptianwise Thoth 18-19. And there was an eclipse, it says, of 3
digits^ from the southern end at midnight. Since, then, the middle of the eclipse

appears to have occurred in Babylon at midnight, it must have occurred in

Alexandria 3^+3^ of an hour before midnight. And at that hour the sun's true

position was 1334° within the Fishes.

The third of the eclipses is recorded as having taken place in the same year 2

of Mardokempad, Egyptianwise Phamenoth 15-16. And the eclipse began, it

says, after the rise of the moon, and there was an eclipse of more than half from
the northern end. Now, since the sun was near the beginning of Virgin, the night

^A digit is 1/12 of the moon's apparent diameter.
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in Babylon was very nearly 11 equatorial hours, and half the night 53^ hours.

Therefore the beginning of the eclipse occurred, at most, 5 equatorial hours be-

fore midnight since it began after the moon's rise ; and the middle of the eclipse

33^ hours before midnight, since the whole time of an eclipse of this magnitude

must have been very nearly 3 hours. Therefore in Alexandria, in turn, the mid-

dle of the eclipse was effected 43^ equatorial hours before midnight. And at this

hour the sun's true position was very nearly 334° within the Virgin.

It is thus clear that, from the middle of the first eclipse to that of the second,

the sun had moved, and the moon too, 349° 15' over and above the complete

circles; and from the middle of the second eclipse to that of the third 169°30'.

But the interval of time between the first and second contains 354 days and 23^2

equatorial hours for those considering them simply, but relative to the calcula-

tion of regular solar days 2+3/^+3^5 hours; and between the second and third

176 days and again 203^ equatorial hours simply considered, but 203^ hours

accurately considered. And the moon moves regularly (for in this amount of

time there will be no sensible difference even if one follow revolutions very close

upon the true ones/ in 354 days and 2+3^+K5 equatorial hours, 306°25' of

its cycle of anomaly over and above the complete cir-

cles, and 345°51' in longitude. And in 176 days and

203^ equatorial hours, 150°26' of its cycle of anomaly,

and very nearly 170°7' in longitude. It is clear, then,

that the 306°25' of the epicycle's first interval have

added 3°24' to the moon's mean movement; and that

the 150°26' of the second interval have subtracted 37'

from the mean movement.
These things being assumed, let there be the

moon's epicycle ABC. And let point A be the moon's

position in the middle of the first eclipse, and B its

position in the middle of the second, and C its posi-

tion in the middle of the third. Let the moon's move-

ment on the epicycle be thought as taking place from

B to A and from ^ to C in such a way that the arc

ACB of 306°25', which it has traveled from the first

eclipse to the second, adds 3°24' to the mean move-

ment; and that the arc BAC of 150°26', which it

has traveled from the second eclipse to the third,

subtracts 37' from the mean movement. And there-

fore in such a way that £he passage from 5 to ^ of

53°35' subtracts the 3°24' from the mean movement,

and the passage from A to C of 96°51' adds 2°47' to the

mean movement.^
^In establishing the mean positions for the moon in each of the two series of eclipses, the

lengths of the time-intervals are so small that there is no sensible difference if one use the

averages of Hipparchus or the corrected ones given by Ptolemy in the tables. This remark is

necessary because it is from a comparison of the second echpse in the old series and in the new

series, in Chapter 7 of this Book, an interval of some 854 Egyptian years, that the corrections

are gotten—very small, indeed, but appreciable. Otherwise Ptolemy would be pulling himself

up by his boot-straps.
2Whatever A to B adds, B to A must subtract, since A to A being a complete cycle neither

adds nor subtracts. Likewise if J? to C subtracts 37' and B to A 3°24', then A to C must add

the difference between 37' and 3°24', or 2°47'.
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Now, that it is impossible for the epicycle's perigee to be on the arc BAC is

clear from the fact that this arc is subtractive and less than a semicircle. But the

greatest movement is assumed to be at the perigee. Since, then, it must be on
the arc BEC, let the centre of the ecliptic and of the circle carrying the epicy-

cle's centre be taken, and let it be Z). .\iid let the straight lines DA, DEB, DC,
from the center of the three points of eclipse, be joined.

Then, generally—in order that we may easily apply this theorem in similar

demonstrations, both in case we prove them by the

hj-pothesis of the epicycle as here, and by the hy-

pothesis of eccentricity when the centre D Ls taken
within the circle—let one of the three straight lines

we just joined be produced to the oppor^ite arc, as

here we have DEB drawn from the point B of the

second ecUpse to E. And let a straight line, in this

case AC, join the other two points of eclipse. And
from the intersection made by the line produced, E
for instance, let straight lines be joined to the other

two points, in this case the lines EA and EC. And let

perpendiculars be dropped on the straight lines from
these other two points to the centre of the ecliptic,

that is EF on AD and EG on CD. From one of these

two points, in this case C, let the perpendicular be dra-^n to the line joining the

other point, in this case A, to the principal intersection made by the line pro-

duced, here E—that is, CH on AE. And from whatever intersection we extend

the construction, we shall always find the same ratias resulting for the numbers
of the demonstration; and the choice Ls made only with a view to facility.

Since, then, arc AB was proved to subtend 3'24' of the echptic, therefore,

considered as an angle at the echptic's centre,

angle AZ)B = 3^24'

= 6^48' to2rt.

And so also, on the circle about right triangle DEF,
arc £'F = P/48',

chord EF = 1^1'

where

hj-pt. I>£'=120p.

Likewise, since

arc AB = 53^35',

therefore, being on the circumference, also

angle BEA = 53^35' to 2 rt.

But it was seen

angle.4Z>5 = 6^48' to2rt.
and therefore, by subtraction,

angle £'AF = 46'47' to 2 rt.

And so, on the circle about right triangle AEF,
arc £'F = 46^47',

chord £'F = 47^38'30''

where

hypt. ^£=120^
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And
A£?=17p55'32"

where

and
i)£'=120p.

Again, since arc BAG subtends 37' of the ecHptic, considered as an angle at
the centre of the ecUptic,

angle BZ)C = 37'

= ri4'to2rt.
And so, on the circle about right triangle DEG,

arc£;G=l°14',

chord ^G=1P17'30"
where

hypt. i)jB = 120P.

Likewise, since

arc5AC = 150°26',

being on the circumference,

angle B£'C= 150°26' to 2 rt.

But it was seen

angleBjDC=l°14'to2rt.
and therefore, by subtraction,

angle Z)C^= 149°12' to 2 rt.

And so, on the circle about right triangle GEG,
arc^(?=149°12',

chord ^G=115P4r21''
where

hypt. C£'=120.p
And therefore

GE = l^20'2Z"

where

EG=\n'7'Z0%
and

DE= 120^,

and where it was proved
^^=17P55'32".

Again, since it was proved

arc AC= 96°51',

therefore, being on the circumference,

angle AEG =m%V to 2 rt.

And so, on the circle about right triangle CEH,
arc Ci7= 96°51',

and, as remainder of the semicircle,

arc^i7 = 83°9'.

And therefore

chord Ci/ = 89P46'14'',

chord £'//^= 79P3r55''

where

hypt. CE = 120p.
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And therefore

where

and where it was proved

and therefore, by subtraction,

where

And

CH = 1P0'8'',

EH = 0^5S'2r

CE =1^20'2S'\

AE=17p55'32";

AH = 17^2'IV'

Ci7=lP0'8".

which added together give

Therefore, in length,

where

And

where

for it subtends arc AC and

And therefore

where

and

And so

But it is assumed

and therefore, by addition,

sq. AH = 290n4'19'',

sq, CH= 1^0'

W

sq. AC = 291P14'36''.

AC=17p3'57",
C£'=1P20'23"

D^=120P.

chord ^C = 89p46'14"

epic. diam. = 120p;

arc^C = 96°51'.

Z)£^ = 631P13'48'',

CE= 7^2'50''

AC= 89P46'14"

epic. diam. = 120^.

arc CE = 6°4:rV\

SLTcBAC =150°26\

SiTcBCE=157°WV,
chord BE =n7^S7'^2''

where
epic. diam. = 120^,

i)£' = 63lPl3'48''.

If, then, this Hne BE were equal to the epicycle's diameter, the epicycle's

centre would fall on it, and the ratio of the diameters would be immediately evi-

dent. But since it is less than the diameter, and arc BCE is less than a semicircle,

it is clear that the epicycle's centre will fall outside the sector BACE.
Then let the point K be taken as centre, and let the straight line DMKL be
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drawn from D, the centre of the ecHptic, through K in

such a way that point L becomes the epicycle's apogee,

and M the perigee.

Since then

rect. BD, DE = rect. LD, DM, [Eucl. m, 36]

and since we have proved
J5^=117P37'32",

and, by addition,

J5i) = 748p51'20"

where, as the epicycle's diameter,

LKM = 120^,

therefore

rect BD, DE = rect. LD, i)M = 472,700p5'32'^

And again since

rect. LD, DM+sq. KM = sq. DK, [Eucl. ii, 6]

and since, as radius of the epicycle,

KM = 60P,

sq. DX= 472,700p5'32''+3,600p

= 476,300^5^32''.

And therefore, as the radius of the circle concentric with

the ecliptic and carrying the epicycle,

DK = mO^S'42''

where, as the epicycle's radius,

KM = m^,
And so

epic. rad. = 5Pl3'

where the radius of the circle carrying the epicycle and
concentric with the eye is 60p.

And in a similar figure let fall KNX from the centre

K perpendicular to line BE, and let BK be joined.

Since then
'^ Z)£'= 631P13'48",

EN = h2iUBE
= 58P48'46'',

where
DK = mO^S'4:r

so that, by addition,

DEN = Q90P2'3r\

therefore

Z)iV=119P58'57"

where
DK=120^.

And, on the circle about right triangle DNKy
Q.rc DN= 17S°2\

And so also

angle DKN =178°2' to 2 rt.

= 89°1'.
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And therefore, on the epicycle

arcMX = 89°l',

and, as remainder of the semicircle,

arcLJ5X = 90°59'.

And
arc BZ= half arc BXE= 7S°S5',

since it was proved

arcJ5Z£'=157°10'.

And therefore, by subtraction, the arc BL of the epicycle, which is the moon^s
distance from the apogee at the middle of the second eclipse, is 12°24'.

And likewise, since it was proved

angle Z)2^A^ = 89°1',

therefore, by subtraction, angle KDN, which subtends the arc subtracted from
the mean longitudinal course and resulting from the anomaly due to the epi-

cycle's arc BL, is its complement 59'. Therefore the moon's mean longitudinal

position at the middle of the second eclipse was 14°44' within the Virgin, since

indeed its true position was 13°45' within the Virgin, with the sun 13°45' within

the Fishes.

11.—Again, of the three eclipses we have chosen from those most carefullj^ ob-

served by us in Alexandria, the first occurred in the year 17 of Hadrian, Egyp-
tianwise Payni 20-21; and we accurately calculated the middle of it to have oc-

curred % equatorial hour before midnight. And the eclipse was total. At this

hour the sun's true position was very nearly 133^° within the Bull.

The second occurred in the year 19 of Hadrian, Egyptianwise Choiac 2-3; and
we calculated the middle of it to have occurred 1 equatorial hour before mid-
night. And there was an eclipse to the extent of J^-f^ of the diameter from the

northern side. And at this hour the sun's true position was very nearly 253^°
within the Balance.

The third of the eclipses occurred in the year 20 of Hadrian, Egyptianwise
Pharmouthi 19-20; and we calculated the middle of it to have occurred 4 equa-
torial hours after midnight. And there was an eclipse to the extent of 3^ of the

diameter from the northern side. And at that hour the sun's true position was
very nearly 14°12' within the Fishes.

Now, it is clear that the moon and also the sun have moved, from the middle
of the first eclipse to the middle of the second, 161°55' over and above the com-
plete circles; and from the middle of the second to the middle of the third, 138°

55'. The time of the first interval is 1 Egyptian year 166 days and 23^ equa-
torial hours simply considered, but 23^^ hours accurately considered. Ajid the

time of the second interval is again 1 Egyptian year 137 days and 5 equatorial

hours simply considered, but 5}^ hours accurately considered.

Now in 1 year, 166 days, and 23J^ equatorial hours, the moon makes a mean
movement of 110°21' of its anomalistic cycle over and above the complete cir-

cles, and very nearly 169°37' in longitude; and in 1 year, 137 days, and 53^
equatorial hours, 81°36' of its anomalistic cycle, and very nearly 137°34' in

longitude. It is clear, then, that the 110°21' on the epicycle of the first interval

subtract 7°42' from the mean longitudinal course, and that the 81°36' of the
second interval add l°2r to the mean longitudinal course.

Now, these things being assumed, let there again be the moon's epicycle ABC,
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A fit 1o

And let the point A be taken as the moon's position in the

middle of the first eclipse; B that of the second eclipse;

and C that of the third. And let the movement of the

moon be conceived as passing from A to B and then to C
in such a way that arc AB of 110°21' subtracts, as we said,

7°42' from the mean longitudinal course ; and that arc BC
of 81°36' adds 1°21' to the mean longitudinal course; and

that the remaining arc CA of 168°3' adds 6°21'.

That the apogee must be on the arc A5 is clear from

the fact that it can neither be on arc BC nor arc CA, since

each of them is additive and less than a semicircle. And
yet, as if this were not assumed, let the centre of the eclip-

tic and of the circle on which the epicycle is borne be

taken, and let it be D. Let the straight lines DBA, DB,
DC be joined from the centre to the three points of eclipse.

And with BC joined, let the straight lines EB and EC be

drawn from E to B and C; and EF and EG perpendicular

to BD and DC; and again from C let CH be drawn per-

pendicular to BE.
Since then arc AB subtends 7''42' of the ecliptic, there-

fore, being at the centre of the ecliptic,

angle AZ)B = 7°42'

= 15°24'to2rt.

And so also, on the circle about right triangle DEF,
arc£'F = 15°24',

chord £'F = 16P4'42"

where
hypt. Z)^=120P.

Likewise, since

arc A5 = 110°21',

therefore, being on the circumference,

angle AEB = ll0°2r to 2 rt.

But
angle ADB = 15°24'to2rt.

Therefore, by subtraction,

angle EBD = 94:%!' to 2 rt.

And so, on the circle about right triangle BEF,
arc£'F = 94°57',

chord ^F= 88p26'17"

where
hypt. BE = 120^.

And therefore

BE= 2lHS'5r
where

EF=mH'42'\
DE= 120^

Again, since arc AEC was shown to embrace 6°21' of the ecliptic, therefore

being at the centre of the ecliptic

angle Ai)C= 6°21'

= 12'42' to 2 rt.
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And so, on the circle about right triangle DEG,
arc£'G = 12°42',

chord £'(?=13P16'19''

where

hypt. Z)^ = 120P.

Likewise, since, by addition,

arc A5C = 191°57',

therefore, being on the circumference,

angle AEC = 191°57' to 2 rt.

But
angle.4i)C=12°42' to2rt.

Therefore, by subtraction,

angle ^CZ) = 179°15' to 2 rt.

And so also, on the circle about right triangle CEG,
arc^G = 179°15',

chord £'(7=119^59^50"

hypt. C£' = 120P.

C£' = 13P16'20"

£G=13P16'19",

i)E=120p,

B£' = 21P48'59".

where

And therefore

where

and

and where it was proved

Again, since

arcBC = 81°36',

therefore, being on the circumference,

angle5£C = 81°36' to2rt.

And so, on the circle about right triangle CEH,
SLTC CH = 8VSd\

and, as remainder of the semicircle,

Sivc EH = 9S''24.V

And therefore

chord Ciy = 78p24'37",

chord £'^ = 90P50'22''

where

And therefore

where

and

Therefore, by subtraction,

hypt. C£=120P.

Ci7 = 8p40'20",

£'i7 = 10p2'49"

C£=13P16'20"

BE = 2lHS'd9'\

BH=nHQ'W

.G
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where
CH = 8H0'20r

And
sq. BH = 1^S^^SVIV\

sq. CH = 75n2'27'';

and

sq. BC=138p3ril''+75Pl2'27"
= 213p43'38".

Therefore, in length,

where

But also

where
epic. diam. = 120^,

for it subtends arc BC which is 81°36'. And therefore

i)£; = 643p36'39".

BC = U^37'W'

DE= 120^,

CE =13nQ'20''.

5C= 78p24'37"

where

And so, on the epicycle.

And it is assumed

Therefore, by subtraction,

and

where

CE=7inrv

BC = 78p24'37",

epic. diam. = 120^.

arc CE = 72°46'10".

arc CEA = 168°3'.

arc A£; = 95°16'50";

chord A£; = 88p40'17"

epic. diam. = 120^,

Z)£'= 643p36'39".

Now again, since arc AE was shown to be less than a semicircle, it is clear that

the epicycle's centre will fall outside the segment AE. Then let it be taken and

let it be K; and let DMKL be joined so that again point L becomes the apogee

and M the perigee. Now since

rect. AD, DE = recL LD, DM,
and since we have shown that

AJ5; = 88^40^17'',

DE= 643p36'39",

and, by addition,

^Z) = 732n6'5(3"

where, as epicycle's diameter,

LKM =120^,

therefore

rect. LD, DM = 471,304p46'17".
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And again, since

rect. LD, jDM+sq. i^M = sq. DK,
and since KM, the epicycle's radius, when squared, is

3,600p, therefore

sq. Z)K = 471,304P46'17"+3600P

= 474,904P46'17".

And therefore, as the radius of the circle bearing the

epicycle and concentric with the ecliptic,

Z)J^ = 689P8'

where, as the epicycle's radius,

And so

epic. rad. = 5Pl4'

where the straight line between the epicycle's centre

and the ecliptic's centre is 60^. And this is very nearly

the same ratio as that demonstrated a little while

ago with the other eclipses.

Again with the same figure, let the straight line

KNX be drawn perpendicular to DEA from the cen-

tre K, and let AK he joined.

Now since

Z)j5;==643p36'39",

and
EN =ha\iAE= 4A^20'S''

so that, by addition,

DEN = 6S7^5Q'^7''

where

i)X= 689^8',

therefore also

DAT = 1 19^47^36"

where
hypt. Z)K = 120P;

and, on the circle about right triangle DKN,
arc DN =17S°17\

And so

angle Di^Ar= 173°17' to 2 rt.

= 86°38'30".

And therefore, on the epicycle,

arcikr£:X = 86°38'30"

and, as remainder of the semicircle,

arcLAZ = 93°2r30".

And
arc AX = half arc A^= 47°38'30^

and therefore, by subtraction,

arc AL = 45°43',

But it was assumed
arc A5 = 110°21'.

And therefore the remainder arc BL, the distance of the moon from the apogee

at the middle of the second eclipse, is 64°38'. — ^wi
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Likewise, since it was proved

angle i)i^iV= 86°38'

and, as its complement,

and since it was assumed J
angle J[Z)5 = 7°42',

therefore, by subtraction, angle LDB, which subtends the arc subtracted from
the mean longitudinal course resulting from the anomaly due to the epicycle's

arc BL, will be 4°20'. And therefore the moon's mean longitudinal position at

the middle of the second eclipse was 29°30' within the Ram, since indeed its

true position was 25°10' within the Ram with the sun 25°10' within the Balance.

7. On the Correction of the Moon's Mean Movements
OF Longitude and Anomaly

Since we showed that in the middle of the second of the old eclipses the moon
was situated 14°44' within the Virgin according to mean longitude, and with
respect to the anomalistic cycle 12°24' from the epicycle's apogee; and that in

the middle of the second of our own eclipses it was situated 29°30' within the

Ram according to mean longitude, and with respect to the anomalistic cycle
64°38' from the epicycle's apogee, therefore it is clear that, in the interval of

time between the two eclipses, the moon has run in mean movement over and
above complete revolutions 224°46' in longitude and 52° 14' of its anomalistic

cycle. But the interval of time from the year 2 of Mardokempad, Thoth 18-19,

3^H~M equatorial hours before midnight to the year 19 of Hadrian, Choiac 2-3,

1 equatorial hour before midnight is 854 Egyptian years, 73 days, and 233^ -f-J^

equatorial hours simply calculated, but 23)^ hours accurately calculated in

mean solar days. Expressed entirely in days this is 311,783 days 233^ equatorial

hours. And we find corresponding to them, for the daily movements we have al-

ready set up according to the hypotheses preceding the correction, over and
above the complete revolutions surpluses of 224°46' in longitude and 52°31' in

the anomalistic cycle. And so the longitudinal surplus, as we said, is found to be
the same as that deduced from our observations, but the surplus in the anoma-
listic cycle exceeds by 17'. And therefore, before setting out the tables, in order

to correct the daily movements, we distributed the 17' over the number of days,

subtracted the 11^^46^39""^ corresponding to each day from the daily mean
movement of anomaly calculated before the correction, and found the corrected

figure to be 13°3'53''56^^^17^''5P59'''. And in accordance with this we made the

rest of the calculations for the tables.

8. On the Epoch of the Moon's Mean Movements ^,^ , ^
OF Longitude and Anomaly

»

In order to establish the epochs of two cycles in the year 1 of Nabonassar,

Egyptianwise Thoth 1 at midday, we take the time from this date to the second

of the first and nearest series of three eclipses, which, as we said, occurred in the

year 2 of Mardokempad, Egyptianwise Thoth 18-19, M+M equatorial hour

before midnight. And this makes a total of 27 Egyptian years, 17 days, and very

nearly 11}/^ hours considered both simply and accurately. And corresponding to

this interval of time there is a surplus, over and above the complete revolutions,

of 123°22' in longitude and a surplus of 103°35' of the anomalistic cycle. If we.
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subtract each of these numbers from each of the corresponding numbers proper

to the positions of the second ecHpse, then, in the year 1 of Nabonassar, Egyp-
tianwise Thoth 1 at midday, we shall have the moon's mean position 11°22' with-

in the Bull and 268°49' from the epicycle's apogee in the anomalistic cycle. And
its elongation from the sun will be clearly 70°37', since the sun's position at that

time has been demonstrated to be 0°45' within the Fishes.

9. On the Correction of the Moon's Mean Latitudinal Movements
and their epochs

Now this is the way we have established the cycles of longitude and anomaly
and their epochs. But in the case of the latitudinal cycles we were quite wrong
earlier in using Hipparchus' assumption that the moon measures its own circle

of revolution very nearly 650 times, and the circle of [the earth's] shadow 23^^

times when the moon is at its mean distance at the syzygies.^ For with these as-

sumptions and the inclination of the moon's oblique circle, the limits of its par-

ticular eclipses are given. Then, taking the intervals of eclipse and calculating

from the size of the shadows cast in mid-eclipse the true latitudinal courses on
the oblique circle from either node, and distinguishing by means of the anoma-
listic difference already demonstrated the periodic from the true courses,^ we
find in this way the positions of the latitudinal cycle at mid-eclipse and the

surplus over and above the complete revolutions which accrues in the time be-

tween. But by using more elegant methods which need none of the former hy-

potheses for getting what is desired, we have found that the latitudinal course is

quite fiaulty. And from the course obtained now without them we have proved
that these hypotheses concerning magnitudes and distances were not right, and
we have made corrections.

We have done likewise in the case of the hypotheses concerning Saturn and
Mercury, changing certain things not altogether accurately determined before

us by having fallen later upon surer observations. For it behooves those going

forward with this theory inquiringly and for the love of truth to use the new and
surest methods found, not only for the correction of the old hypotheses but also

of their own if they need it ; and not to think it disgraceful (for it is a great and
divine profession) even if they happen upon a correction for greater accuracy

due to others and not only to themselves.

Later in this treatise we shall explain in the proper places how we prove each

of these things. At present, for the sake of sequence, we shall turn to the demon-
stration of the latitudinal course. And here is the method.
Now, in the correction of the mean course we first looked for lunar eclipses

from among those accurately recorded, as far apart in time as possible, in which
iBy the moon's mean distance at the syzygies is here meant the hnear distance from the

earth of the centre of the moon's epicycle at the syzygies. This is speaking strictly; practically

it is the distance from the earth to the moon when it is at the point of mean movement on its

epicycle at the syzygies. For it will be seen later, in Book V, that the moon's epicycle is borne
on a moving eccentric in such a way that the epicycle's centre is always at the apogee of the
eccentric at the syzygies. Hence the mean distance at the syzygies is strictly the distance from
the earth to the apogee of the moon's eccentric circle. These distances are calculated in detail

in Chapter 13 of Book V.

^The true latitudinal return is the latitudinal return with respect to the moon; and the
periodic latitudinal return is the latitudinal return with respect to the centre of the moon's
epicycle. Hence, as we shall see, when the anomaUstic difference is known it is possible to find

the latitudinal position of the epicycle's centre. .,.i>ij-^;-j ;.
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the magnitudes of the shadows were equal, near the same node with both shad-

ows either on the southern or northern side, and in which, moreover, the moon
was at the same distance from the earth. All this being so, it necessarily follows

that the moon's centre in each of the eclipses is equidistant on the same side of

the same node; and, therefore, that the true course of the moon embraces com-
plete latitudinal cycles in the time between the observations.

We then took, first, the eclipse observed in Babylon in the year 31 of Darius,

Egyptianwise Tybi 3-4 at the middle of the sixth hour; and the moon was
eclipsed to a breadth of 2 digits from the southern side.

Second, we took that observed in Alexandria in the year 9 of Hadrian, Egyp-
tianwise Pachom 17-18 at 3^^ equatorial hours before midnight; and the moon
was eclipsed likewise to the extent of 3^ of its diameter from the southern side.

And the latitudinal course of the moon was in each eclipse near the descend-

ing node. For this is taken from more general hypotheses. And the distance was
very nearly equal and a little towards the perigee from the mean. For this be-

comes clear from the previous demonstrations of the anomaly. Now since, when-
ever the moon is eclipsed from the southern side, its centre is north of the eclip-

tic, it is clear the moon, in each of the eclipses, precedes the descending node by
an equal amount.

But at the first eclipse the moon was 100° 19' from the epicycle's apogee, for

the middle of this eclipse occurred in Babylon Y2 hour before midnight, and in

Alexandria V/i hours before midnight. And the time from its epoch in the reign

of Nabonassar totals 256 years, 122 days, and 10% equatorial hours simply con-

sidered, but 103^ hours with respect to mean solar days. Therefore, tke true

course was less than the periodic course by 5°^ In the second eclipse the moon
was 251°53' from the epicycle's apogee. Here the time from the epoch to the

middle of the eclipse totals 871 years, 256 days, and 8% equatorial hours con-

sidered simply, but 8JiL2 accurately considered. Therefore, the true course was
more than the mean course by 4°53'. Consequently, in the interval of time be-

tween the two eclipses, which contains 615 Egyptian years, 133 days, and 21+
3^-fM equatorial hours, the true latitudinal course of the moon consists of com-

plete cycles; but the periodic falls short of complete cycles by a total of 9°53'

from the two anomalistic differences. But calculated from the mean courses set

out according to Hipparchus' hypotheses, the periodic course falls short of com-

plete restitutions by very nearly 10°2'. Therefore the mean latitudinal course

is 9' greater than his hypotheses allow.

Now, distributing these over the given number of days which is very nearly

224,609, and adding the resulting 8'''39^18''' to the daily mean movement al-

ready demonstrated according to those hypotheses, we found the corrected daily

mean movement to be 13°13'45^^39^"48^''56''37'''. And again, in accordance with

this result, we made out the rest of the additions in the tables.

Once the periodic latitudinal movement had been demonstrated in this way,

in order to establish its position we again looked for an interval between two

well-observed eclipses having the same incidents as the former—that is, where

the distances of the moon were very nearly equal, and the shadows cast were

equal, being in both cases either on the northern side or on the southern side,

iThis is taken from the Table of the Moon's First and Simple Anomaly which is Chapter 10

of this Book. This table is only for the anomalies at the syzygies because of the later use of an

eccentric deferent.
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but where the nodes were no longer the same but opposite.

The first of these ecHpses is the one we used in connection with the demon-
stration of the anomaly, which occurred in the year 2 of Mardokempad, Egyp-
tianwdse Thoth 18-19, at midnight in Babylon, and 3^+M equatorial hour be-

fore midnight in Alexandria. And the moon was observed to be eclipsed 3 digits'

breadth from the south.

The second is the one Hipparchus used, occurring in the year 20 of Darius,

successor of Cambyses, Egyptianwise Epiphi 28-29, 63^ equatorial hours after

nightfall. And here like\Adse the moon was eclipsed to the extent of a quarter of

its diameter from the southern side. The middle of the eclipse in Babylon was
at % equatorial hour before midnight, since a half-night at that time was very

nearly 6+3^+M equatorial hours, and in Alexandria 13^ equatorial hours be-

fore midnight.

Each of these eclipses occurred when the moon was near the apogee, but the

first at the ascending node and the second at the descending node, so that the

moon's centre was an equal distance north of the ecliptic in these eclipses also.

Then let there be the obUque circle of the moon ABC with diameter AC; and
let point A be supposed the ascendmg node, C the

descending node, and B the northernmost limit.

And let equal arcs AD and CE be cut off from
each of the nodes A and C, in the direction of the

northern limit B, so that in the first eclipse the

moon's centre is at D, and in the second at E.

But the time from the epoch to the first eclipse

is 27 Egyptian years, 17 days, and 113^ equa-

torial hours considered both simply and accurate-

ly. And, therefore, the moon was 12°24' from the

epicycle's apogee and the periodic course was 59'

greater than the true one, and the time from the

epoch to the second eclipse is likewise 245 Egyp-
tian years, 327 days, and 10+3/^+34 equatorial hours simply considered and
103^ accurately considered. The moon hence was 2°44' from the epicycle's apo-

gee, and the periodic course was 13' greater than the true one. The time between
the observations (amounting as it does to 218 Egyptian years, 309 days, and
233^ equatorial hours) gives, according to the mean latitudinal movement just

demonstrated, a surplus of 160°4'.

Now, with these things in mind let the mean course of the moon's centre be
in the first eclipse at F, and in the second at G. And since

arcF5(?=160°4',
SiTcDF = 59\
SircEG=13\

therefore

arc^Z) = 160°50'.

And therefore

arc AD+ arc C^=19°10'
the rest of the semicircle. And since

arc AD = arc CE,
therefore

arc AZ) = arcC^ = 9°35'.
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This is the amount by which the moon's true course, in the first eclipse, lay east

of the ascending node, and, in the second echpse, lay west of the descending

node. Therefore, by addition and subtraction,

arc AF=10°34',
arc CG= 9°22'.

And so the moon's periodic course, in the first eclipse, lay east of the ascend-

ing node 10°34', and was 280°34' from the northern limit B; and, in the second

eclipse, lay west of the descending node 9°22', and was 80°38' from the same
northern limit.

Finally, since the time from the epoch to the middle of the first eclipse em-
braces a latitudinal surplus of 286°19', therefore, if we subtract this surplus

from a circle plus the 280°34' representing the position of the first eclipse, we
shall have the epoch of the latitudinal cycle in the year 1 of Nabonassar, Egyp-
tianwise Thoth 1 at midday; and it will be 354°15' from the northern limit.

As for the determinations of the calculations for the conjunctions and full

moons—since for these passages we need take no heed of the second anomaly to

be demonstrated later—we shall set out the table of the particular sections geo-

metrically again as in the case of the sun. And we shall do it by making use of

the ratio of 60 to 5Ji, and dividing as before the quadrants at the apogee into

sections of 6° and the quadrants at the perigee into sections of 3°, so that again

the scheme of the table is similar to that of the sun's, with 45 rows and 3 col-

umns. The first two columns contain the numbers representing the degrees of

anomaly, and the third the corresponding degrees to be added or subtracted.

They are to be subtracted in computing the movement in longitude and latitude

when the total number representing the arc of anomaly from the epicycle's apo-

gee is less than 180°, and are to be added when it exceeds 180°. See following

table

:
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10. Table of the Moon's First and Simple Anomaly
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Common
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ecliptic's centre to the epicycle's centre to the epicycle's radius to be 3,1223^ to

2473^2, which is the same as the ratio of 60p to 4p46'. And the ratio of 60 to 6J^
makes the greatest anomalistic difference 5°49'; and the ratio of 60^ to 4p46'

makes the greatest difference 4^34'. But in our calculations the ratio of 60 to 5M
makes the greatest difference very nearly 5°.

Now, it became evident to us a little way back, from the fact that the same
appearances would result interchangeably from either hypothesis, that this dis-

crepancy does not follow, as some think, from the difference of the hypotheses;

and that if we should make our calculations mth numbers we would find the

same ratio resulting from either hypothesis if one should follow the same ap-

pearances for each, and not different ones like Hipparchus. For in this way, mth
different eclipses supposed, it is possible for the error to have occurred, either

because of the observations themselves or because of the calculations of the in-

tervals.

In these eclipses we find the syzygies well observed and we find that they oc-

curred according to the hypotheses of regular and irregular movements we have
just demonstrated. But we find that the calculations of the intervals by which
the ratio is demonstrated were not made with the greatest care possible. And be-

ginning with the first three ecUpses we shall go through each one of these calcu-

lations.

Now he says these three eclipses were given out by those crossing over from
Babylon as having been observed there, that the first of them occurred in the

Athenian magistracy of Phanostratus in the month of Poseideon, and that the

moon was eclipsed to the extent of a small bit of its circle on the side of the sum-
mer rising point, the night failing a half hour of being finished. And he says it

was still eclipsed when setting. Now, this date is the year 366 of Nabonassar,

Egyptianwise, as he himself says, Thoth 26-27, 5J^ seasonal hours after mid-

night, since there remained a half hour of night. But when the sun is at the end
of the Archer in Babylon, the night hour is 18° equatorial time. For then the

night is 14% equatorial hours. Therefore the 53^ seasonal hours come to 6J^
equatorial hours. The beginning of the eclipse hence occurred 18% equatorial

hours after midday of Thoth 26. But since a small part was shadowed, the whole

time of the eclipse must have been very nearly 13^ hours. Therefore in Alex-

andria the middle of the eclipse must have occurred 183^ equatorial hours after

midday of Thoth 26. And the time from the epoch in the year 1 of Nabonassar

to the eclipse in question is 365 Egyptian years, 25 days, and 183^ equatorial

hours considered simply, but 183^ hours considered accurately. And calculating

according to our hypotheses we find the sun's true position at this time to be
28° 18' Avithin the Archer; and find the moon's mean position to be 24°20'

within the Twins, but true position to be 28°17', since according to its anom,

alistic cycle it is 227°43' from the epicycle's apogee.

Again, he says, the next eclipse occurred in the Athenian magistracy of

Phanostratus in the month of Scirophorion, but Egyptianwise Phamenoth 24-25.

And the moon was eclipsed, he says, on the side of the summer rising point at

the end of the first hour of the night. Now, this date is the year 366 of Nabonas-

sar, Phamenoth 24-25, at most 53^2 seasonal hours before midnight. But when
the sun is at the extremity of the Twins, the night-hour in Babylon is 12° equa-

torial time. Therefore 53^ seasonal hours make 4% equatorial hours, and the

beginning of the eclipse occurred 7% equatorial hours after midday of Phame-
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noth 24. But since the whole ecUpse is recorded as having lasted 3 hours, the

middle of the eclipse evidently occurred 9Ko equatorial hours after midday.

In Alexandria, therefore, it must have occurred very nearly 83^ equatorial hours

after midday. And again the time from the epochs to the middle of the eclipse is

365 Egyptian years, 203 days, and S}4 equatorial hours simply considered, but

7+3^+M hours accurately considered. And we find the sun's true position at

this time to be 21°46' within the Twins; and the moon's mean position to be
23°58' within the Archer, but true position 21°48', since according to its anom-
alistic cycle it is 27°37' from the epicycle's apogee. And the interval from the

first to the second echpse comes to 177 days and 13^ equatorial hours, and
173°28' of the sun's movement, while Hipparchus proceeded as if the interval

were 177 days and 13+H+M equatorial hours, and 172J^° of the sun's move-
ment.

And he says the third eclipse occurred in the Athenian magistracy of Evan-
drus on the first day of the month of Poseideon, Egyptianwise Thoth 16-17. And
the eclipse, he says, was total, beginning from the direction of the summer rising

point at the end of the fourth hour of the night. Now, this date is the year 367
of Nabonassar, Thoth 16-17, at most 23/^ hours before midnight. But when the

sun is about two-thirds the way within the Archer, the night-hour in Babylon is

nearly 18° equatorial time. Therefore 23^2 seasonal hours make 3 equatorial

hours. And so the beginning of the eclipse occurred 9 equatorial hours after mid-
day of Thoth 16. But since the eclipse was total, the whole time of the eclipse

was very nearly 4 equatorial hours, and the middle of it was evidently 1 1 hours

after midday. In Alexandria, therefore, the middle of the eclipse must have oc-

curred 103^ equatorial hours after midday of Thoth 16. And the time from the

epochs to the middle of this eclipse is 366 Egyptian years, 15 days, and again

103^ equatorial hours simply considered, but 9+3/^-1-3^ hours accurately con-

sidered. At this time we find the sun's true position to be 17°30' within the

Archer; and the moon's mean position 17°21' within the Twins, but its true posi-

tion 17°28' because, according to its anomalistic cycle, it is 181°12' from the epi-

cycle's apogee. And the interval from the second to the third eclipse comes to

177 days and 2 equatorial hours, and 175°44' of the sun's movement, while Hip-
parchus again assumes the interval to be 177 days and 1% hours, and 175°8' of

the sun's movement.
Now, in his calculations of the intervals he appears to have made an error, in

the case of the days, of }4 equatorial hour and J^ equatorial hour; and, in the

degrees of the sun's movement, to have made an error of very nearly J^° in each

of them. And this is enough to exclude just a chance disagreement in the quan-
tity of the ratio.

Ajid next we shall pass to the three later eclipses set out by him, which he says

were observed in Alexandria. He says the first of these occurred in the year 54 of

the Second Callippic Period, Egyptianwise Mesore 16, in which the moon began
to be eclipsed 3^ hour before rising and returned to its full size in the middle of

the third hour. Therefore the mid-eclipse occurred at the beginning of the second

hour or 5 seasonal hours before midnight, and about as many equatorial hours

since the sun was near the end of the Virgin. And so the middle of the eclipse oc-

curred in Alexandria 7 equatorial hours after midday of Mesore 16. The time

from the epochs in the year 1 of Nabonassar is 546 Egyptian years, 345 days,

and 7 equatorial hours simply considered, but Q}/2 hours accurately considered.
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And again we find that at this time the sun's true position is 26°6' within the

Virgin; and the moon's mean position 22° within the Fishes, and its true position
26°7' because, according to its anomahstic cycle, it is 300° 13' from the epicy-

cle's apogee.

The next eclipse occurred, he says, in the year 55 of the same period, Egyp-
tianwise Mechir 9 ; and it began after the night had run 53^^ hours, and the eclipse

was total. Therefore the beginning of the eclipse occurred 113/^ equatorial hours
after midday of Mechir 9, since the sun was now near the end of the Fishes. And
the middle of the eclipse was 133^ equatorial hours after midday since the e-

clipse of the moon was total. The time from the epochs to the middle of the

eclipse is 547 Egj^ptian years, 158 days, and very nearly 133^^ equatorial hours
both simply and accurately computed. Likewise we find that at this time the

sun's true position is 26°17' within the Fishes; and the moon's mean position
1°7' within the Balance, and its true position 26°16' Tvdthin the Virgin, since ac-

cording to its anomalistic cycle it is 109°28' from the apogee. And the interval

from the first to the second eclipse comes to 178 days and 6+3^+3/3 equatorial

hours, and 180°IT of the sun's movement, while Hipparchus proceeded as if the

interval were 178 days and 6 equatorial hours, and 180°20' of the sun's move-
ment.

And he says the third eclipse occurred in the same year 55 of this Second Peri-

od, Egyptianwdse Mesore 5; and it began after the night had run Q% hours, and
the eclipse was total. The middle of the eclipse, he says, occurred at about 83^
hours in the night, that is 2^^ seasonal hours after midnight. But when the sun

is about the middle of the Virgin, the night-hour in Alexandria is 14%° equa-

torial time. Therefore the 23^ seasonal hours make very nearly 23^ equatorial

hours. And so the middle of the eclipse occurred 143^ equatorial hours after

midday of Mesore 5. Again the time from the epochs to the middle of this eclipse

is 547 Egyptian years, 334 days, and 1434 equatorial hours simply considered,

but 13+3^+J^ accurately considered. And we find that the sun's true position

at this time is 15°12' within the Virgin; and the moon's mean position 10°24'

within the Fishes, but true position 15°13', since according to its anomalistic cy-

cle it is 249°9' from the epicycle's apogee. And the interval from the second to

the third eclipse comes to 176 days and % equatorial hour, and 168°55' of the

sun's movement, while Hipparchus again assumes this interval to be 176 days

and 13^ equatorial hours, and 168°33' of the sun's movement.
Therefore it here appears that in the degrees of the sun's movement he has

made an error of very nearly (3^+3^)°, and an error in days of very nearly 3^-|-

3^+Ko equatorial hour. These errors can work an appreciable difference in the

ratio of the hypothesis.

Now we have seen the cause of this disagreement. We have also seen that with

still more confidence we can use the ratio of anomaly demonstrated by us for the

moon's syzygies, for their eclipses are found likewise to agree most completely

with our hypotheses.



BOOK FIVE

1. On the Construction of the Astrolabe

We now find that the hypothesis set up with reference to the first and simple
anomaly is sufficient for the moon's syzygies with respect to the sun, both the

synodical and the plenilunar, as well as for the eclipses which accompany them,
even if we take this anomaly by itself. But, as regards the particular passages of

the moon's other positions relative to the sun, it would not be found sufficient.

For, as we said, a second anomaly of the moon is discovered relative to its

elongations from the sun, an anomaly which is reduced to the first at the syzy-

gies, and is greatest at the first and third quarters. We were brought to this ex-

amination and opinion by the courses of the moon observed and recorded by
Hipparchus, and by those we ourselves obtained with an instrument we con-

structed for this purpose. And here is the kind of thing it is.

We take two circles accurately turned with four perpendicular surfaces each,

similar in magnitude, and in every way equal and similar to each other. And we
fit them at right angles to each other with a common diameter, so that one of

them is conceived to be the ecliptic and the other becomes the meridian through
the poles of the ecliptic and of the equator [solstitial colure]. On this circle we
take, with the side of the inscribed square, the points defining the poles of the

ecliptic, and we place at both of them pivots projecting from the inside and out-

side surfaces. And on the outside pivots we place another circle having its con-

cave surface exactly touching everywhere the convex surface of the circles al-

ready fitted together, and able to revolve in longitude about these poles of the

ecliptic. Likewise on the inside pivots we place another circle having its convex
surface everywhere exactly touching the concave surface of the two circles and
likewise revolving in longitude about the same poles as the outside circle. Now,
dividing this inside circle and the one used for the ecliptic each into the usual

360 parts and these in turn into as many parts as practicable, we fit in under the

inner circle another little circle with diametrically opposite projecting sights.

And we fit it in so that it can move in the same plane with this inner circle with
respect to each of the poles, for latitudinal observations. With this done, on
the circle we supposed through both sets of poles, we lay off, from each of

the ecliptic's poles, the arc we computed to lie between the ecliptic's poles

and the equator's. We place the limits of these arcs diametrically opposite

each other on the meridian like that exhibited in the beginning of this treatise

relative to the observations of the meridian arc between the tropics, so that,

when this meridian has been placed in the same position (in other words
when it has been placed perpendicular to the plane of the horizon and in

accordance with the height of the pole of the place in question and parallel

to the plane of the natural meridian) then the inner circles may move about
the equator's poles from east to west in accord with the prime movement of

the universe.

143
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Now, arranging the instrument in this way, whenever

could appear together above the earth, we placed the outside

labe as nearly as possible at the sun's degree at that hour. A
colure until, with the intersection of the circles at the sun's

cisely to the sun itself, the two circles, the ecliptic and th(

poles, obscured each other; or, if it were a star being sighted,

placed at one side of the outside circle, already correctly arra

proper section of the ecliptic, the star as if stuck to both su

the opposite side in the plane through both circles. We move

side circle of the astrolabe towards the moon or any other s

until, simultaneously with the sun or star in question, the m
be examined is lined up with both sights of the little circle i

side circle.

In this way, we find out, from the inside circle's intersect

the circle corresponding to the ecliptic, what longitudinal se

they occupy and how many degrees distant they are either n(

circle through the ecliptic's poles. And this last reading is ma
division of the inner circle, from the interval between the r

sight of the little circle fitted under it and the ecliptic.

2. On the Hypothesis of the Moon's Double

Now, A^dth this kind of observation, the moon's distances

sun, both those recorded by Hipparchus and those observec

at times to agree with the calculations made according to the

advanced, and at other times to disagree and differ, somet

times a great deal. With a continuously greater and more n

of our own, we learned concerning the order of this irregula

conjunctions and full moons there was either little or no appr

and only such as the moon's parallaxes could account for; an(

the first and third quarters, there is very little or no discrepa

is at the epicycle's apogee or perigee, but the most when th

courses effects the greatest difference of first anomaly. We f(

ever of the two semicircles the first anomaly is subtractive,
'

is found to be advanced even less than the result of this first

but, when it is additive, it is likewise found to be more a

occurs in proportion to the magnitude of the first addition-

this order we see at a glance that it is necessary to suppose i

is borne on an eccentric circle with its apogee at the conjunct)

and its perigee at the first and third quarters. And this woulc
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eccentric circle, which is taken in this same plane always bearin,
centre, and turning it from east to west at a speed e(iual to the
the moon s elongation from the sun over the latitudinal movemei
excess of the moon's mean longitudinal movement over the sun
And so^ for example, in one day the epicycle's centre appear>

nearly 13°14' in latitude from west to east, traversing 13°ir ir

cause of the oblique circle's retrogression of the 3' excess from ea^
in turn the eccentric's apogee is rotated in that same opposite
east to west ir9', by which amount 24°23' (double the moon's i

ceeds 13°14'. Thus, because of the two movements' retrogression
direction about the ecliptic's centre, as we said, the movemen
epicycle's centre will ditfer from that of the eccentric's by the ai
13°14' plus 11°9', which is very nearly double the 12°lli^' of t

Therefore the epicycle will traverse the eccentric circle's circumf(
a mean month's time, and its return to the eccentric's apogee is su

place at mean conjunctions and full moons.

^

But to see the details of the hypothesis more thoroughly, aga
conceived the circle ABCD concer

ecliptic and lying in the moon's obliqi

E as centre and AEC as diameter. At
suppose the point A to be the eccei

the epicycle's centre, the northern lir

ning of the Ram, and the mean sun.

Then, I say, in one day's course t\

moves from east to west, or from A t(

ly 3' about centre E, so that the no:

comes to be 29°57' within the Fishes,

the two contrary regular movement*-

straight line similar to EA again aboi

tic's centre, I say that, likewise in a

the straight line similar to EA throi

trie's centre and revolving westward at a regular speed to ED i

centric's apogee to D, describes the eccentric circle DG about

makes an arc AD of 11°9'; but that the straight line through the ep

revolving about E, this time eastward, at a regular speed to EB^ (

cycle's centre to G and makes an arc AB of 13°14'. And so G, the ^

tre, appears to be 13°14' in latitudinal movement distant from

*The mean conjunctions and full moons or mean syzygies are the conjunct

tions of the centre of the moon's eoicvcle and the mean sun.
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limit A ; but 13° 11' within the Ram in longitude, because the

29°57' within the Fishes; and to be 24°23', the sum of arcs /

the eccentric's apogee, which is double the daily movemeni
In this way, since the two movements together througj

make a complete return to each other in half a mean month
that in a quarter or three quarters of a mean month's timef

directly opposite each other—that is, at the first and third (

mean movement—and that, when the epicycle's centre a

opposite the eccentric's apogee along ED it will be at the ec

It is clear that, with things thus disposed, as regards the ei

dissimilarity of arcs DB and DG there is no difference in th(

since the straight line EB, because of its rotation about E
centric's centre, traverses at a regular speed, not arc DG of

but arc DB of the ecHptic. But only as regards the difference

itself will there be a change. For the epicycle when nearer the

crease the anomalistic difference, the additive equally with

angle at the eye intercepting it being made greater in positior

There will be no general difference, then, for the first hyj

epicycle's centre is at the apogee A. This happens at mean c<

moons.

For if we draw the epicycle MN about A, the ratio oi AE
as that dem^onstrated by means of eclipses. And the

difference ^^'ill be greatest when the epicycle is pass-

ing G, the eccentric's perigee—as, for example, the one 1

drawn through the points X and 0. This occurs at

the first and third quarters considered in terms of

mean movement. For the ratio of XG to GE is

greater than all those constructed at the other posi-

tions, since XG, the epicycle's radius, is always

equal and the same, and the line EG from the earth's

centre is less than all the others drawn to the ec-

centric circle.

3. On the Size of the Moon's Solar Anomaly

To see, then, how much the greatest anomalistic

difference comes to when the epicycle happens to be

borne at the eccentric's perigee, we observed those

of the moon's elongations sighted with the sun in



THE ALMAGEST, V
tions, we sighted the sun and moon in the year 2 of Antonine, F
Phamenoth 25, after sunrise, or 5^ equatorial hours before noon. ^

sighted (18+i^+J^)° within the Water Bearer and the point H
Archer cuhninating, the moon's apparent position was 9^° within t
and its true position was the same, since in Alexandria, when the m
first part of the Scorpion very nearly 13^ hours west of the meridiai
display an appreciable parallax in longitude. The time from the e
year 1 of Nabonassar to this observation is 885 Egyptian years, 2(

18+3^+34 equatorial hours, both simply and accurately considerec
sponding to this amount of time we find the sun's mean pasition
within the Water Bearer, and its true position 18°50' which agn
sighting of the astrolabe. From the first hypothesis, the moon at
found to be 17°20' within the Scorpion in mean longitude, so tfc

elongation from the sun is very nearly a quadrant, and in anomal:
from the epicycle's apogee, near which the greatest anomalistic d
curs. Therefore, the true course was less than the regular one by 7^
the first anomaly's 5°.

Again, in order to have before us the difference in like cases from ;

observed by Hipparchus, we shall first set out one which he says he
the year 50 of the Third CaUippic Period, Egyptianwise Epiphi ]

first hour having passed. Now the course, he says, was mean.^ And
sighted (8+3^+3^2)° within the Lion, the moon's apparent positic

within the Bull, and its true position was very nearly the same. T
moon's true elongation from the sun was 86° 15'. But when the sun i

part of the Lion, in Rhodes where the observation occurred, the

173^° in time. Therefore the 53^ seasonal hours before noon make 6}

hours, so that the observation occurred 6}^ equatorial hours bei

Epiphi 16 with the point 9° within the Bull culminating. Consequer

from the epochs to this observation totals 619 Egyptian years, 31

174-}^+/^ equatorial hours simply considered, but 1
7
-f3^+34 ace

sidered. And according to our hypotheses (since the meridian thro

is the same as that through Alexandria), for this amount of time

sun's mean position to be 10°27' within the Lion, but its true pc

8°20'. And we find the moon's mean longitudinal position to be 4°2.'

Bull so that its mean elongation from the sun is again nearly a quad

anomaly is 257°47' from the epicycle's apogee, very near which the

ference of epicyclic anomaly occurs. Therefore, the distance from

mean position to the sun's true position totals 93°55'. But the moon
Oi^O t r/ rni.
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4. On the Lunar Circle's Ratio of Eccentricity

Now this being so, let there be the moon's eccentric circle ABC about D as

centre and ADC as diameter. And on this diameter

let E be taken as the ecliptic's centre so that A is

the eccentric's apogee and C its perigee. And let

there be drawn the moon's epicycle FGH with cen-

tre C, and let the tangent EHB be drawn to it, and

let CH be joined.

Then, since the greatest anomalistic difference is

produced on this tangent of the moon's epicycle

(this being shown to total 7%°), therefore, being at

the ecliptic's centre,

2ing\eCEH = 7°40'

= 15°20' to 2 rt.

on the circle about right triangleAnd therefore,

CEH,

where

arcCH = lo°20',

chord CH=m^

hypt. CE =120^.

And so CE, the line from the ecliptic's centre to the eccentric's perigee, will

also be 39p22' to the already-demonstrated 5^15' of the epicycle's radius and the

60p of AE, the line from the ecliptic's centre to the eccentric's apogee. And,

therefore, the whole diameter AC will be 99p22', the eccentric's radius AD
49^41', and DE the hne between the centres of the ecKptic and eccentric 10^19'.

So we have shown the ratio contained by the eccentricity.^

5. On the Inclination of the Moon's Epicycle

Now this number of circles would be added to the hypotheses for an explana-

tion of the appearances at the syzygies and again at the first and third quarters.

But from a consideration of the particular courses where it is either crescent or

gibbous and when its epicycle is between the eccentric's apogee and perigee, in

the case of the moon we find a peculiar incident concerning the epicycle's in-

clination. For in general it is necessary to suppose one and the same point on

epicycles with respect to which the returns of the movements on them are ac-

complished. We call this the regular apogee from which we begin the numbers

of the epicyclic movement, as the point F in the preceding figure; and this point

is determined by the line of centres, such as DEC, when the epicycle is at the

apogees and perigees of the eccentric circles. Now, for all the other hypotheses,

we see absolutely nothing in the appearances contrary to this supposition: that

the diameter through the epicycle's apogee (FCG, for instance) always and in

*From this theory of eccentricity it follows that the moon's distance from the earth varies

by as much as 34 to 65, or nearly 1 to 2, And since, for small angles, the tangents are nearly

proportional to the angles, the size of the moon's diameter (as Copernicus points out in

Chapter 2 of Book IV, On the Revolutions of the Heavenly Spheres) will vary as 1 to 2. But ,by

observation, this is not true. The diameter varies very nearly as 55 to 65, just as the epicylic

theory without the eccentric theory allows. Hence at this point the Ptolemaic theory, in sav-

ing the appearances of the angular distances, is unable to save the appearances of the diame-

ter's variations.
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the other courses of the epicycles keeps the same direction as the hne which re-

volves the epicycle's centre at a regular speed (in this case EC) ; and that, con-

sequently, it always points to the centre of revolution at which in equal times

are intercepted the equal angles of the regular movement.
But in the case of the moon, the appearances are opposed to the epicyclic

diameter, FG's being inclined towards E the centre of revolution and keeping

the same direction as EC in the passages between A and C. True enough, we
find it, always pointing to one and the same point on the diameter AC; not to

the ecliptic's center E nor to the eccentric's center Z), however, but to the point

the same distance from E on the same side of the eccentric's perigee as DE, the

line between the centres.^

Again we shall show this is so by choosing from several observations two
which can bring this to light most efficiently—that is, two observations where
the epicycle was in the mean distances, and the moon either at the epicycle's

perigee or apogee. For it is in such passa^ges that the greatest difference in these

inclinations occurs.

Hipparchus writes that he observed the sun and moon with instruments in

Rhodes, in the year 197 after Alexander's death, Egyptianwise Pharmouthi 11,

at the beginning of the second hour. And he says that, with the sun sighted

(74-/^+/€)° within the Bull, the apparent position of the moon's centre was
21^° within the Fishes, and its true position (21+3/^+3^)° within the Fishes.

Therefore, at that time, the true moon's eastern elongation from the true sun
was very nearly 313°42'. But since the observation occurred at the beginning

of the second hour or very nearly 5 seasonal hours before noon of Pharmouthi
11, and since in Rhodes at that time the seasonal hours were equivalent to very
nearly 5% equatorial hours, therefore the time from our epoch to this observa-

tion totals 620 Egyptian years, 219 days, and 183^ equatorial hours simply con-

sidered, but only 18 hours accurately considered. Corresponding to this time,

we find the regular sun's position to be 6°41' within the Bull, but the true sun's

position to be 7°45'; and the regular moon's longitudinal position to be 22°13'

within the Fishes, and in anomaly the moon to be 185°30' from the epicj^cle's

mean apogee.^ And so the regular moon's elongation from the true sun totals

314°28'.

Now all this being granted, let ABC be the moon^s eccentric circle with centre

*Again in Chapter 2 of Book IV, On the Revolutions of the Heavenly Spheres, Copernicus
sharply criticises this third lunar anomaly where the regular movement of the moon on the
epicycle is no longer tied to the regular movement of the epicycle on its deferent. For the
result of this contriving of movements is that the moon moves irregularly about the epicycle's

centre. Copernicus says that the initial violation of the strict principle of celestial mechanics,
with respect to the epicycle's movement on its deferent, necessitates this further irregularity.

But Ptolemy might well reply that even if these movements, so contrived, turn out to
move the stars on their epicycles irregularly with respect to the centres of the epicycles, and
the epicycles irregularly with respect to the centres of their deferents, yet these irregular

movements are such as can be computed and mastered by means of circles and regular move-
ments, and this is all that is necessary.

^The apparent apogee and apparent perigee are those defined in the normal way, by a
straight line through the epicycle's centre and the ecUptic's centre, or the earth. The mean
apogee and mean perigee are those defined in another regular way to fit the particular ap-
pearances. As Ptolemy says, in the case of the moon, they are defined by a line through the
epicycle's centre and a point on the line of apsides other than the earth. It is evident that the
apparent and mean apogees coincide at the quarters and syzygies. Furthermore, the apparent
and regular apogees always coincide in the case of the moon.
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D and diameter ADC, on which let

there be the ecUptic's centre E.

And with B as centre let the moon's

epicycle FGH be drawn. Let the

epicycle be revolved eastward as

from B to A, and let the moon be

revolved on the epicycle from F to

G and H, letting DB and EHBF be

joined.

Now, since a mean lunar month's

time embraces two returns of the

epicycle with respect to the eccen-

tric, and since in the foregoing po-

sition the mean moon was 315°32'

from the mean sun, it follows that

if we double this amount and sub-

tract a complete circle we shall

have, for that time, the epicycle's distance of 271°4' eastward from the eccen-

tric's apogee. And so, by subtraction,

angle A£:B = 88°56'.

Then let DK be drawn from D perpendicular to BE.
Now, since

angle i)^B = 88°56'

= 177°52' to 2 rt.,

therefore also, on the circle about right triangle DEK,
BLTG DK =177%2\

and, by subtraction from the semicircle,

SiTc EK = 2''S'.

And therefore

where

And therefore

chord DiC =119^59',

chord EK = 2n^'

dmm. DE= 120^,

DK = 10^19',

EK = 0n2'

1. betw. c.Z)^ =10^19'

ecc. rad. BD = ^9HV.

sq. BD-sq.DK = sq.BK,

5K = 48^36',

where again

and

And since

therefore

and, by addition,

BE= 4SHS\
Again, since the mean moon's elongation from the true sun was 314°28', and

in the observation the true moon's elongation from the true sun was 313°42' so

that the moon's anomalistic difference subtracts 46', and since the moon's regu-
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lar course is sighted along the line EB, therefore let the moon be supposed at the

point G, for it was near the epicj^cle's perigee. And with EG and BG joined, let

BL be drawn from B perpendicular to EG produced.

Since it contains the moon's anomalistic difference,

angle i^^L = 0°46'

= 1°32' to 2 rt.

And so also, on the circle about right triangle BELy
arc5L=l°32',
chord BL = 1P36'

hypt. BE =120^.

BL = O^Z^'

BE = 4SHS'

epic. rad. 5^ = 5^15'.

5L = 14P52' •U;l9TJ)lii t.il/

luiii

where

And so

where

and

And therefore

where

epic. rad. BG= 120^.

And, on the circle about right triangle BGL,
arc5L = 14°14'.

And so

angle BGL = 14°14' to 2 rt.,

and, by subtraction,

angle£'BG=12°42' to2rt.
= 6°2r.

Therefore, on the epicycle,

arcGiy = 6°2r
which is the distance from the moon to the true perigee.

But since the moon, at the time of the observation, was 185°30' distant from
the epicycle's mean apogee, it is evident that the mean perigee precedes the

moon or point G. Let it be M, and let BMN be drawn and EX from E perpen-

dicular to it.

Then, since it was shown
arcG^ = 6°21'

and it is assumed
arcGlf = 5°30'

from the perigee so that, by addition,

arc/^i¥ = ll°5r,

therefore

angle £'BX=11°51'
= 23°42'to2rt.

And so also, on the circle about right triangle BEX,
arc EX= 23°42'

;

;ob .uorij ,dOflid
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chord ^Z = 24P39'

where

hypt. BE=120P.

And therefore

EX =10^2'

where

B^ = 48^48'.

Again, since

angle AEB = 177°52' to 2 rt.

and
angle £'J5A^ = 23°42' to 2 rt.,

therefore, by subtraction,

angle ENB= 154:"W to 2 rt.

And so also, on the circle about right triangle ENX,
arc^X=154°10';
chord E-X =116^58'

where
hypt. ^A^=120P.

And therefore

EN =ions'
where

i^Z=10P2'

and
l.betw. c.DE=mn9'.

Therefore, the inclination of the straight line BM through the mean perigee to

N cuts off EN very nearly equal to DE.
Likewise—to show that the same thing occurs also for the opposite parts of

the eccentric and epicycle—we have again taken from among the intervals ob-

served by Hipparchus in Rhodes, as we said, the one sighted in the same year

197 after Alexander's death, Egyptianwise Payni 17, at 93^3 hours. At that time,

he says, with the sun sighted 10%o° within the Crab, the moon's apparent po-

sition was about 29° within the Lion. And this was its true position also, since

in Rhodes towards the end of the Lion, at very nearly one hour after noon, the

moon does not display a parallax in longitude. Therefore, at that time, the true

moon's eastern elongation from the true sun was 48°6'. But since the observa-

tion occurred 33^ seasonal hours after noon of Payni 17, and in Rhodes at that

date these came to very nearly 4 equatorial hours, the time from this observa-

tion to our epoch is 620 Egyptian years, 286 days, and 4 equatorial hours simply

considered, but 3% hours accurately considered. Likewise corresponding to this

time we find the regular sun's position to be 12°5' within the Crab, but the true

sun's position 10°40'; and the regular moon's position in longitude to be 27°20/

within the Lion so that the regular moon's elongation from the true sun totals

46°40', in anomaly the moon being 333° 12' from the epicycle's mean apogee.

Now, with these things granted, again let there be the moon's eccentric circle

ABC with centre D and diameter ADC on which let E be taken as the ecliptic's

centre. And let the moon's epicycle FGH be described about the point B, and

let DB and EHBF be joined.

Since, then, double the moon's mean elongation from the sun contains 90°30',



THE ALMAGEST, V 153

therefore for reasons already given

angle ^^B = 90°30'

= 181° to 2 rt.

Therefore if we extend the Une BE
and drop DK from D perpendicular

to it, then, as supplement,

angleZ)£'i^ = 179° to2rt.
And so also, on the circle about
right triangle DEK,

Eire DK= 179°

and, as remainder of the semicircle,

a,rcEK=l°.
And therefore

chord D/i = 119^59',

chord EK= 1^3'

where

hypt. DE =120^.

DK-=lQn9\
EK = 0^b'

1. betw. c. DE=\{)n9\
ecc. rad. 5D = 49^41'.

sq. BD - sq. DK = sq. BK,

B/l =48^36'

And so

where

And since

we shall have

and, by subtraction,

BE = 48^31'.

Again, since the regular moon's elongation from the true sun was 46°40', but
the true moon's elongation was 48°6' (so that the anomalistic difference has

added 1°26'), let the moon, since it was near the epicycle's apogee, be supposed

at point G. And with EG and BG joined, let BL be drawn from B perpendicular

to EG.

Since, then,

angle B£;L=1°26'
= 2°52' to2rt.

therefore also, on the circle about right triangle BEL^
arc5L = 2°52';

chord 5L = 2^59'

where

hypt. BE = 120^.

Ajid therefore

5L=1P12'

where

BE = 'iS^3V
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and

epic. rad. BG= 5n6\
And so

BL = 27^34'

where
j

hypt. 5G=120P; '
'^

and, on the circle about right triangle BGL,
arcEL = 26°34'

And therefore _ , _

angle BGL = 26°34' to 2 rt.,

and, by addition,
j

angleF5G = 29°26'to2rt. I

= 14°43'.

Therefore, on the epicycle,

arcFG=14°43',

which is the moon's distance to the true apogee.

But since at the time of the observation the moon was 333° 12' from the mean
apogee, if we suppose the mean apogee at M and, joining MBN, drop EX from

E perpendicular to it, then

arcGFi¥ = 26°48'

the rest of the circle, and, by subtraction,

arcFM=12°5'.
And so

angle MBF = angle EBX = 12°5'

= 24°10'to2rt.

And also, on the circle about right triangle BEX,
SiTcEX = 24:°W; .

chord £'X = 25^7'

where

And therefore

where

and

hypt. BE =120^

EX=10^S'

BE = 4S^S1'

1. betw. c. D^=10n9'.
Again, since it is assumed

angle A£;B = 181° to2rt.,

and it was proved
angle£'5iV = 24°10' to2rt.

so that by subtraction

angle £'iVB = 156°50' to 2 rt.,

therefore also, on the circle about right triangle ENX,
arc£'X=156°50';
chord E-X =117^33'

where
hypt. EN =120^.
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EN =10^20'

EX=10^S'
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and
1. betw. c.DE=10n9\

Therefore the incHnation of the straight Hne MB through the mean apogeeM
to A'' has again cut off EN very nearly equal to DE, the line between the centres.

From several other observations we find that very nearly the same ratios re-

sult, so that in this way the property of the epicycle^s inclination in the moon's
hypothesis is established. For on the one hand the revolution of the epicycle's

centre takes place about the ecliptic's centre E] on the other hand the epicycle's

diameter which defines the epicycle's mean-apogee point no longer points to E^

the centre of regular rotation, as for the other stars, but always points to N on
the other side of E from Z) at a distance equal to DE, the line between the

centres.

6. How THE Moon's True Course is Gotten Geometrically
FROM ITS Periodic Movements

With these things demonstrated, it would be proper next to add how, for par-

ticular courses of the moon, by taking the epochs of the mean movements we
could find, from the elongation-number and the moon's epicyclic number, the

addition or subtraction to the mean longitudinal course due to the anomalistic

difference. This determination is gotten geometrically from theorems like those

we have already expounded.

For example, in the case of the last figure we gave, let us suppose the same
periodic movements of elongation

and anomaly—that is, for double

the elongation, 90°30', and for a-

nomaly 333° 12' from the epicycle's

apogee. Let us draw A^X perpen-

dicular, instead of EX, and GL in-

stead of BL. And by the same
means, with the angles at the cen-

tre E given and the hypotenuses

DE and NE given equal, it can be
shown that

DK= lOHd',

NX-==ion9'
where

ecc. rad. BD = 49H1\
epic. rad. BG= 5n5',

and
EK =EX = 0^5/

And, therefore, as we showed before,

BK = 48^36',

BE = 48^31',

and, by subtraction,

J5X= 48^26'.
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J5iV = 49^31'

NX -=25^
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And so, since 'nobiofl^ ^^

we shall have in length

where

And therefore

where

hypt. BA^ = 120P;

and, on the circle about right triangle BNX,
arciVX = 24°3'.

And so also

angle iVBX = angle FBM = 24^3' to 2 rt.,

= 12°r.

And therefore, on the epicycle, also

arcFM = 12°r.

But since the point G, the moon, is the remainder of the circle or 26°48' distant

from the mean apogee M, therefore we shall have, by subtraction,

arcFG = 14°47'.

And so also

angle FJ5G'=14°47'

= 29°34'to2rt."' "
''

And also, on the circle about right triangle GBL,

arcGL = 29°34',

and, as remainder of the semicircle,
|

arc5L=150°26'.

And therefore

chord GL = 30^37',

chord BL =116^2'

hypt. 5G = 120P.

GL = 1p20',

epic. rad. = 5Pl5'

BE = AS^31'.

EBL = 5S^S&

where

And so

where

and where it was proved

And therefore, by addition,

where

.iioijo.
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GL=1p20'.

And again since

sq. EBL+aq. GL = sq. EG,

therefore, we shall have in length

^G = 53^37'.

And so

GL = 2^59'

where

hypt. EG =120^;

and, on the circle about right triangle EGL,

arc GL = 2°52\

And therefore, as the anomalistic difference,

angleG^L = 2°52' to2rt.

= 1°26'.

Which it was required to show.

7. Construction of the Table of General Lunar Anomaly

To have a methodical determination of the particular addition-subtractions

set out in a table, we have again used the same geometrical figures and filled out

the table we constructed according to the simple hypothesis, with colunms
which readily correct for the second anomaly. For after the first two columns
containing the numbers, we have added a third column containing the addition-

subtractions corresponding to the anomalistic number for reducing this number,
calculated by the mean passages from the mean apogee or M, to the true apogee
or F. In the foregoing case of a distance between the moon and the eccentric's

apogee of 90°30', we showed the arc FM to be 12°!' so that, although the moon's
distance from the mean apogee was only 333°12', its distance from the true

apogee was 345° 13'. It is with respect to this last number that the epicyclic ad-

dition-subtraction for mean longitudinal movement must be taken. In brief,

therefore, we have gotten the quantities of addition-subtraction, at convenient

intervals of arc-length, for the other numbers of the moon's distance, and we
have put them in the third column beside the proper number.

The fourth column contains the anomalistic differences due to the epicycle

and already set out ; here the greatest addition-subtraction comes to very nearly
5°!' according to the ratio of 60^ to 5p15'. The fifth column contains the excess

amounts of the differences resulting from the second anomaly over those from
the first, the greatest addition-subtraction from the second totaling 7%°, ac-

cording to the ratio of 60 to 8. And so the fourth column provides for the epicy-

cle's position at the eccentric's apogee near the syzygies; but the fifth column
consists of the excess amounts gotten from the anomaly produced at the ec-

centric's perigee near the first and third quarters.

To find proportionately the parts of these excess amounts corresponding to

the passages between these two positions on the eccentric, we have added a
sixth colunm containing the sixtieth part of that difference for each number of

elongation; and this must be added to the first anomaly's addition-subtraction

laid out in the fourth column. And we have gotten them in this way:
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Let there be the moon's eccentric cir-

cle ABC with centre D and diameter

ADC on which let the ecliptic's centre E
be taken. And with arc AB cut off and

with the epicycle FGHK described about

B, let EBF be drawn. By way of exam-

ple, let the moon's elongation be given as

60° so that, for the same reasons already

demonstrated, angle AEB is double the

elongation of 120°. And let DL be drawn

from D perpendicular to BE produced,

and let GBKD be drawn through; let the

straight line (in this case EMN) from

the centre E to the moon be supposed

tangent to the epicycle so as to have the

greatest anomalistic difference; and let

BM be joined.

Now, since it is assumed
angle AE5 = 120°

= 240° to 2 rt.,

therefore, as supplement,

angleZ)£;L=120°to2rt.

And so, on the circle about right triangle DEL,
arc Z)L = 120°,

and, as remainder of the semicircle,

arc£;L = 60°.

And therefore

chord EL = 60P,

chord i)L = 103^55'

hypt. D£' = 120P.

^msno',
2)L = 8p56'

DJS' = 10^19',

5Z) = 49P4r.

sq. BD -sq. DL = sq. BL;

^EL= 48^53',

BE- = 43^43'

epic. rad. BM = 5n5\

J5M = 14^25'

hypt. BE = 120^;

where

And therefore

where

And

therefore, in length,

and, by subtraction,

where

And therefore

where
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and, on the circle about right triangle BEM,
arcBM=13°48'.

Therefore, as the angle which contains the greatest anomalistic difference,

angle BEM =1S°4S' to 2 rt.

= 6°54'.

The anomalistic difference for this distance of elongation thus differs from the
5°1' produced at the apogee by 1°53'. But the complete difference up to the peri-

gee is 2°39'. And therefore the difference of 1°53' will be 42°48' to the greatest

difference's 60°. We shall put this 42°38' in the sixth column in the row with the

number 120° which here indicates the distance of the epicycle from the eccen-

tric's apogee.

Likewise for the other sections we have calculated by the same means the

parts so taken of the excess of one anomaly over the other, placing beside the

proper numbers the sixtieth part of this excess corresponding to each one. And,

of course, the whole 60 such parts have been put in a row with double the num-
ber 90°, the elongation, for the resulting 180° is at the eccentric's perigee.

We have added a seventh column containing the latitudinal passages of the

moon on a circle through the ecliptic's poles corresponding to each part of the

ecliptic; or, in other words, the arcs intercepted on the circle through the eclip-

tic's poles between the ecliptic and the moon's oblique circle. And for this we
have used the same proof as that by which we calculated the arcs on the circle

through the equator's poles, and which lie between the ecliptic and the equator.

But in this case the arc on the great circle through the poles of the ecliptic and
of the moon's oblique circle, lying between the ecliptic and the northern or

southern limit of the obhque circle, is very nearly 5°. For, according to both
Hipparchus and ourselves in calculating the appearances pertaining to the

northernmost and southernmost courses, the moon's greatest passage was found

to be just about that much on either side of the ecliptic. Nearly all things per-

taining to lunar observation, considered with respect to the stars and by means
of instruments, agree with greatest latitudinal courses of this size. And things

to be demonstrated later will agree also. And the following is the table of general

lunar anomaly.^

'This table is fairly complicated and condensed, and Ptolemy's explanation is not too clear.

We shall here give a clearer and more analytical summary.

In the first place, the first two columns are called "common numbers" because these num-
bers play different roles for the different columns that follow.

With respect to column 3, columns 1 and 2 contain the numbers of arcs on the eccentric in-

dicating the distance of the epicycle's centre from the eccentric's apogee. And column 3 con-

tains the corresponding addition-subtractions to be made in the moon's distances from the

epicycle's mean apogee, in order to determine its distance from the epicycle's true apogee.

With respect to column 4, columns 1 and 2 contain the numbers of arcs on the epicycle in-

dicating the moon's distance from the epicycle's true apogee. And column 4 contains the

corresponding addition-subtractions in longitude and latitude which correct for the anomaly
when the epicycle is at the eccentric's apogee. These last numbers correspond to the addition-

subtractions in the table of the first lunar anomaly, but they are here given their proper place

within the general scheme of lunar anomaly.

With respect to column 5, columns 1 and 2 again contain the numbers of arcs on the epi-

cycle indicating the moon's distances from the epicycle's true apogee. And column 5 contains

the corresponding additions-subtractions in longitude due to the second lunar anomaly when
the epicycle is at the eccentric's perigee, and which are over and above those due to the first

anomaly. In other words, these are the differences between the first and general anomalies.

With respect to colunm 6, colunms 1 and 2 contain the numbers of arcs on the eccentric
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9. On General Calculations of the Moon
Now whenever we wish, by means of this tabular set up, to calculate the lunar

anomaly we take the moon's mean movements, for the date in question in Alex-

andria, and we take them in longitude, elongation, anomaly, and latitude in the

way we have shown. Always doubling the first number of elongation calculated,

and subtracting a whole circle from the product if we can, we carry the result to

this Table of Anomaly. We then add the degrees in the third column correspond-

ing to it to the mean degrees of anomaly, if the number doubled runs up to 180°;

but, if it exceeds 180°, we subtract it. Again we carry the resulting true number
of anomaly to this same table, and we note down the addition-subtraction cor-

responding to it in the fourth column, and also the corresponding difference in

the fifth column.

After this we again carry the double of the number indicating the mean elon-

gation to the same first two columns; and, as many sixtieths in the sixth column
as correspond to it, just so many do we take of the difference from the fifth

column which we have already noted down. We always add the result to the

addition-subtraction we found in the fourth column. If the true anomalistic

number is not above 180°, we subtract this sum from the mean longitude and
latitude; but, if it is above 180°, we add it. Of the two resulting numbers we take
the one in longitude and add it to the mean position calculated at the epoch;
and whatever it comes out to, we shall say the moon is truly at that place.

We carry the latitudinal number, computed from the northern limit, to this

indicating the distances of the epicycle's centre from the eccentric's apogee. And cohimn 6
contains the corresponding differences between the first anomaly and the general anomaly
when the moon lies on the tangent from the earth to

the epicycle or when the epicyclic addition-subtrac-

tion is greatest. But these differences are here ex-

pressed in terms of the greatest difference among
them, which is taken as 60. It is then assumed that, for

all practical purposes, the ratio of a difference for a
given position of the epicycle to the greatest difference

when the epicycle is at the eccentric's perigee is the
same for all positions on the epicycle. In other words,
taking the eccentric about and the centre of the
ecliptic E, and drawing equal epicycles at the apogee
and perigee, A and C, and another equal epicycle at a
chance position B, let the tangents from E to the three
epicycles be drawn, and let equal arcs LR, MS, and
XT be taken from their apogees. Then Ptolemy is as-

suming that, for all practical purposes, we can use the
following proportion:

angle CEF— angle AED :

angle BEG — angle AED : :

angle NET— angle LER :

angle SEM— angle LER.
Now, column 6 gives us the first ratio for different po-

sitions of B. And therefore, knowing the differences

between angle NET and angle LER, for different lengths of LR and TN, from column 5, we
can find the differences between angle SEM and angle LER.
With respect to column 7, colunms 1 and 2 contain the numbers of the arcs of the moon's

obUque circle, beginning at the northern limit and ending at the southern. And column 7 con-
tains the corresponding numbers of arcs intercepted on circles through the poles of the ecUp-
tic, between the ecUptic and the moon's obUque circle.
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same table. And whatever number of degrees in latitude in the seventh column
correspond to it, by just so many is the moon's centre distant from the ecliptic

along the great circle drawn through the ecliptic's poles. If the number carried

is in the first 15 rows, this distance is to the north of the ecliptic; but if it is in

the rows below, the distance is to the south of the ecliptic. The first column of

numbers embraces the movement from north to south, and the second column
the movement from south to north.

10. That no Appreciable Difference is Produced at the Syzygies
BY THE Moon's Eccentric Circle

Now, it is reasonable for some to suspect that at times an appreciable differ-

ence occurs at the conjunctions, full moons, and eclipses accompanying them,

because of the moon's eccentric circle. For the epicycle's centre does not always

fall exactly on the eccentric's apogee at these periods, but can miss it to the ex-

tent that the return of the epicycle's centre to the eccentric's apogee is effected

at the mean syzygies, but true conjunctions and full moons are taken with the

anomaly of each of the two luminaries. Therefore we shall try and show that this

difference can produce no error worth mentioning in the appearances at the

syzygies, even if the difference due to the circle's eccentricity is neglected.

For let ABC be the moon's eccentric circle with centre D and diameter ADC
on which let the point E be taken as

the ecliptic's centre and F on the side

opposite D as the centre of epicyclic

inclination. And with arc AB cut off

from the apogee A, let the epicycle

GHL be described about B, and let

BD and QBE and also BLF be joined.

Now, the magnitude of the anom-

aly can differ in two ways from that

proper to the epicycle's position at the

apogee A: (1) by cutting off a greater

angle at E because of its position to-

wards the perigee, and (2) by having

the diameter through the mean apo-

gee and perigee not directed to the

center E but to the point F.

The difference due to the first cause

is greatest when the moon's anomalistic difference is greatest; and that due to

the second cause, when the moon is at the epicycle's apogee or perigee. There-

fore it is evident that, when the difference due to the first cause is greatest, then

that due to the second will be entirely negligible because the moon on the tan-

gents to the epicycle makes very little difference in the addition-subtraction;

and it is evident that the true syzygy will possibly differ from the mean by as

much as the anomalistic differences of both luminaries put together, either by

addition or by subtraction. But when (according to the second cause) the differ-

ence in inclination is the greatest, then the difference from the first cause is neg-

ligible because the entire anomaly is either nothing or very little when the moon

is at the epicycle's apogee or perigee; and the true syzygy will differ frpm the

mean syzygy by the difference of solar anomaly alone. ,, ;-u.:^t, .j.u uuov/j.u .oa
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(1) Then let the sun be assumed to effect the greatest addition of 2°23', and

also the moon itself to effect first the greatest subtraction of 5°1' so that angle

AEB contains 14°48', the double of the 7°24' of the two together. And let the

tangent EH from E to the epicycle be drawn, and the perpendicular BH be
joined; and also let DM be drawn from D perpendicular to BE.

Since, then,

a,Tig\e AEB = 14:°4S'

= 29°36'to2rt.,
therefore also, on the circle about right triangle DEM,

arci)M = 29°36',

and, as remainder of the semicircle,

arc£^M=150°24'.

And

chord Z)M= 30^39',

chord EM=nQn'

hypt. Z)£'= 120P.

DM = 2p38',

EM = 9^59'

1. betw. c. DE= 10n9'

ecc. rad. BD = 4.9HV.

sq. BD -sq. DM = sq. BM,

BM =49^37',

BME= 59^36'

epic. rad. 5^= 5^15'.

Biy= 10P34'

,Ln:}

where

And so

where

and

And since

therefore, in length,

and, by addition,

where

And therefore

where

hypt. 5^ = 120P;

and, on the circle about right triangle BEH,
arc5^ = 10°6'.

And therefore, as the angle of greatest anomalistic difference,

angle5£'^ = 10°6'to2rt.

= 5°3'

instead of the 5°1' produced when the epicycle is at the apogee A. Therefore
from this cause the anomalistic difference diverges by 2', which is an error of less

than 3^6 of an hour.
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i; (2) Again let the moon be supposed at

L the mean perigee, so that angle AEB
clearly contains very nearly the double

of the sun's anomaly alone, that is 4°46'.

And with EL joined in a figure similar to

the last, let the perpendiculars LN, DM,
and FX be dropped from L, D, and F to

BE produced. And, just as before, since

angle at £; = 4°46'

= 9°32'to2rt.,

therefore, on the circles about right tri-

angles EDM and EFX,
arci)M = arcFX = 9°32'.

And, as remainders of semicircles,

arc EM = a,rc £'X=170°28'.

And therefore

chord DM = chord FX = 9^68\

chord EM = chord EX=U 9^35'

where

And so

where

and

And since

therefore, in length,

And so

and, by addition,

where

And, in the same way also,

And

And so

and, by subtraction,

where

hypt. DE = hypt. EF =120^.

DM =FX = 0^5r,

EM = EX=10n7'

DE =EF= 10n9'

ecc. rad. Z)jB = 49p41'.

sq. BD-sq. DM = sq. BM,

BM=A9HV,

5^ = 59^58'

BX = 70n5'

FX = 0^5r.

hypt. BF -=70^5',

BF : FX ::BL: LN
BF:BX::BL:BN.

LN = 0^^\

BN = 5nS\

EN= 54:H3'

epic. rad. BL= 5n^'
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and it was proved

BE = 59'^oS\

And since, therefore, the hypotenuse EL differs inappreciably from 54^43', it is

inferred that

where

hypt. EL =120^;

and that, on the circle about right triangle ELN,
Sivc LN = 0°S\

And, therefore, angle BEL, by which the moon differs because of the inclination

to F, will also be 0°8' to 2 right angles' 360°, or 0°4'.

So in this case the moon's anomalistic difference has diverged by 4', which
produces no appreciable error in the appearances at the syzygies, and hardly
amounts to 3^ of an hour. And it is not extraordinary for such an error to occur

often in the observations themselves.

We have added all this, not because it is impossible to calculate these differ-

ences along with the examination of the syzygies, but because there is no ap-

preciable error for us in the proofs by means of the lunar eclipses we have set

out, even if we have not used the hypothesis of eccentricity in the developed
form we give it in what follows.

11. On the Moon's Parallaxes

Now, the means used in getting the true passages of the moon would be gen-
erally speaking these: Since in the case of the moon it turns out that the appar-
ent passage is not sensibly the same as the true passage (because, as we said, the
earth does not have the ratio of a point to the radius of the moon's sphere) it

would be necessary, and consequent, both for other appearances and especially

for those observed about the solar eclipses, to get the measure of the parallaxes

from which one will be able to determine the passages considered from the ob-

server's eye—that is, from some part of the earth's surface—by means of the

true passages conceived v/ith respect to the centre of the earth and ecliptic ; and,

conversely, to determine the true passages by means of the apparent.

Since it is a necessary condition of this research that the particular magni-
tudes of the parallaxes cannot be worked out without one's having as given the

ratio of the linear distance nor the ratio of the linear distance without some
parallax's being given, it is clear that in the case of those stars having no sensible

parallax (that is, those with respect to which the earth is in the ratio of a point)

getting the ratio of the distance would be impossible. But only in the case of

those which display a parallax, as the moon, would it be possible to find the

ratio of the distance by means of some first-given parallax, because a parallactic

observation can be gotten in itself, but not the size of the distance.

Now, Hipparchus made this examination chiefly from the sun. Since, from
certain other incidents of the sun and moon about which we shall give an ac-

count later on, it follows that when the linear distance for one of the luminaries

is given the distance for the other is also given, he tries by conjecturing the sun's

distance to demonstrate the moon's. He first supposes the sun to display only
the least sensible parallax in order to get its distance. And then by means of the
solar eclipse recorded by him, from calculations with the sun—first as if dis-

playing no sensible parallax and secondly as if displaying a sufficient parallax

—
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he arrives at the ratios of the lunar distance, different for eac

ses, although not only is the magnitude of the sun's parallax

but also whether it displays any parallax at all.

12. On the Construction of an Instrum
FOR Determining Parallaxes

To record nothing unclear in this research, we built an ir

we could observe as accurately as possible how much and 1

tance from the zenith on the great circle through the moo:

poles the moon displays a parallax.

We made two four-sided rods, not less than four cubits ii

divide them into a great many parts, and proportionate in c

be bent by their length, but to be extended very true and i

each of their sides. Then we drew straight lines on each of tli

the wider side. At each end of one of the rods on the centi

square right prisms equal and parallel, each having a hole p

middle—the one for the eye having a small hole, the one fo

hole—so that, when an eye is placed at the prism \^'ith tl

whole moon can appear through the other hole in a straight

Then we bored evenly each of the rods on the centre lir

extremities; in the case of the rod with the prisms, near th^

the prism with the larger hole. Through them both we fitted

of the rods with the lines would be bound together as if by a

the prisms could thus be turned in any direction without v

rod, the one without prisms, we fixed on a base. On the cer

we took points equidistant from the lower extremities and as

the axle-centre, dividing the line so defined on the fixed ro

each of these into as many as possible. And on the back of th

extremities, we placed small prisms having their sides in the

straight line with each other and everywhere equidistant frc

line, so that the rod could be stood straight and without ine

zon's plane by hanging a plumb-line through them. n

Having the meridian line already established in a plane

zon's, we stood the instrument upright in a shadowless place

the rods, where they were joined together by the axle, were

parallel to the meridian line, and so that the rod with the

without inclination and fixed without deviation, while the

revolved around the axle in the plane of the meridian, subje(

added also another small thin rod, fitted on straight for revc
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until its centre was sighted through both holes at the centre of
and marking on the fine small rod the distance between the ends
lines on the other rods and applying it to the Hno of the upright
been cut into 60 parts, we found out how many parts the chord
has to the 60 of the radius of the circle described by the revolutic
ian plane. And getting the arc subtended by a chord of such 1

had the arc by which the moon's apparent centre was distant f

along the great circle drawn through the poles of the horizon an*

centre—a great circle which at that time was the same as the mc
the poles of the equator and of the ecliptic.

For observing the moon's greatest latitudinal passage, we u

especially when it was at the summer tropic point and again a
most limit of the moon's oblique circle. This was done becaus
points for some distance sensibly the same latitudinal passage is (

because the moon, at those times being near the zenith in the p
andria where we made the observations, has very nearly the

position as true position. In every case the moon's centre was oh

passages to be very nearly 2}/g°'hom the zenith so that, from th

its greatest latitudinal passage on either side of the ecliptic is d<

be 5°. And this is almost exactty the difference between the 23°5

the equator to the summer tropic point, and the 30°58' from th

equator in Alexandria less 2J/8°. .liviH^'f .

But for getting the inquiry into the parallaxes done, we again i]

observed the moon about the winter tropic for reasons already

cause also (being at that time away from the zenith b}^ a similai

the meridian) it provides a greater and more easily observed para

many parallaxes observed by us in such passages, we shall again

means of which we shall at once both present the manner of (

demonstrate the other things as immediate consequences.

13. Demonstration of the Moon's Distances

For we observed the moon culminating in the year 20 of Hadi

mse Athyr 13, 5+K+M equatorial hours after noon, as the su

set; its centre appeared to us through the instrument at a distan(

M+K2)° from the zenith. The distance on the small hght rod Wi

parts to the 60 parts of the radius of the circle of revolution, and

length subtends an arc of (50+3^+H+M2)°- But the time fror

the year 1 of Nabonassar, up to this observation, is 882 Eg\^ptian

and 5+3^+M equatorial hours simply considered, but 5>3 lu
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circle. And the equator is 30°o8' from the zenith in .-Alexandria, and likewise

south of it. Therefore the moon's centre was truly 49°48' from the zenith, but
it appeared to be 50°55' from it. Therefore the moon displayed a parallax, for

the distance at this passage, of 1°7' along the great circle drawn through the

moon and the horizon's poles, its true position being 49°48' from the zenith.

Now that this is clear, in the plane of the circle through the horizon's poles

and the moon let the following great circles

be drawn concentric: the earth's great circle

AB; that through the moon's centre at the

observation, CD; and the circle EFGH to

which the earth has the ratio of a point.

And let K be the common centre of them
all, and KACE the straight line through the

zenith points. And let the moon's true posi-

tion be supposed at the point D 49°48' from

the zenith as in the preceding instance ; and
let KDG and ADH be joined. Moreover,

from A, which is the observer's eye, let AL
be drawn perpendicular to KB, and AF
parallel to KG.

It is clear that the moon displays a par-

allax of arc GH for those observing from A,

so that

arcG/f=l°r
as gotten by observation. But since arc FH is not appreciably greater than GH
because of the whole earth's being in the ratio of a point to the circle EFGH,
therefore

Sir(iFGH-=r7'.

And so, agam because the point A is indistinguishable from the centre with re-

spect to circle FH,
angle FAH = V7'

= 2°14'to2rt.

And
angle AZ)L= angle FAH=2°W to 2 rt.

And therefore, on the circle about right triangle ADL,
arc AL = 2°W,
chord AL = 2p21'

where

hypt. AZ) = 120P.

And DL is indistinguishably less than AD. Therefore

Z)L =120P

where

AL= 2p21'.

Again, since it is assumed

arc Ci) = 49°48',

therefore, being at the centre,

angle CKi) = 49°48^

= 99°36'to2rt.
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And so, on the circle about right triangle ALK,
arc.4L = 99°36',

and, as remainder of the semicircle,

&VC LK = 80°24:\

And therefore

chord .4L = 9lP39',

chord i^L = 77^27'
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hypt. AK = 120k

AL = 0H6\
KL = 0p39'

AK=l^.

Z)L = 120P

AL = 2^21\

Z)L = 39P6'

AL = OHQ\

KL = 0^39'

where

And so

where, as the earth's radius,

But it was shown that

where

and therefore

where

And, of the same parts,

and, as the earth's radius,

AK=lP.
Therefore the whole line KLD, embracing the moon's distance at the observa-

tion, will be 39P45' to the 1p of AK, the earth's radius.

Now that this has been sho^\Ti, let there be the moon's eccentric circle ABC
with centre D and diameter ADC, on which

let there be the ecliptic's centre E, and the

epicycle's point of inclination F. With the

epicycle GHKL drawn about the point B,

let the straight lines GBHE, BD, and BKF
be joined. And let the moon in this obser-

vation be supposed at the point L. Let LE
and LB be joined, and let lineDM be dra^vn

from point D, and FN from point F, both
perpendicular to BE.

Since, then, at the time of the observa-

tion the number of the elongation was
78°13', therefore, through things already

seen,

angle A^5 = 156°26',

and, as supplementary angles,

angle FEN = angle DEM = 23°S^'

= 47°8' to2rt.
And so, on circles about these right tri-

angles
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because

and

And therefore

and

where

And so

PTOLEMY
arc DM = arc FN = ^7°8'

DE= EF;

arc £^M = arc ^Ar = 132°52'.

chord DM = chord FN = 47^59'

chord £^M= chord EN =110^

hypt. D^= hypt. EF =120^.

where

and

And since

we shall have, in length,

and likewise

and, by subtraction,

where

And since

we shall have, in length,

And so

where

DM = 7^Ar= 4p8',

EM =EN = 9^2r

DE= EF=10n9'

ecc. rad. J5D = 49^41'.

sq. BD -sq. DM = sq. BM,

5M = 49p31',

BE = 40H'

BN=so^sr

FN= 4:^S\

sq. ^iV+sq. FN= sq. BF,

hypt. BF= 30^54'.

FN =16^2'

a /.->

:^ '.'[Ih 'I eiTflUU iH.

1 \

hypt. BF = 120^;

and, on the circle about right triangle BFN,
8iTc FN =15°2V.

And therefore

angle FBN =l5°2r to 2 rt.

= 7°40'.

Therefore, on the epicycle,

arc/fK = 7°40'.

Again, since the moon was 262°20' from the epicycle's mean apogee at the

time of the observation, and clearly the addition to the semicircle or 82°20' from
the mean perigee K, therefore also

arc/^L = 82°20',

and, by addition,
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SiVcHKL = 90\
Therefore

angle HBL = rt. angle.

And so, since it was shown that

BE = ^OH'

where
ecc. rad. BD =49HV

and
epic. rad. BL = 5n5\

and since

sq. BL+sq. BE = sq. EL,
we shall also have, in length,

£'L = 40^25'.

The moon's linear distance at the observation is hence 40^25' to the assumed
5^15' of the epicycle's radius BL; to the 60^ of EA, the radius from the earth's

centre to the eccentric's apogee; and to the 39^22' of EC, the radius from the

earth's centre to the eccentric's perigee.

But it was shown that the moon's distance at the observation (that is, the

straight line EL) was 39^45' to the 1^ of the earth's radius. And, therefore, the

straight line EA or the mean distance at the syzygies is 59^; and EC or the mean
distance at the first and third quarters is 38^43'; and the epicycle's radius 5^10'

to the 39^45' of the straight line EL, or the moon's distance at the observation.

Which things it was required to show.

And now that the moon's distances have been shown in the manner described,

it would next be in order to demonstrate at the same time the sun's distance too,

since it is readily accessible geometrically if, in addition to the moon's distances

at the syzygies, there should be given the magnitudes of the angles at the eye in

the syzygies, subtended by the diameters of the sun, moon, and shadow.

14. On the Magnitude of the Apparent Diameters of the Sun, Moon,
AND Shadow during the Syzygies

Of the methods for such an inquiry, we rejected all those which measure these

luminaries by means of waterclocks or the times of equatorial ascensions, be-

cause of the impossibility of getting what is proposed by such means. But con-

structing ourself the four-cubit rod dioptra described by Hipparchus,^ and
making observations with it, we find the sun's diameter everywhere contained

^Pappus in his Commentary on Book v gives a description of the waterclock, and the follow-

ing description of the dioptra.

"For let there be a rod not less than 4 cubits in length and of width and thickness sufficient

to keep the rod rigid. Let its upper lateral surface

be conceived as the parallelogram AB. And let

there be a groove on it along the straight hne PO
through the middle of it, so that a Uttle block is

easily moved as we wish along the whole length

of the rod without falling from it. And let a suit-

able prism CD be added on, perpendicular to the

rod and stable, having RSD as its side toward the

block and the straight Une CE at the top of the
prism. Let there be another suitable perpendicu-
lar prism FG at one end of the rod , and let it have

a small hole, not at the rod, but in the middle like K, so that, when our eye is placed at it for
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by very nearly the same angle with no variation worthy of mention resulting

from its distances. But we find the moon's diameter contained by the same angle

as the sun^s, then, only when during the full moons it is at its greatest distance

from the earth, being at the epicycle's apogee; and not when it is at the mean
distance as in the h3^potheses of older astronomers. Moreover, we also found

these angles a good deal smaller than those handed down, and that without

using the measurement on the rod, but by calculating with lunar eclipses. For
it was easy to see when each of the diameters subtends the same angle, from the

fact that no comparative measurement is available in such a situation. But how
large they were seemed very doubtful to us since, even when the comparison is

greatest in the to-and-fro movements of the covering width along the length

from the eye to the prism, it can be off the true one. But once the moon at its

greatest distance appeared to make an angle at the eye equal to the sun's, by
means of the lunar eclipses observed at that distance we calculated the angle

subtended by the moon, and immediately we had that of the sun also. And,

again, by two eclipses set out below, we shall render the method of this general

theory very understandable.

For in the year 5 of Nabopollassar (which is the year 127 of Nabonassar,

Egyptianwise Athyr 27-28 at the end of the eleventh hour) the moon began to

be eclipsed in Babjdon; and the greatest extent of the eclipse was J^ of the di-

ameter from the south. Since, then, the beginning of the eclipse took place 5

seasonal hours after midnight, and the middle very nearly 6 hours after mid-

night which in Babylon amounted to 5+3^+3^ equatorial hours because of the

sun's true position's being 27°3' within the Ram, therefore it is clear that the

middle of the eclipse, when the greatest part of the diameter fell within the

shadow, took place in Babylon 5+}4-^}i equatorial hours after midnight, but

in Alexandria only 5 hours after. And the total time from the epoch amounts to

126 Egyptian years, 86 days, and 17 equatorial hours simply considered, but in

terms of mean solar days 16+3^+M equatorial hours. The moon's mean longi-

tudinal passage w^as thus 25°32' within the Balance, and its true position 27°3'

;

also it was 340°7' from the epicycle's apogee and 80°40' from the northern Hmit

of the oblique circle. And it is evident that, when the moon's centre (the moon
now being near its greatest distance) is 93/^° along the oblique circle from the

nodes, and when the shadow's centre lies on the great circle drawn through the

moon at right angles to the oblique circle in w^hich position the greatest obscura-

tions take place, then a quarter of the diameter falls within the shadow.

Again, in the year 7 of Cambyses (which is the year 225 of Nabonassar,

Egyptianwise Phamenoth 17-18 one hour before midnight) the moon was

eclipsed in Babylon to the extent of a half of its diameter from the north. There-

fore the eclipse also took place in Alexandria very nearly 1+3^+3^ equatorial

hours before midnight. And the total time from the epoch amounts to 224

Egyptian years, 196 days, and 103/6 equatorial hours simply considered, but 9-|-

3/^-1-3/^ hours accurately considered, because of the sun's being 18°12' within the

Crab. And so the moon's mean longitudinal position was 20°22' within the Goat,

but its true one 18°14'; also it was 28°5' from the epicycle's apogee, and 262°12'

from the oblique circle's northern limit. Therefore it is evident that, when the

moon's centre (the moon being near the same greatest distance) is 7%° along

use, the straight lines drawn from it to the moving prism CD through its side edges can con-

tain the whole apparent diameter of the sun, touching it at its extremities."
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the oblique circle from the nodes, and the shadow's centre has the position we
just described with respect to the moon's centre, one half of the moon's diame-
ter falls within the shadow.

But if the moon's centre is 93^° along the oblique circle from the nodes, it is

0°483^' from the ecliptic along the great circle drawn through itself at right

angles to the oblique circle. And when it is 7%° along the oblique circle from the
nodes, it is 0°40%' from the ecliptic along the great circle drawn through itself

at right angles to the oblique circle. Since, then, the difference between the two
eclipses embraces a quarter of the moon's diameter, and since the difference be-
tween the two distances of its centre from the ecliptic, that is from the shadow's
centre, is (7+3^+M)'> therefore it is evident the whole diameter of the moon
subtends an arc of a great circle amounting to 0°31}^'.

It is immediately easy to see that the radius of the shadow at the moon's
greatest distance subtends 0°40%'. For, when the moon's centre was that dis-

tance from the shadow's centre, it was tangent to the shadow's circle, half of the
moon's diameter being eclipsed. And the shadow's
radius is very little less than 2% times as great

as the moon's radius which is {flb%\ By means of

several other such observations we got very nearly

these same magnitudes, and w^e have used them
for other things about eclipses. We now use one
of them which Hipparchus also followed, for the
demonstration of the sun's distance to be made
in this same way, since the circles intercepted by
the cones on the sun, moon, and earth are not
appreciably different from the great circles them-
selves described on those spheres and their dia-

meters.^

15. On the Sun's Distance and Demon-
strations Related Thereto

Now that these things are given, and seeing that
the moon's greatest distance is 64p10' to the 1p of

the earth's radius because it has been shown the
mean distance is 59p and the epicycle's radius
5p10', let us find out also how great is the sun's

distance.

For let there be the great circles of the spheres

in the same plane: ABC the sun's with centre D,
EFG the moon's at its greatest distance with cen-

tre H, and i^LM the earth's with centre N. Of the
planes through the centres, let AXC be that con-
taining the earth's and the sun's, and ANC that
containing the sun's and the moon's. Let there be
the common axis DHNX; and let there be the par-
allel lines through the points of tangency, clearly

equal to the diameters as far as the senses are con-

^This demonstration in all its details for the case of the moon is given by Aristarchus in his
Treatise on the Sizes and Distances of the Sun and Moon,
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cerned: that of the sun's circle, ADC; that of the moon's circle, EHG; that

of the earth's circle, KNM; and OPR of the shadow's circle into which the

moon falls at its greatest distance. And so

where, as earth's radius,

LA/' = lP. .r';.ija<)

Then it is required to find what ratio the line DN, the sun's distance, has

to LNf the earth's radius.

Now let EGS be produced. And since we have shown that the moon's

diameter at the given greatest distance in the syzygies subtends an arc

of 0°31'20" on the circle drawn through the moon about the earth's centre, it

follows that

angle iKArG= 0°3r20''

and, as half of it,

angle HNG= 0°3r20" to 2 rt.

And so, on the circle about right triangle HGN^
arcGi7 = 0°3r20''

and, as remainder of the semicircle,

arc i/iV =179°28'40''.

And therefore
,

where

and

And so also

where

and

But since, very nearly,

therefore

Therefore

where

But

because

HS+PR = 2MN.
For, as we said, they are all parallel, and

NP =HN,
And therefore, by subtraction,

G>S = 0P56'49''

where

chord Giy = 0p32'48''

diam. GiV=120p

chord //A^=120p.

GH = Oni'^^''

earth's rad. MN = P.

PRiGH:: 2^36' : 1^,

PR = 0H5'SS\

GH+PR = lPS'ir'

HS+PR = 2^,
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And T^rym-.r^

MN:GS::CN:CG::DN: DH.
Therefore also

/^ /)^ = 0P56'49''

and, by subtraction,

HN = O^S'ir'

where
DN=1^.

And so we shall have also, as the sun's distance,

DN = 1210^

where

and
MN=1^.

And since likewise it was shown that

Pi2 = 0p45'38"

where

and since

therefore

and, by subtraction,

where

And therefore

MAT = IP,

MN :PR::NX: PX,

PX = 0P45'38",

A^P = 0P14'22"

ATX = IP.

PX= 203^50',

A^X = 268P

A^P = 64P10'
where

and
earth's rad. MN=1^.

Therefore, to the 1 of the earth's radius, we have concluded that the moon's
mean distance in«the syzygies is 59, the sun's 1210, and from the earth's centre

to the vertex of the shadow's cone 268.

16. On the Magnitudes of the Sun, Moon, and Earth

Furthermore, the ratio of these solid magnitudes is easily and immediately
seen from the diameters of the sun, moon, and earth.

For since it has been shown that

moon's rad. GH = 0n7'SS'\

and
1 ol biiiiol 99snoq - HN= 64H0'

whi6f6 "^ "' '

earth's rad. MN^l^,
and since n'tiniitj

HN:GH::DN: CD,
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therefore, having shown

DN =1210^,

we shall also have
sun's rad. CD = 5J^p.

And, therefore, the ratios of the diameters will be the same.

The earth's diameter will hence be very nearly 3%, and the sun's 18^, to the

moon's 1. Therefore the earth's diameter is 3% times as great as the moon's, and
the sun's 18^ times as great as the moon's, and very nearly 5}^ times as great

as the earth's. Accordingly, since the cube of 1 is 1, and the cube of 3% is very
nearly 3934^ and the cube of 18^ likewise very nearly 6644J^, therefore we have
concluded [Eucl. XII, 18] that the earth's solid magnitude is 3934, and the sun's

66443^, to the moon's 1. Therefore the sun's solid magnitude is very nearly 170

times the earth's.

17. On the Particular Parallaxes of the Sun and Moon
Now, with these things supposed in this way, it would next follow that we

show in addition and very briefly how one could compute, from the distances of

the sun and moon, their particular parallaxes—and, first of all, those considered

on the great circle drawn through the zenith and themselves.

Again, then, let there be in the plane of this great circle the earth's great circle

ABf the circle at the sun or moon CD, and

the circle EFGH to which the earth has the

ratio of a point ; and let K be the centre of

them all, and RACE the diameter through

the zenith points. With arc CD cut off from

the zenith C at 30^ as an example, again let

KDG and ADH be joined; and from A let

AF he drawn parallel to KG, and AL per-

pendicular to it.

Now, since the distance of each of these

luminaries is not always the same, and

since the difference of the parallaxes result-

ing from this cause will be, for the sun, alto-

gether small and imperceptible because its

circle's eccentricity is small and its distance

great, but since for the moon it would be

quite perceptible both because of its epicy-

clic motion and because of the epicycle's movement on the eccentric which

makes a considerable difference at either distance, we shall show the sun's

parallaxes only in the one ratio (I mean the ratio of 1210 to 1) and the moon's

in those four ratios which will be the more accessible to successive calculations.

Of these four distances we have taken, first, those two which result from the

epicycle's being at the eccentric's apogee; and, of these two, first the distance to

the epicycle's apogee which we have already shown to be 64^10' to the 1p of the

earth's radius, and second the distance to the epicycle's perigee found to be

53^50'. The remaining two we have taken when the epicycle is at the eccentric's

perigee; and again, of these, first the distance to the epicycle's apogee which was

found (as already shown) to be 43p53' to the P of the earth's radius, and second

to the epicycle's perigee found to be 33p33'.
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Since then

arc CD = 30°,

therefore also

angle CivZ) = 30°

= 60° to2rt.
And so, on the circle about right triangle AKL,

arc.4L = 60°

and, as remainder of the semicircle,

arc KL = 120°.

And therefore

chord.4L = 60P

chord KL = 103p55'

diam. .4^ = 120^.

AL = 0^30'

KL = 0^52'

AK=1^.

where

i\jid therefore

where

And, for the sun's distance,

KLD = 1210^;

and, for the lunar distances, at the first term
KLD = 64:nO';

at the second term
KLD = 53^50';

at the third term
KLZ) = 43^53';

and at the fourth term
KLD = 3S^SS\

Therefore, since the remainder, line LD, differs from ^D by an indistinguish-

able amount, for the solar distance,

AD = 1209^8';

and for the lunar distances, at the first term
AD = rj3plS';

at the second term
AZ) = 52P58';

at the third term
AD = 43pr;

and at the fourth term
AD = 32^41'.

And so, in the same order to avoid repetition,

.4L = 0p2'59",

AL = 0po6'52'',

AL= 1^7'5S\
AL=1P23'41",

and
AL = 1P50'9",

where
hypt. AD = 120P.
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And, therefore, on the circle about right triangle ADL,
arc AL = 0°2'50'',

arc AL = 0°54'18'',

arcAL=l°4'54",

arc AL = 1°20',

and

arc ALm°45'.

And, since

angle ADB = angle FAH,

therefore

angle FAH = 0''2'bO'' to 2 rt.,

= 0°r25'';

angle FA// = 0°54'18'' to 2 rt.,

= 0°27'9'';

angle FAH = r^'5^'' to 2 rt.,

= 0°32'27'';

angle FAJ^ = r20' to 2 rt.,

= 0°40';

and

angleFA/f=r45'to2rt.
= 0°52'30''.

And so—since the point A is indistinguishable from the center Ky and arc

FGH is not appreciably greater than arc GH because of the whole earth's being

in the ratio of a point to circle EFGH—arc GH of the parallax will be, for the

solar distance, 0°1'25''; and for the lunar distances, at the first term 0°27'9", at

the second term 0°32'27'', at the third term 0°40', and at the fourth term
0°52'30''. Which it was required to show.

In the same way, for the other distances from the zenith, we calculated the

resulting parallaxes for each term at intervals of 6° up to the quadrant of 90°,

and we drew up a table for the determination of parallaxes, again in 45 rows and

9 columns. In the first column we put the 90° of the quadrant making them in-

crease by 2°; in the second column, the sixtieths of the solar parallaxes corre-

sponding to each section ; in the third column, the moon's parallaxes at the first

term; in the fourth, the excesses of the second term's parallaxes over the first

term's; in the fifth, the parallaxes at the third term; and in the sixth, the excesses

of the fourth term's parallaxes over the third term's.

For example, compared to 30° there is the sun's 0°r25'', then next the 0°27'9"

of the moon's first term, and then 0°5'18'' which is the excess of the second term

over the first, then again the third term's 0°40', and next 0°12'30'' which is the

excess of the fourth term over the third. And in order to find easily and sys-

tematically the parallaxes in the distances between the apogees and perigees

proportionate to the particular sections, from the parallaxes at the four terms,

by comparing the sixtieths, we added the remaining three columns for com-

paring such differences as were calculated in the following way:

Let there be the moon's epicycle ABCD about E as centre; and let F be the
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centre of the earth and the ecliptic. With AEDF joined,

let FCB be dra\ni, and BE and CE joined. And let EG
B be drawn from B, and CH from C, perpendicular to ^D.

First let the moon be supposed the distance of arc AB
from the true apogee at A considered relative to centre

F. And let the arc be 60°, for example, so that

angle 5£;G = 60°

= 120° to 2 rt.

And so, on the circle about right triangle BEG^
arcB(?=120°

and, as remainder of the semicircle,

arc£'G = 60°.

And therefore

chord £G = 103°55',

chord £'G = 60P

where

diam. BE =120^.

But, when the epicycle's centre E is at the eccentric's

apogee,

EF :BE :: 60^ : 5p15'.

And therefore

i5G = 4p33',

EG = 2^SS',

GEF = Q2^SS',

where
BE = 5n5\

And, since

sq. FG+sq. BG = sq. BF,
therefore

BF = 62P48'

where, as the first term's distance,

AF= 65P15', ^i

and, as the second term's distance,

D/^= 54^45',

and, as the difference between the two terms,

AD = IQ^Z0'.

And therefore the difference at B wdth respect to the first term's distance is 2^27'

to the whole difference's 10p30'.

And so the difference at that time will be 14 to the whole difference's 60.

Therefore we shall place this 14 in column 7 in the row^ containing half the num-
ber 60 (that is, opposite 30) because the whole 90° in the first column of the

table are only half the 180° from A to D.

In the same way, if we suppose

arc CD = 60°,

then it will be shown that -^

C^ = 4P33',

EH = 2^38', >".

and, by subtraction, 1

FH-=^bl^22'
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where

rad. C^ = 5P15'.

And likewise

hypt. CF = 57^33'.

Again subtracting these from the first term's 65^15', we shall get the remain-

der 7^42' which is 44 sixtieths of the whole difference. And we place this 44 in

the same column opposite the number 60 because the arc ABC is 120°.

Again, with the same things assumed, let the centre E be conceived at the

eccentric's perigee, in which position the third and fourth terms are contained.

Since, then, at this position

EF '.BE \\m : 8,

therefore, whenever it is assumed
I

arcAB = 60°

or

then

or

where

and

And

or

And so, with

and

likewise also

arc Ci) = 60°,

BG = Q^56'

BE = S^

EF= 60K

EG= 4.^

EH= 4^.

FG = 64P

hypt. B7^= 64p23',

hypt. CF = 56^26'

where the third term's

and, as difference betAveen the third and fourth term,

AD = 1&\

Therefore, if we subtract 64^^23' from 68p, we shall have left 3p37' which is 13

and 33' sixtieths of the whole difference's 16^. And we shall place this likewise

opposite the number 30 in column 8. And if we subtract 56^26' from the same
68p, we shall have left 11p34' which is 43 and 24' sixtieths of the whole differ-

ence's 16p. And we shall likewise place this opposite the number 60 in column 8.

The differences resulting from the moon's movement on the epicycle will be

set out by us in this way, and we shall systematically handle those resulting

from the epicycle's passage on the eccentric in the following manner:

Let there be the moon's eccentric circle ABCD with centre E and diameter
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AEC, on which let there be conceived the ecliptic's centre F. And with BFD
drawn, again let each of the angles AFB and CFD be 60°. This takes place if the

elongation is 30° when the epicycle's centre is at B, and 120° when at D. And,
with BE and DE joined, let the straight line EG be drawn from E perpendicular

to BFD.
Now, since

angle^F5 = 120° to2rt.,

therefore, on the circle about right triangle EFG^
arc ^G= 120°

and, as remainder of the semicircle,

arcFG= 60°.

And therefore

chord £^G=103p55',

where

And so

where

and

And since

therefore

And so, by addition,

chord re = 60P.

hypt. EF =120^.

EG = S^56\

FG = 5nO'

1. betw.c.£^F= 10^19'

ecc. rad. 49^41'.

sq. BE— sq. EG = sq. BG,

BG=DG= 'i8^b3'.

where, for the first pair of limits,

AF = 60^

and, for the second pair of limits,

CF= 39P22',

and the difference between them is 20^38'. Also, by subtraction,

DF = 4c3HS\

Since, then, 60p exceeds 54p3' by 5^57' which is 17 18' sixtieths of the Avhole

difference's 20^38', and exceeds 43p43' by 16p17' which is 47 21' sixtieths of

20p38', we place the 17 and 18' in column 9 opposite number 30 of the elongation

and the 47 and 21' opposite the number 120 (or, rather, 60, because the elonga-

tion of 60° is equal in distance to that of 120° when the perigee is at 90°).

For the other arcs we calculate in this same way the resulting sixtieths of the

differences according to the three differences just set out, by sections of twelve

which become sections of six for the numbers in the table, the 180 parts from the

apogees to the perigees corresponding to the 90 parts in the table. And we have
put down for each of the numbers given the corresponding sixtieths all worked
out. Those corresponding to the parts in between these we have worked out ac-

cording to the regular increase of the sixth parts of the difference ; for there is no
discrepancy worth mentioning between those so gotten and those derived geo-

metrically for differences of this size, either in the sixtieths or in the parallaxes

themselves. And here is the table:
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18. Parallactic Table

1
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19. On the Determination of Parallaxes

Whenever we Avish to determine what parallax the moon displays in each of

its passages—first along the great circle through itself and the zenith—we shall

look to see how many equatorial hours it is from the meridian of the given

parallel. And taking the number found to the Table of Angles of the proper

parallel and of the proper sign [Chap. 13, Book ii],^ we shall find in the second

column the degrees corresponding to that hour either enthe or in proportion to

the part of the hour. These are the degrees of the moon's distance from the

zenith along the great circle dra^vn through them both. And carrying this num-
ber to the Table of Parallaxes, we shall look to see what row of the first column
it falls in, and we shall note down each of the numbers corresponding to it in

the four successive columns following the solar parallaxes—that is, columns

3, 4, 5, and 6.

Then, taking the anomalistic number determined for that hour Avith respect

to the true apogee, either the number itself or (if it exceeds 180°) the difference

between it and 360°, we carry the half of the number of the degrees so obtained

to the same numbers [in column 1], and we look to see how many sixtieths in

columns 7 and 8 correspond to that number. As many sixtieths as are found in

column 7, just so many sixtieths shall we take of the difference in column 4, al-

ways adding it in turn to the parallax in column 3. And as manj^ sixtieths as are

found in column 8, just so many sixtieths shall we take of the difference in

column 6, always adding it in turn to the parallax of column 5. And we shall

set out the difference of the two parallaxes gotten in this way.

Next, taking the number of degrees of the moon's mean distance either

from the sun or from the point diametrically opposite according to whichever

yields the nearer distance, we shall also carry these to the numbers in column
1. And again, as many sixtieths as correspond in the ninth and last colunm,

just so many sixtieths shall we take of the difference between the paral-

laxes set out, always adding the result to the lesser of the two parallaxes

—

that is, to the parallax determined from columns 3 and 4.^ And we shall

have the total parallax the moon displays along the great circle through itself

and the zenith.

For solar echpses, the solar parallax simply considered is immediately ob-

tained at the similar position from the degrees in column 2 corresponding to the

magnitude of the arc from the zenith.

^To use this table with accuracy, the moon must be supposed at the beginning of the sign

and to be on the ecliptic.

^Here, as in the preceding paragraph, the procedure is prac-

tically true, not strictly and mathematically true. Ptolemy, here
and in the preceding paragraph, is supposing that, between the
smaller parallax at the greater distance and the larger parallax at
the lesser distance, the differences in the parallaxes are propor-
tional to the differences in the distances.

Thus, consider the centre of the earth K, the observer's eye A,
the zenith point C, and the three distances of the moon, D, D', and
D" with the three corresponding parallactic angles ADK, AD'K,
and AD"K. The supposition is that

angle AD'K — angle AD"K : angle ADK — AD"K\\ KD' —
KD : KD" — KD, or that

angle D''AD' : angle DWD : : D''D' : D''D.
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Now, to determine also the parallax displayed at that time with respect to

the ecliptic, longitudinally and latitudinally, we shall take again the same equa-
torial hours of the moon's distance from the meridian to the same part of the

Table of Angles. And we shall look for the number of degrees corresponding to

the number of hours, in column 3 if the moon is antemeridian, but in column 4
if the moon is postmeridian. If it is within 90°, we shall write it down; if above
90°, we shall write down what is left from 180°. For the lesser of these angles

about the intersection wdll be just so many degrees to one right angle's 90°.

Then, doubling the number of degrees noted dowm, we carry it to the Table of

Chords, the number itself and the remainder from 180°. And whatever ratio the

chord subtending the arc of twice the number of degrees has to the chord sub-

tending the remainder of the semicircle, that ratio the latitudinal parallax has

to the longitudinal, since arcs of such size do not differ appreciably from their

chords. Then, multiplying the numbers of the corresponding chords by the par-

allax found on the great circle drawn through the zenith, and dividing the result

by 120, we analytically derive the degrees resulting from the division as the de-

grees of the particular parallax.

In general, in the case of the latitudinal parallax, whenever the zenith is

farther north on the meridian than the point of the ecliptic then culminating,

the parallax will be to the south of it ; and whenever the zenith is farther south

than the point of the ecliptic culminating, the latitudinal parallax will be to the

north. In the case of the longitudinal parallaxes, since the magnitudes of the

angles laid out in the table contain the northern angle of the two angles con-

tained by the eastward section of the ecliptic to either side of it, when the lati-

tudinal parallax is to the north (if the angle in question is greater than a right

angle) the longitudinal parallax will be westward ; if less than a right angle, east-

ward. But, contrawise, when the latitudinal parallax is to the south, if the angle

in question is greater than a right angle, the longitudinal parallax is eastward;

if less than a right angle, westward.

Now, we have used the things previously demonstrated concerning the sun

as if it displayed no sensible parallax—not because we were unaware that its

parallax when later worked out would make some difference in these matters,

but because we did not think any appreciable error would follow from this with

respect to the appearances, so as to make it necessary to change any of the de-

tails worked out already and without regard to this small difficulty. Likewise,

with respect to the moon's parallaxes, we were satisfied with the arcs and angles

made with the ecliptic by the great circle drawn through the horizon's poles in

the place of those considered with respect to the moon's oblique circle. For the

difference resulting at the ecliptic sj^zygies would be imperceptible, and setting

them out requires many proofs and long calculations, the distances from the

nodes not being fixed for each of the moon's passages in the zodiac, but suffering

various changes in magnitude and position.

For an easy understanding of what has been said, let there be taken the sec-

tion of the ecliptic ABC, and the section of the moon's oblique circle AD; and
let the point A be supposed the node, and D the moon's centre. From D let there

be drawn the arc DB perpendicular to the ecliptic. Let the point E be the hori-

zon's pole, and let there be drawn through it EDF as a section of the great circle

through the moon's centre, and section EB through B. And let the moon display

a parallax of arc DG, and let the arcs GH and GK be dra^vn through G perpen-
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dicular to the arcs BD and BF so that, of the lon-

gitudinal distances from the node, arc AB is the

true one, and AK the apparent one; and, of the

latitudinal distances from the ecliptic, the true one
is arc BD and the apparent one KG\ so that, of the

parallaxes from DG considered with respect to the

ecliptic, the longitudinal is equal to HG and the

latitudinal to DH.
Now, since the parallax DG is found by the

means presented above when arc ED is given, and
since each of the parallaxes DH and HG is found
when angle CFE is given, and since we previously

demonstrated the angles and arcs of the great

circle through the zenith with respect to given points on the ecliptic and thus we
have onl}^ point B of the ecliptic given, it is clear that we are using arc EB in-

stead of arc ED, and angle CBE instead of angle CFE.
Hipparchus tried to make this correction, and he appears to have attacked

the problem in an ill-considered and illogical fashion. For, first, he used one
distance AD, and not all or several distances as would have been consequent

upon his desire to be exact in small things. Then, too, he failed to notice that he
was falling into several absurdities. For after he himself has already demon-
strated the arcs and angles considered with respect to the ecliptic, and had

demonstrated that, when arc ED is given, arc DG is gotten (for he demonstrates

this in Book i of his Treatise on Parallaxes), he uses arc EF and angle EFC as

given for getting arc ED. Thus in Book ii, after having calculated arc FD, he

assumes the remainder ED; and he came to these conclusions because he did not

notice that the point B, and not F, is given on the ecliptic ; and therefore arc EB
is given and not arc EF, and angle EBC is given and not EFC. Therefore, to

make a partial correction, he had upset everything. For there is quite a sensible

difference between arcs ED and EF, the latter being much less given than the

former. But since actually BE is given, the difference with respect toED will be

at most only the magnitude of arc BD for each of the distances from the node.^

Now we can see what folloAvs from the correction rightly made, in this way:

^For BD would always be less than DF, and BE in nearly all cases would differ from DE
by less than BD.
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Let there be the ecHptic ABC and the circle DBE at right angles to it. And
let the moon, either at D or at E, be distant from the ecliptic ABC by a given

arc, such as BD and BE, so that the arcs from the zenith to the ecliptic point B
and the angles at B are given, and the arcs and angles with respect to D or E
are sought.

If, then, the ecliptic has a position such that it is at right angles to the great

circle drawn through the point B and the point F, which is to be taken at the

horizon's pole (for example the great circle FB), then, clearly, it will coincide

with arc DE, and the angle considered at D and E will be no different from that

supposed at B. For they are right angles and therefore relative to the ecliptic.

And arc FD will be less than arc FB by arc BD,
and arc FE greater by arc BE, with arcs BD and
BE giA^en.

Furthermore, if the ecliptic ABC coincides with

the great circle drawn through the zenith, and if

(assuming A to be the horizon's pole) we join the

arcs AD and AE, they will differ from arc A5, and
the angles BAD and BAE will differ from the angle

which in the former case did not exist. But arcs

AD and AE are given, since they are as straight

lines very nearly, from arcs AB, and BD and BE
which are given. For the sums of their squares give

the squares on AD and AE. And angles BAD and
BAE follow from them.

But with the ecliptic's position inclined, if from F the horizon's pole we join

FB, FGD, and FEH, then both arc FB and angle ABF are given; and again,

certainly, arcs BD and BE. And arcs FD and FE, and angles AGF and AHF
must be given; and they are given, once DK and
EL are drawn perpendicular to FB.

For, since angle ABF is given and angle ABE is

always a right angle, the right triangles BKD and
BLE are given and also the ratio of FB to the sides

about the right angles, since it is given relative to

the hypotenuses DB and BE. And so the hypote-

nuses FD and FE are given, and therefore also

angles DFK and EFL which are the differences

with the angles desired. For angle AGF is greater

than angle ABF by angle DFB; and angle AHF is

less than angle ABF by angle EFL.
It is clear that, with the same latitudinal dis-

tance supposed, the greatest difference between

the angles occurs when the point B itself is the zenith. For with no angle at B,

the arcs from the zenith to D and E make right angles with the ecliptic. The
greatest difference between the arcs occurs when the position is the same; for

again, with no arc at B, the arcs at D and E will be as great as those of the

moon's latitudinal passage ; and also when the great circle through the zenith is

at right angles to the ecliptic. For, again, arcs FD and FE will differ from FB by
the whole latitudinal passage. But in the other positions with DE inclined to

FB, the differences of both the arcs and angles will come to less. Therefore, when
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the moon is distant 5° in latitude from the ecliptic, the greatest difference of the

parallaxes will be very nearly 10 sixtieths, the 5° of the greatest difference in arcs

making just this many sixtieths of parallax in the case of the greatest excesses

and least distances. But when the moon is at its greatest distance in the solar

eclipses and the latitudinal passage is very nearly 13^°, then the difference of

parallax will be the same number of sixtieths, Ij^, which rarely happens.

Now, the method for the correction of the angles and arcs (for those who wish

it for such small ratios) would be available as follows: In general, doubling the

number of the angles, we take it to the Table of Chords; and multiplying the

numbers corresponding to it and to its supplement by the degrees of latitude,

we write down 3^f20 oi each.^ And we subtract the resulting number for the

first angle from the given arc from the zenith when the moon is on the same side

of the ecliptic as the zenith ; and we shall add when it is on the opposite side of

the ecliptic. And squaring the result and adding to the square from the supple-

ment, we shall have the arc required by taking the square root of this sum.
Then multiplying the numbers of the second or supplementary angle by 120,

and dividing the results by the arcs just found, we take the halves of the arcs

corresponding to these numbers in the Table of Chords and add them to the arcs

of the original angle if the corrected arc is greater; and we subtract, if less. And
thus we have the corrected angle. ^

As an example, let the arc FB of the last figure be supposed 45°, the angle

ABF 30°, and each of the arcs DB and BE 5° in latitude.

Now, since a chord of 60^ corresponds to double 30°, or 60°, and a chord of

very nearly 104^ to the supplement or 120°, therefore

BL:BE::BK:DK::QO: 120

where
hypt. = 120.

Then, multiplying each of the numbers by the 5° of the hypotenuse and taking

3^20 t)f the results, we have
arcBJ^ = arc5L = 2°30',

arcZ)ii=arcKL = 4°20'.

Then first we subtract the 2°30', if the moon is supposed at point E, from the
45° of arc FB because the moon's latitudinal distance is on the same side as the

zenith—that is, because they are both either north or south of the ecliptic. And
we have

arci^L = 42°30'.

And if the moon is at D, we add to it because of the contrary situation, and we
have

arcFi^ = 47°30'.

Then, adding the square of FL to the square of LE, and the square of FK to the

square ofDK (that is, the square of 4°20' to the square of 42°30', and the square

^For in the last figure angle LEB equals angle AFB, angle LBE equals 90° less angle AFB.
If we now conceive a circle about right triangle BLE, considering it to be rectilinear for the

small arcs, we shall have the values of BL and LE in terms of the chords where BE equals 120.

Let BL be s. But we know BE is so many degrees of arc, say n. Therefore, if x is the number
of degrees of BL to be found,

X :n =s : 120.

Whence
120 a; = n . s.

The same kind of calculation is used in the next paragraph.
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of 4°20' to the square of 47°30') and taking the square roots of the results, we
have

arc^F= 42°46',

arcZ)FN47°44'.

Finally, multiplying 4°20' by 120 and dividing separately by 42°46' and by
47°44', we have

chord ^Lm2p8'
where

hypt. EF = 120^;

and
chord DK={10+y2+}4y

where
hypt. Z)F=120P.

An arc of 11%° corresponds to the chord of 12p8', and an arc of very nearly

1034° corresponds to the chord of (10+3^+J/3)p. Taking the halves of these

arcs, on the one hand we subtract the 5^° of angle EFL from the 30° of angle

ABF, because arc EF is less than arc BF, and we have

Single AHF = 24:}i\

On the other hand, if we add it to the same 30° because arc DF is greater than

arc BF, we have
angle AG/^ = 35K°.

Which it was required to work out systematically.



BOOK SIX

1. On Conjunctions and Full Moons

The treatment of the ecliptic syzygies of the sun and moon comes next in order,

and this in turn is preceded by the examination of the conjunctions and full

moons truly considered. For a first understanding of such things, we think that

the periodic and irregular movements already demonstrated for each of the

luminaries are sufficient. By means of these it is possible, for anyone sufficiently

industrious, to determine their particular positions each time, and to calculate

the places and times of the future syzygies—both those taken with respect to

mean movements and the true ones with the anomaly. Nevertheless, to have
them at hand systematically, we first set out the times and places of the periodic

conjunctions and full moons, and the moon's anomalistic and latitudinal posi-

tions at the mid-eclipses. For by means of these last the correction for the true

syzygies is effected, and from these the correction for the ecliptic syzygies. And
we built tables of the following kind for such an examination.

2. Construction of the Tables of the Mean Syzygies

First, to establish the epochs of the months (like the other epochs, from the

year 1 of Nabonassar), we took the surplus of the noon elongation, 70°37', al-

ready demonstrated for the first of the Egyptians' Thoth, and we found 5 days
47' 33'' of mean movement of elongation corresponding to it; so that by just so

much time had the mean conjunction preceded noon of the first day of Thoth.

And the next one, therefore, took place very nearly 23 days 44' 17" after that

same midday—that is, 44' 17" of a day after noon of the 24th. But in 23 days 44'

17" the sun's mean movement is 23°23' 50", and the moon moves 310° 8' 13" of

anomaly and 314° 2' 21" in latitude. Furthermore, at noon of the first of Thoth,

the sun's mean position was 0° 45' within the Fishes and, for greater facility,

265° 15' from its apogee, while the moon's position in anomaly was 268°49' from
the epicycle's apogee, and 354° 15' in latitude from the oblique circle's northern

limit. Therefore, at the time of the mean conjunction after the first of the month,
the sun and moon were both 288°38'50" in mean movement from the sun's apo-

gee—that is, 5°30' within the Twins; and the moon was 218°57'15" of anomaly
from the apogee and 308°17'21" in latitude from the northern limit.

Now, we shall first arrange a synodic table, again in 45 rows and 5 columns.

For the first row we shall place, in the first column, the first year of Nabonassar;

and, in the second column, the 24 days 44' 17" of Thoth since the extra sixtieths

are from noon of the 24th. In the third column we shall place the 288°38'50" of

the mean position from the sun's apogee; in the fourth, the 218°57'15" from the

apogee of the lunar anomaly; and, in the fifth, the 308°17'21" from the northern

limit of latitude.

Since, moreover, in half a mean month's time there are contained very nearly
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14 days 45'55'', 14°33'12" of solar position, 192°54'30" of lunar anomaly, and
195°20'6'' of latitude, we shall subtract these numbers from those of the con-

junction first given ; and we shall arrange the remainders in a second and similar

table, which will be plenilunar, in the same way as before. And there are left 9

days 58'22'', 274°5'38" from the sun's apogee, 26°2'45" of anomaly from the

moon's apogee, and 112°57'15" in latitude from the northern limit.

And since, in 25 Egyptian years, whole months less 2^7"5'" of a day very

nearly are completed, and the sun adds on in mean movement (once and above

complete circles) 3o3°52^34^^13^^', and the moon 57°2m4^^1*^» of anomaly and

] 17°12^9'^54^^^ in latitude, we shall increase the first columns of the two tables

by successive additions of 25 years, the second columns we shall successively de-

crease by 0°2^7"5"', and of the rest we shall successively increase the third by
353°52'34iil3i", the fourth by 57°2VU^n^^\ and the fifth by 117°12i49"54ii'.

Following these, we shall arrange a table by years in 24 rows and another by
months in 12 rows, each of them with as many columns as the first tables. And,

in the case of the table by months, for the first row, we place in the first column

the first month; in the second column the 29 days 31^50^*8^^20^^; in the third the

total 29°6*23**1"' of the sun for that much time; in the fourth the 25°49*0"8"^

of the moon's anomaly; and in the fifth the 30°40*14**9'*' in latitude. And we
successively increase these by these same numbers of the first row.

In the case of the table by years, for the first row, we place in the first column

the first year; in the second the 18 days 53*52"48"* additional in 13 months; in

the third the 18°22*59"18"* of the solar surplus for that much time; in the fourth

the 335°37*1**51»** of lunar anomaly; and in the fifth the 38°43*3"51»** in latitude.

With a view to setting out the first syzygy following upon the whole Egj^ptian

years, we also successively increase at one time by the thirteen-month surplus

already given, and at another by the twelve-month surplus which comes to 354

days 22*1"40"S to 349°16*36"16*" in solar position, to Z09°4SnH2^''^ in lunar

anomaly, and to 8°2*49*^2*" in latitude. Nevertheless it will sufl&ce to take the

tabulated numbers out to the second sixtieths. And here is the result reduced

to tables:

'1 .obij

-nfr:

ii6l
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3. Ta9LE of Conjunctions
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Yearly Surpluses at Conjunctions and Full moons

1
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4. How TO Locate the Periodic and True Syzygies

Now, whenever we wish to get the mean syzygies for some one of the required

years, we calculate how far the supposed year is from the year 1 of Nabonassar.
And looking to see which rows of either of the first two 25-year tables together

with the third table's years contain that number of years, we add the corre-

sponding numbers in each of the columns of the two rows : for the synodic syzy-

gies those from the first table to those from the third, and, for the plenilunar

syzygies, those from the second table to those from the third. From the sums in

the second column we shall have the time of the syzygy from the beginning of

that year: for instance, if they add up to 24 days 44', then 44 sixtieths of a day
after midday of Thoth 24; and again, if they add up to 34 days 44', then the

same sixtieths of a day after midday of Pleophi 4. From the third column we
shall have the degrees from the sun's apogee ; from the fourth, the degrees from
the apogee of the moon's anomaly; and, from the fifth, the degrees from the

northern limit of latitude.

Accordingly, we can readily calculate those that follow, whether we wish to

get them all or some of them, through the proper sums in the fourth or monthly
table, having changed the times, for greater facility, from the sixtieths of a day
to equatorial hours. The resulting surplus of hours will be as of regular solar

days, for the surplus taken seasonally is not always the same, but as of irregular

solar days. And then we shall correct this by estimating the difference, sub-

tracting it from the mean sum if the surplus of time for the irregular interval is

greater, and adding it to it if it is less.

Now, once the synodic or plenilunar date considered with respect to mean
passages has been gotten in this way along with the anomalies for each of the

luminaries, it will be very easy to get the date and place of the true syzygy, and
even the moon's latitudinal passage, from the combination of both anomalies.

For in each case we examine the true passage of the sun, moon, and latitude at

that periodic time by means of the addition-subtraction obtained. And if they

are found to be at the same degree or directly opposite, we also have the time of

the true syzygy; and if not, taking the degrees of the interval between them and

adding to them a twelfth of them\ we see in how many equatorial hours the

moon will move that number of degrees. If the moon's true passage is less than

the sun's, we add that number of hours to the periodic time; and if greater, we
subtract it. And thus, if the moon's true passage at the periodic time is less than

the sun's, we add the degrees of the interval between, together with the twelfth

of them to the moon's true passage both in longitude and latitude; and if greater,

we subtract them. In this way we shall have the time of the true syzygy and

very nearly the moon's true passage on its oblique circles.

Now, the moon's hourly irregular movement at the syzygies is each time

gotten in this way. Carrying the number of anomalistic degrees for the supposed

date to the Table of the Moon's Anomaly, we take from the excess of the addi-

tion-subtractions lying opposite it the difference belonging to one degree of anom-

^That is, the number of degrees between them if the syzygy is synodic; between one of

them and the point opposite the others, if the syzygy is plenilunar. Now while the moon
moves along the echptic nearly 13°, the sun moves nearly 1°, or the moon moves thirteen

times as fast. And while the moon moves that 1° the sun again 1/13°. Therefore, for all

practical purposes, 1/13° is 1/12 of the original 13°. This approximation is even truer for the

smaller numbers involved here. See Chapter 5.
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aly. This difference we multiply by the hourly mean movement of anomaly
which is 0°32'40''0"'. If the anomalistic number is in the rows above the greatest

addition-subtraction, we subtract this product from the hourly mean movement
in longitude which is 0°32^56'^0"'; and if it is below, we add it. And we have, as

a result, how much the moon moves irregularly in longitude in one equatorial

hour at that particular time^

The time of the true syzygies for Alexandria will be gotten systematically by
us in this way, because all the epochs have their hours established with respect

to the meridian through Alexandria. And it is easy from the times in Alexandria

to find the times which wall result in any region for the same syzygy, given the

number of hours of its distance from that meridian. For, if, from the difference

of the localities, we consider the meridian through the place required, then, by
as many degrees as it differs from that through Alexandria, by just so much time

later will the appearance seem to be observed if the meridian through the place

required is east of that through Alexandria; but by so much earlier if west of it,

with fifteen time-degrees still making, of course, one equatorial hour.

5. On the Ecliptic Limits of the Sun and Moon
Now that these things have been worked out, the next job it to present those

matters having to do with the ecliptic limits of the occultations of the sun and
moon, so that, even if we do not choose to compute all the periodic syzygies but

only those which can fall within the zone of ecliptic markings, we can have ready

to hand a discrimination of this kind from the moon^s mean latitudinal passage

for each of the periodic syzygies.

Now, in the preceding Book, we have shown that the moon's diameter sub-

tends at its greatest an arc of the great circle drawn about the ecliptic's centre

equal to 0°31'20'', calculating it to be such by two eclipses which occured at the

apogee of its epicycle. Since we now wish to get the greatest limits of the ecliptic

syzygies, and since these occur when the moon is about the perigee of its epi-

cycle, we shall show by means of two eclipses observed near the perigee (for the

proof of these things would be more certain by means of their appearances)

^This description of the method by Ptolemy is far from clear. Theo of Alexandria in his

Commentary on Book V gives a better one as follows:

"For taking the anomalistic number ... he carries it to the Table of the Moon's Simple
Anomaly. And taking the difference of the numbers lying in a hne with the nearest anomaUstic
numbers greater and less than it, he divides it by the difference of the common [i.e., anomaUs-
tic] numbers. For example, if the anomalistic number is 33°, taking the 2°19' corresponding

to 30° and the 2''44' corresponding to 36°, he finds their difference which is 0°25'. And dividing

this 0°25' by the difference between 30° and 36° (that is, by 6) he gets 0°4'24"; and this is the

difference belonging to one degree of the anomaly. And multiplying 0°4'24" by the 0°32'40"

of the mean hourly movement of anomaly, we subtract the product from the hourly mean
movement in longitude of 0°32'56'' if the given anomaUstic number is in the rows above the

greatest addition-subtraction—that is, from 1 to 96 and from 264 to 360. But if it is from
96 to 180 and from 180 to 264, or in the rows below the greatest addition-subtraction, we shall

add it to the 0°32' 56^."

Theo of Alexandria goes on to give the reasoning behind this method. But it is clear from
the method itself. One finds the average change along the ecUptic affected by a degree of

anomaly for the section of the anomaly the moon happens to be at. This, being multipUed by
the number of degrees of anomaly the moon moves in one hour, becomes the change produced
along the ecUptic for an hour's movement in anomaly at that particular section of the epicycle.

It can, of course, only be approximate. This hourly change is then added to or subtracted

from, as the case may be, the moon's mean movement along the ecUptic.
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how much of an arc the moon's diameter Ukewise intercepts at this point.

In the year 7 of Philometor then, {i. e., the year 574 of Nabonassar, Egyptian-

wise Phamenoth 27-28 from the beginning of the eighth hour to the end of the

tenth hour) , in Alexandria the moon was echpsed up to 7 digits from the north.

Now, the middle occurred 23/2 seasonal hours after midnight (or 2J^ equatorial

hours, because of the sun's true position's being 6°4' within the Bull). And the

time from the epoch to the middle of the eclipse comes to 573 Egyptian years,

206 days, and 143^^ equatorial hours simply considered but only 14 with respect

to regular solar days. And for this much time the mean position of the moon's

centre was 7°49' within the Scorpion but its true position 6°16'; and its centre

was 163°40' from the epicycle's apogee and 98°20' from the northern limit of the

oblique circle. Therefore it is evident that, when the moon's centre, being near

its least distance, is 8°20' from the nodes along the oblique circle, and the shad-

ow's centre is on the great circle drawn through the moon's centre at right angles

to the oblique circle at which passage the greatest shadowings are effected, then

H~I~K2 of its diameter falls within the shadow.

Once again, in the year 37 of the Third Callippic Period (which is the year 607

of Nabonassar, Egyptianwise Tybi 2-3), the moon began to be eclipsed at the

beginning of the fifth hour in Rhodes and was obscured at the most 3 digits from

the south. Here once more the beginning of the eclipse occurred two seasonal

hours before midnight, which were 2}4 equatorial hours both in Rhodes and in

Alexandria because of the sun's true position's being 5°8' within the Water
Bearer, and the middle (when it was obscured the most) occurred very nearly

1+H+M equatorial hours before midnight. And here the time from the epoch

to the middle of the eclipse adds up to 606 Egyptian years, 121 days, and 103^^

equatorial hours considered both simply and with respect to regular solar days.

And for this much time the mean position of the moon's centre was 5° 16' within

the Lion, but its true position 5°8'; and its centre was 178°46' from the epicycle's

apogee and 280°36' from the northern limit on the oblique circle. It is therefore

evident that, when the moon's centre, being near its same least distance, is

10°36' from the nodes along the oblique circle, with the shadow's centre situated

on the common section of the ecliptic, and the great circle drawn through the

moon's centre at right angles to the oblique circle, then the fourth part of the

moon's diameter will fall within the shadow.

But if the moon's centre is 83^° from the nodes along the oblique circle, it is

433^0 sixtieths of one degree [i. e., 43'3''] from the ecliptic along the great circle

drawn through the oblique circle's poles; and, when it is 10^^° from the nodes

along the oblique circle, it is 54-f3^+ 3^^ sixtieths of one degree from the ecliptic

along the great circle drawn through the oblique circle's poles. Now, since the

difference between the two eclipses contains a third of the moon's diameter, and

since the difference of the two distances of its centre along the same great circle

from the same ecliptic point (that is, from the shadow's centre) is 0°11'47", it is

clear that the moon's whole diameter, at its least distance, subtends an arc of

very nearly 35J^ sixtieths of one degree on the great circle drawn about the

ecliptic's centre. And since also in the second of the eclipses (in which }4 of the

moon's diameter was eclipsed) the moon's centre was 54+3^+3^ sixtieths from

the shadow's centre, and J^ of the moon's diameter or S+y^+^i sixtieths from

the point where the line joining their centres cuts the shadow's circumference,

it is immediately evident that the shadow's radius at the moon's least distance
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is the remainder, 46 sixtieths. This is hardly greater than two and three-fifths

times the moon's radius, which is 0°173^'. But the sun's radius hkewise subtends
an arc of 0°15'40'' on the great circle drawn through the sun about the ecliptic's

centre. For the sun and moon w^ere shown to measure off equally on their circles

in the syzygies at the greatest distance. Therefore, when the moon's apparent
centre is 0°33'20'' from the sun's centre on either side of the ecliptic, it will first

be possible for the moon's apparent position to be one of tangency to the sun.

For example, if we conceive arc ^B of the ecliptic and arc CD of the moon's
oblique circle as being sensibly parallel as far as the pas-

sages at eclipse times, and if we draw arc AEC of the

great circle through the poles of the oblique circle, and
conceive the sun's semicircle about point A and the
moon's apparent semicircle about E so that it is just

touching the sun's at point F, then arc AE, the distance

of the moon's apparent centre E from the sun's centre A,
can become the 0°33'20'' just given.

But in the places from Meroe, where the longest day
is 13 equatorial hours, to the mouth of the Borysthenes,
where the longest day is 16 equatorial hours, the moon,
at its least distance in the syzygies, displays a northward

parallax of at most very nearly 0°8' (the sun's parallax being taken into ac-

count), and likewise a southward parallax of at most 0°58'. And when it displays

its northw^ard parallax of 0°8', it displays its greatest longitudinal parallax of

very nearly 0°30' about the Lion and the Twins; but when it displays its greatest

southward parallax, it displays its greatest longitudinal of very nearly 0°15'

about the Scorpion and the Fishes.

Therefore—if we suppose the moon's true centre at D and we join the DE of

the whole parallax—the arc CD will be very nearly the arc of the longitudinal

parallax, and CE that of the latitudinal. And so, whenever the moon is north of

the sun and displays its greatest southward parallax,

arcCZ) = 0°15',

arc A£;C = 1°31'.

Since the ratio of the arc from the node to C to the arc AC oX the distance be-

tween the ecliptic limit is that which 113^2 has to 1 (this being easily understood
from things already demonstrated on the obliquity of the lunar circle), the arc

from the node to C will be 17°26', and added to CD it will be 17°4r. But when
it is south of the sun and displays its greatest northward parallax,

arcCZ) = 0°30',

arcyi£'C = 0°41;

and for the same reasons the arc from the node to C will be 7°52', and added to

CD it will be 8°22'. Therefore, whenever the moon's centre is truly 17°41' from
either of the nodes northward along the oblique circle, first in the given places of

the inhabited world can its apparent position become one of tangency to the sun.

Again, inasmuch as the greatest difference of solar anomaly was demonstrated
to be 2°23', and the greatest difference of lunar anomaly about the syzygies 5°1',

it is possible at times for the moon to be truly 7°24' from the sun at the periodic

syzygies. But while the moon is traversing that many degrees, the sun will tra-

verse Ks that many, or very nearly 0°34'; and again, while the moon moves
these 0°34', the sun will traverse also Ks that many, or very nearly 0°3'; and
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Jf 3 of this is not worthy of mention. If, therefore, we add to the 2°23' of solar

anomaly the total of 0°37' which is K2 of the original 7°24', we shall then have the
3° by which the true syzygies differ very nearly the most from the mean longi-

tudinal and latitudinal passages in the periodic syzygies. Consequently, when-
ever the mean passage of the moon's centre is 20°41' from the nodes northward
along the oblique circle and 11°22' southward, then first, in the given places of

the inhabited world, can its apparent position become one of tangency to the

sun. Therefore, whenever the number of degrees from the northern limit of the

moon's oblique circle corresponding to the periodic syzygies falls between 69°19'

and 101°22' or between 258°38' and 209°4r, then only in the given places can
the proposed thing happen.

Yet again, respecting the moon's ecliptic limits: since the moon's radius at its

least distance was shown to subtend an arc of 0°17'40", and since the shadow's
radius (being very nearly two and three fifths times as large as the moon's)
comes to 45°56', it is also clear that, whenever the moon's centre is truly 1°3'36"

from the shadow's centre on either side of the ecliptic along the great circle

drawn through the centres and the oblique circle's poles, and is very nearly
12°12' from either of the nodes along the moon's oblique circle (according to the

ratio of 1 to UK) then first can the moon be tangent to the shadow. For the

same reasons as already demonstrated concerning the anomaly, whenever the

moon's centre taken at the mean passage is 15° 12' from the nodes along the

oblique circle—so that, for numbers indicating distance from the northern limit,

it falls between 74°48' and 105°12' and between 254°48' and 285°12', then first

can the moon be tangent to the shadow.

We shall now place beside the appointed tables of the syzygies the numbers
belonging to the solar and lunar limits of the moon's latitude so that we can
readily judge those capable of falling within an eclipse.

6. On the Interval of Ecliptic Months

And to these things it would be useful to add how many months apart,

in general, the ecliptic syzygies can occur, so that, if we take the position

of one ecliptic syzygy, by an examination of the terms we may get not all the

syzygies which follow but only those at month-intervals in which an eclipse can

occur.

Now, it would be immediately clear that the sun and moon can be eclipsed at

six-month intervals, since the moon's mean latitudinal passage comes to
184°r25" in six months, and since the arcs between the ecliptic limits, both for

the sun and moon, embrace fewer degrees than this when they are within a semi-

circle and more when they are above a semicircle. For, as demonstrated, since

the solar limits cut off 20°41' from either of the nodes northward along the

moon's oblique circle, and southward 11°22', the northern anecliptic arc is

138°38', and the southern is 157°16'. As the lunar limits cut off to either side of

the ecliptic 15° 12' from the nodes along the same circle, each of the anecliptic

arcs comes to 149°36'.

That by means of these hypotheses it is possible for an eclipse of the moon to

occur at an interval of the greatest five months—that is, when the sun is making
its greatest passage and the moon its least—we can see as follows :

Since in the mean five-month interval we find the longitudinal passage of each

luminary adding on 145°32' in terms of mean movement, and the moon 129°5'
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of anomaly on the epicycle; since at its greatest passage either side of the pen-
gee the sun's 145°32' add 4"38' to the mean passage; and since at its least pas-

sage either side of the apogee the 129°5'of the moon's epicycle, subtract S'^W
from the mean passage, it follows that in the time of the mean five-month period,

whenever the sun effects its greatest and the moon its least passage, the moon
will be west of the sun by the combined anomahes of both: 13 'IS'. Again, taking

3^2 of this for reasons already demonstrated, we shall have very nearly the 1°6'

which the sun moves fonv-ard until it is overtaken by the moon.
Now, since it had added on 4^38'' from its own anomaly and another 1°6' from

the time required for overtaking at the true syzyg^^ the greatest five-month in-

terval will have added on 5°44' in longitude beyond the mean. Therefore the
moon's latitudinal passage along the obhque circle will have added on just that
many degrees to very nearly 153^21' in latitude resulting for the five-month
intenal. .Ind so the latitudinal passage, truly considered in the greatest five-

month interval, will come to 159°5'.

But the moon's echptic limits either side of the echptic circle, at the moon's
mean distance, embrace very nearly 1° on the great circle drawn through the
poles of the obhque circle, since at the least distance it is 1^3 '36^ and at the
greatest distance 0°56'24"; and they embrace ir~30' from the nodes along the
obhque circle. Therefore the anechptic arc between them comes to 157^, which
for the greatest five-month interval is less by 2^5' than the additional 159^5'

of the obhque circle. Now, it is clear for these reasons that it is fK>ssible

for the moon, within the greatest five-month interval, to be echpsed at the

first full moon in its withdrawal from either node, and to be eclipsed again
at the last full moon in its approach to the opposite node. For ki both echpses

the occultation occurs on the same side of the echptic, and never on oppo-
site sides.

In this way we have seen how the greatest five-month period can produce two
lunar eclipses. And that it is impossible for the same thing to happen in a seven-

month interval even if we suppose the least seven-month interv^al (that is, dur-

ing which the sun effects its least passage and the moon its greatest) we can see

by working in the same way as before.

For since, again, in the mean seven-month interval, the mean longitudinal

passage of both luminaries takes on an additional 203^45", that of the moon on
its epicycle 180''43'; since the sun's 103°45' at its least passage either side of the

apogee subtracts 4°42' from the mean movement; and since the 180^43' of the

moon's epicycle at its greatest passage either side of the perigee adds 9^58' to

the mean movement, it follows that in the time of a mean seven-month inter\'al,

whenever the sun effects its least passage and the moon its greatest, the moon
will have passed the sun by the combined 14^^40' of both anomahes. For the

same reasons, taking }{2 of this and adding it to the 4^42^ of the subtractive

solar anomaly, we shall have all told very nearly o^oo' by which the longitudinal

passage in the least seven-month interval will lag behind that in the mean, and
just so \\ill the latitudinal passage fail of the total 214^42" for the mean seven-

month interval. Therefore in the least seven-month interval the moon wiU have
added on 208°47' in latitude along the oblique circle, whereas the whole greatest

arc on the obhque circle between the moon's ecliptic limits at its mean distance,

from the approach to one of the nodes to the withdrawal from the opposite

node, is 203°. It is consequently not possible for the moon, in the least seven-
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month interval, to be eclipsed ever so little at the first full moon and again at

the last.

Then again it must be shown that it is possible for the sun to be eclipsed

twice in the greatest five-month interval for the same people and in all parts of

the world inhabited by us.

For we demonstrated the moon's latitudinal passage in the greatest five-

month interval to be 159°5' while the anecliptic arc for the sun, at the moon's

mean distance, Ls 167^36'. For the ecliptic limits are 0°32'20" from the ecliptic

along the oblique circle. Therefore it is clear that, if the moon displays no paral-

lax, the required result is impossible, because the anecliptic arc is greater than

the passage in the greatest five-month interval by 8°31' along the oblique circle,

and by very nearly 0°45' along the circle at right angles to the ecliptic, but that,

wherever it can display a parallax such that the parallaxes in either of the ex-

treme conjunctions or the parallaxes of both together exceed 0°45', in such a

place both of the extreme conjunctions can be ecliptic.

Now, since we showed that, in the time of the greatest five-month interval,

whenever the moon effects its least passage and the sun effects its greatest from

two-thirds within the Virgin to two-thirds within the Water Bearer, the moon
falls west of the sun by the 13° 18' of both anomalies, and since the moon moves
in mean terms this much and K2 2*s much more in 1 day and 23^ hours, it is

clear that, while the time of the mean five-month interval is 147 days and very

nearly IS-hM+M hours, the time of the greatest five-month interval is 148

days and 18 hours. And, for this reason, if the first conjunction is nearly two-

thirds within the Virgin, the last one nearly two-thirds within the Water Bearer

will be earlier by the six hours lacking to fill out the whole days. Therefore one

must seek where and when the moon can display a parallax of more than these

0°45', either in one or the other of these two dodecatemories or in both, at a po-

sition 6 hours earlier in the Water Bearer than in the Virgin.

Now nowhere in the world inhabited by us is the moon found to display such

a parallax northward, as we have said. Whence it Ls impossible for the sun to be

twice eclipsed in the greatest five-month interval with the moon's passage south

of the ecliptic—that is, whenever the moon at the first conjunction is withdraw-

ing from the descending node and at the last conjunction is approaching the

ascending node. But it can display just such a parallax southward, for those

living below the equator northward, in both these dodecatemories at a position

six hours earUer whenever two-thirds the Virgin is supposed setting at the first

conjunction and two-thirds the Water Bearer is culminating at the second. For

in such positions we find the moon, in its mean distance, displaying a southward

parallax (the sun's parallax being accounted for) of very nearly 0°22' at the

equator when it Ls in the Virgin, and of 0°14' when it is in the Water Bearer;

but where the longest day Ls 123^ hours, 0°27' when it is in the Virgin, and 0°22'

when it is in the Water Bearer; so that in this case the two parallaxes together

exceed the 0°45' by 4 sixtieths. And since the southward parallax becomes

greater for the still more northern places, therefore it is evident that it will be

even more possible for the sun to appear twice eclipsed in the least five-month

interval for those inhabiting these places, but only at the moon's passage north

of the ecliptic—that is, when the moon in the first eclipse withdraws from the

ascending node and, in the second, approaches the descending node.
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Thus I say again that, also in the least seven-month interval, it is possible for

the sun to be t^ice eclipsed for the same people. For in the least seven-month

interval we demonstrated the moon's latitudinal passage to be 208^47'. And
since the greatest arc of the oblique circle cut off between the ecliptic limits is

that from the limit at the approach to one node to the limit at the withdrawal

from the other, therefore, in the case of the sun this distance will come to 192^24'

at the moon's mean distance. Therefore it is clear that, if the moon displays no
parallax, the required appearance will be impossible, because the obhque circle's

arc of the least seven-month interv^al is greater than the greatest arc cut off by
the sun's ecliptic limits which is 16°23' along the oblique circle and 1^25' along

the circle drawn through the ecliptic's poles. But wherever it can display a par-

allax such that the parallaxes in either of the extreme conjunctions or both par-

allaxes together exceed this 1°25', in such a place can both extreme conjunctions

be ecHptic.

Now since we showed that, in the time of the mean seven-month interval,

whenever the moon effects its greatest passage, and the sun its least passage

from the last part of the Water Bearer to the middle of the Virgin, the moon has

already truly passed the sun by 14°40'. Since the moon moves in mean terms

just that many degrees together ^vith K2 of them in 1 day and 5 hours, there-

fore it is evident that, while the time of the mean seven-month interval em-
braces 206 days and very nearly 17 hours, the time of the least seven-month
interval will be 205 days and 12 hours. For this reason the time of the last con-

junction near the middle of the Virgin will be 12 hours later than the first near

the end of the Water Bearer. Therefore one must seek where and when the moon
can display a parallax of more than l°2o', either in one or the other of the given

dodecatemories or in both at positions 12 hours apart—that is, when the one is

setting and the other is rising. For not otherwise could both eclipses occur above
the earth.

Now again, in the world inhabited by us, the moon is nowhere found in any
position displaying such a parallax northward ; and even to those living under

the equator a parallax of not more than the 23 sixtieths of the latitudinal paral-

lax at the greatest distance. Whence it is impossible for the sun to be twice

eclipsed in the least seven-month interval with the moon's passage south of the

ecliptic; that is, whenever it approaches the ascending node at the first conjunc-

tion and withdraws from the descending node at the last. But we find such a
parallax effected southward from around the parallel through Rhodes whenever
the last of the Water Bearer is rising and the middle of the \'irgin setting. For at

its mean distance in Rhodes and in places under the same parallel, the moon dis-

plays in either position a southward parallax (the solar parallax being sub-

tracted) up to very nearly 0°46', so that the parallaxes at both conjunctions are

together greater than the 1^25'. Now, since the southward parallax is even
greater in those places north of this parallel, it is e\ndent that, for those inhabit-

ing these places, it is possible for an eclipse of the vsun to appear twice in the

least seven-month interval, but again only at the moon's passage north of the

ecliptic—that is, when the moon in the first eclipse approaches the descending

node and in the second withdraws from the ascending node.

It remains further to be shown, moreover, that at an interval of one month
it is not possible for the sun to be twice eclipsed in the world inhabited by us,

either in the same parallel or in different parallels, even if one supposes all to-
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gether those things which cannot concur, but as combined to make the required

appearance possible; I mean, even if we suppose the moon at its least distance

so that it may display a parallax (the month the least so that the monthly lati-

tudinal passage may be greater, by as little as possible) that is greater than that

embraced by the sun's ecliptic limits, using indifferently hours and dodecate-

mories in which it appears to make the greatest parallaxes.

Since, then, in the mean month the longitudinal passage of each of the lumi-

naries takes on 29°6' in mean terms, and the passage on the moon's epicycle

takes on 25°49'
; and since of these the sun's 29°6' at its least passage either side

of the apogee subtract 1°8' from the mean, and the 25°49' of the moon's epicycle

at its greatest passage either side of the perigee add 2°28' to the mean—^if, ac-

cording to what has already been demonstrated, we combine the addition-sub-

tractions of both anomalies which come to 3°36' and add on a twelfth or 0°18'

to what the sun lacked, we shall have 1°26'. And by just this amount we shall

have the least month's passage less than the longitudinal and latitudinal in the

mean month. And so, since the mean month's latitudinal passage is 30°40', the

least month's passage is 29°14', which makes very nearly 2°33' along the great

circle at right angles to the ecliptic. But the whole passage of the sun's ecliptic

limits comes to 1°6' when the moon is at its least distance, so that the least

month's passage is greater by 1°27'.

Now, if the sun were to be twice eclipsed in one month, it would be absolutely

necessary, either that the moon display no parallax at one of the conjunctions

and one greater than 1°27' at the other; or that it display parallaxes in the same
direction at both conjunctions with the difference between the parallaxes greater

than 1^27'; or that both parallaxes come to something greater when the parallax

at one conjunction is northward and at the other southward. But nowhere on
the earth in the syzygies—not even at its least distance—will the moon display

(the sun's parallax being accounted for) a parallax greater than one degree.

Therefore it is not possible in the least month for the sun to be twice eclipsed,

either when the moon displays no parallax at one of the conjunctions, or when
it displays one in the same direction at both, since their difference is never

greater than one degree although it needs to be greater than 1°27'.

The required appearance could happen only if the total number of degrees

from both parallaxes, one being in an opposite direction to the other, should

total more than 1°21'. And this is possible in different regions because the moon
can display, to those north of the equator in the regions inhabited by us, a

southward parallax, and to those south of the equator in what is called the

antichthones, a northward parallax of from 0°25' to 1° beyond the sun's paral-

lax. But this could never happen for the same region. Because the moon displays

in like manner a greatest parallax northward and southward of not more than
0°25' for those under the equator; and to the most northern and most southern

not more than the stated 1° in the opposite directions, so that in this way both

parallaxes still total less than 1°27'. Inasmuch as each of the opposite parallaxes

would always be much less in the case of regions between the equator and one of

the limits, the impossibility would be even greater for them.

Nowhere on the earth for the same latitude, therefore, can the sun be twice

eclipsed in one month; and for different latitudes nowhere in the same inhabited

region. Which things we were required to show.
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7. COx\8TKUCTION OF EcLIPTIC TABLES

It has now become clear to us what intervals of syzyj^ies we must take for a

research into the eclipses. In order that, when the mean times at them have been

distinguished and the moon's passages for those times calculated both in the

case of the apparent conjunctive syzygies and in the case of the true plenilunar

ones we might (by means of the moon's latitudinal positions) be able easily to

review those of the syzygies certain to be ecliptic, their magnitudes, and the

times of the obscurities, we constructed tables for so distinguishing them: two

for solar eclipses and two for lunar ones, both at the moon's greatest and least

distance, supposing the increase of the obscurations through twelve parts of the

obscured diameter of each of the luminaries.

Now, the first table of the solar eclipses, which contains the ecliptic limits at

the moon's greatest distance, we have arranged in 25 rows and 4 columns. The
first two columns contain the moon's apparent latitudinal passage along the ob-

lique circle for each of the obscurations. Since the sun's diameter is 0°3V2(y\

and the moon's was shown to be also 0°3r20'' at its greatest distance—and
since, therefore, whenever the moon's apparent centre was 0'^31'20'' from the

sun's centre along the great circle through both centres, and 6° frfjm the node

along the oblique circle according to the ratio previously set out of llj^ to I,

then first will the moon be in a position of tangency to the sun, therefore, in the

first rows of the columns we shall place 84° for the first, and 200° for the second;

and, in the last rows, 90° for the first, and 204° for the second. And since very

nearly 30 sixtieths of one degree along the oblique circle correspond to one-

twelfth of the sun's diameter, we shall continually increase and decrease these

two columns by just so much, beginning from the extremes and going to the

middle. At the middle rows we shall put 90° and 270°. The third column will

contain the magnitudes of the obscurations: in the case of the end rows, the cor-

responding zero of tangency; and in those following them one digit for each 3^2
of the diameter; and thus for the rest a continual increase of one digit to the

middle row, to which the number of twelve digits will correspond. And the

fourth column will contain the resulting passages of the moon's centre for each

obscuration, without any calculations of the added movements of the sun or of

the added parallaxes of the moon.
The second table of solar eclipses, which contains the ecliptic limits at the

moon's least distance, we shall arrange as to other things like the first, but in

27 rows and 4 columns. Because the moon's radius at its least distance has been

shown to be 17°40' to the 15°40' of the sun's radius; and whenever the moon first

becomes tangent to the sun, then its apparent centre is 0°33'20" from the sun's

centre and 0°24' from the nodes along the oblique circle. The numbers of appar-

ent latitude in the end rows are 83°30' and 200°24' and again 90°24' and 203°3G',

and for the middle row of the digits, the number is twelve digits and, because of

a like excess, four fifths of a digit for the delay of occultation.

Each of the two lunar tables Ls arranged in 45 rows and 5 columns, the first

table being furnished with latitudinal numbers as of the moon at its greatest dis-

tance. For, since the moon's radius was shown to be 0°15'40'' at its greatest

distance and the shadow's radius 0°40'44" (so that, whenever the moon is first

tangent to the shadow, its centre is 0°50'24'' from the shadow's centre along the

great circle through both centres, and 1°48' from the nodes along the oblique
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circle), therefore, in the first rows we shall place the numbers 79° 12' and 280°48',

and, in the last rows, the numbers 100°48' and 259° 12'. For the same reasons as

the first we shall continually increase and decrease them by the 30 sixtieths cor-

responding to K2 of the lunar diameter at that time.

The second table we shall furnish with latitudinal numbers as of the moon at

its least distance, at which distance its radius was shown to be 0°17'40" and the
shadow's radius 0°45'56'' so that, whenever the moon first touches the shadow,
then its centre is likewise 1°3'36'' from the shadow's centre and 12°12' from the

node along the oblique circle. Now, therefore, putting the numbers 77°48' and
282°12' in the first rows, and the numbers 202°12' and 257°48' in the last, we
shall again continually increase and decrease them by the 34 sixtieths corre-

sponding to K 2 of the lunar diameter at that time.

And they will contain third columns of digits like the solar tables; and like-

wise succeeding columns containing the moon's passages for each obscuration,

those of immersion and those of emersion, and further those of half the delay of

occultation.

We calculated geometrically for each obscuration the given passages of the

moon. But we treated the proofs as if in one plane and in straight lines, because

arcs of that magnitude differ insensibly from their chords, and the moon's pas-

sage along the oblique circle differs hardly at all from that considered along the

ecliptic. Let no one suppose that we do not know that, in general, with respect

to the moon's latitudinal passage, there is a difference in using the arcs of the

obhque circle for those of the ecliptic; furthermore it does not follow that the

times of the syzygies are exactly the same as the mid-eclipses.

For if we cut off from the node A two equal arcs AB and AC of the proposed
circles, and, joining BC, draw BD from

B at right angles to AC, then it will be

immediately evident that, with the moon
supposed at B, if we use arc AC of the

ecliptic instead of the AD used because

of considering the passages relative to it

with respect to circles through the ecliptic's poles, then the difference due to the

inclination of the lunar circle will be CD. Again, if the sun or the shadow's centre

is conceived at B, the time of the syzygy, in accordance with the little difference

between the circles, will be when the moon is at C; and the mid-eclipse will be

when the moon is at D, because the mid-times of the obscurations are considered

with respect to the circles through the poles of the lunar circle. And the time of

the syzygy will differ from the mid-eclipse by arc CD.
The cause of our not calculating these arcs in detail is that their differences

are small and insensible, and that (while not knowing this is absurd) yet, be-

cause of the difficulty in working out each case, this willing neglect of something

which can be overlooked both in the hypotheses and the observations makes the

greatest difference in the usefulness of a simple method, and no difference or

very little in the discrepancy vvdth appearances. Now, we find the arc similar to

CD to be, in general, not greater than 5 sixtieths of one degree. This is proved

by the same theorem as that by which we calculated the differences of the equa-

torial arcs with respect to those of the ecliptic for circles drawn through the

equator's poles. But in the case of the eclipses we find it to be not greater than

2 sixtieths, since BD is almost 1° to the 12 ° of each of the arcs AB and AC. For

the moon's passages at eclipses reach almost that far. Therefore arc AD is very
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nearly 11°58', and that leaves CD equal to 2 sixtieths of a degree, which does

not make one sixteenth of an equatorial hour. Concern over such a fractional

degree is more vanity than love of truth.

Now, by these means, we also worked out the required passages of the moon's
obscurations as if the circles differed insensibly. And our calculation for one or

two examples is as follows:

Let there be the sun's or the shadow's centre A, and the straight line BCD in

place of the lunar circle's arc. And let B be supposed

the moon's centre when it first touches the sun or

shadow as it approaches; and D as it withdraws. And
with AB and AD joined, let AC be drawn from A
perpendicular to BD.
Now, that the mid-time of the eclipse and the

greatest obscuration occurs when the moon's centre

is at C is evident from AB's being equal to AD; and,

therefore, the passage J5C's being equal to CD, and from AC's being less than

all the lines joining the two centres to BD. It is clear also that either of the

lines AB and AD contains both the radius of the moon and of the sun or

shadow, and that line AC is less than either of them by that part of the dia-

meter of the body being eclipsed which is cut off by the obscuration.

With these things so, let the obscuration be 3 digits as an example, and let A
be first supposed the sun's centre. Now, therefore, when the moon is at its great-

est distance,

AB = 3r20'\

and
sq. A5 = 981'47".

And
AC = 23'30'',

for it is less than AB by the 3 twelfths of the sun's diameter, or 7^50'. And
sq. AC = 552'15''.

And so

sq.BC = 429^32",

and, in length,

BC= 20'43",

which we shall place in the first table of the solar eclipses beside the 3 digits in

the fourth column.

Again, in the case of the moon's least distance,

AB = 33'20".

and

and

and, by subtraction,

and therefore, in length,

BC = 2V2S''

which we shall place in the second table of the solar eclipses beside the 3 digits

in the fourth column.

Yet again, let A be supposed the shadow's centre and the obscuration the

sq.AB = 11117";

AC= 25'30'',

sq. AC= 650'15";

sq.BC = 460^52'',
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same 34 of the moon's diameter. Therefore, for the moon's greatest distance,

AB = 56^24"

and
sq. Aj5 = 3180'58".

And
AC= 48'34'',

for it is less than AB hy }4 oi the lunar diameter or, at the greatest distance, by
7'50''. And

sq. AC= 2358'43".

And so, by subtraction,

and, in length,

which we shall place in the first of the lunar tables beside the 3 digits in the

fourth column and which contain the passage of immersion, sensibly the same as

that of emersion.

And, in the case of the least distance,

A5 = 63'36"

and
sq. A5 = 4044'58".

And
AC= 54'46^

for the 8'50'' difference is again 34 of the lunar diameter at the least distance.

And
sq. AC= 2999'23'\

And so, by subtraction,

and, in length,

5C= 32'20'',

which we shall place likewise beside the 3 digits in the fourth column in the

second of the lunar tables.

Once more, because the lunar obscurations have a time of delay, let the point

A be the shadow's centre, and let the straight

line BCDEF be in place of the arc of the

moon's oblique circle. Let B be supposed the

point where the moon's centre will be when
the moon, as approaching, first touches the

shadow from without ; and C where the moon's

centre will be when the totally eclipsed moon
will first touch the shadow's circle from within. And let E be the point where the

moon's centre will be again when the moon, as withdrawing, first touches the

shadow's circle from within; and F where the moon's centre will be when, taking

its departure, it touches the shadow from without for the last time. And again

let AD be drawn from A perpendicular to BF.
Now, given here those things already demonstrated as remaining true, it is

also evident that either of the straight lines AC and AE bounds the difference

by which the shadow's radius exceeds the moon's radius, so that the passage CD
equals the passage DE, and each contains half the delay, and the remainder BC
of immersion is equal to the remainder EF of emersion.

So let there be supposed an eclipse in which 15 digits of the moon are available

sq. 5C=1045'35'
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—that is, in which its centre D is within the bound of the ecHptic limits by one

lunar diameter plus a fourth of it; in other words when AD is less than either

AB or AF by the given one lunar diameter plus a fourth of it, and less than

either AC ov AE hy o, fourth of one lunar diameter.

Therefore, when the moon is at its greatest distance,

AB = m'2V
and

sq. ^5 = 3180'58".

And
AC= 2b'r,

for the moon's diameter at its greatest distance is 31 '20''. And
sq. AC= 628'20''.

And likewise

and

And so, by subtraction,

and, in length,

And, by subtraction,

and, in length,

and, by subtraction,

BC= 35'30".

Now we shall place these 35'30" of immersion, equal to those of emersion, be-

side the number of 15 digits, in the fourth column of the first table of lunar

eclipses; and the 18' 12'' of the half-time of delay, in the fifth column.

When the moon is at its least distance, then again

A5 = 63'36"

AD = 17'
U"

sq. AZ) = 396'59".

sq. 5Z) = 2883'59"

5i) = 53'42".

sq. CZ) = 331'21"

Ci) = 18'12";

sq. AB = 4044'56".

and

And
^C = 28'16",

for the moon's diameter at the least distance was shown to be 35'20". And
sq. AC = 799'.

And likewise

and

And so also, by subtraction,

and, in length,

And, by subtraction,

and, in length.

And, by subtraction.

^Z> = 19'26"

sq. A7) = 377'39".

sq. 5Z) = 3667'19"

J5Z) = 60'34".

CZ) = 421'21"

CZ) = 20'32".

.BC= 40'2".
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Therefore we shall also place these 40'2'' of immersion, again equal to those of

emersion, beside the number of 15 digits, in the fourth column of the second

table of lunar eclipses; and the 20'32'' of the half-time of delay in the fifth col-

umn.
But, for the moon's passages on its epicycle between the greatest and least

distances, in order that we might easily obtain by the method of sixtieths the

corresponding parts of the whole difference for each passage, we placed under

the foregoing tables another short table containing the numbers of the passage

on the epicycle and the corresponding sixtieths for each of the apparent excesses

from the first and second tables of the eclipses. And the quantity of these six-

tieths has been worked out by us and placed in the seventh column of the moon's

Parallactic Table, for the epicycle is assumed to be at the eccentric's apogee

throughout the syzygies.

Since most of those who observe the ecliptic markings do not measure the

magnitudes of the obscurations by the circles' diameters but in general by the

whole plane figures (the eye comparing in a rough way the whole apparent part

with that not appearing), we have added to these also another short table of 12

rows and 3 columns. In the first column we placed the 12 digits, each digit con-

taining K2 of the diameter of each luminary as in the ecliptic tables; and in the

next columns in turn the twelfths of the whole areas corresponding to them—in

the second the sun's, in the thu'd the moon's. These impositions we calculated

only for the magnitudes of the moon's mean distance (for very nearly the same

ratio is established for such increases and decreases of the diameters) and with

the ratio of the circumferences to the diameters being as 3p8'30" to 1^. For this

ratio is between (very nearly) a triple plus a seventh part and a triple plus ten

seventy-firsts, both of which Archimedes used for greater simplicity.

Then first, for the solar eclipses, let there be the sun's circle ABCD about

centre E; and the moon's circle, as its mean
distance, AFCG about centre H cutting the

sun's circle at points A and C. And with

BEHG joined, let it be supposed that J^ of

the sun's diameter has been eclipsed, so that

FD = S^

where
diam. BD = 12P

and
moon's diam. FG'=. 12^20'

in the ratio of 15p40' to 16p40'. And therefore

With the perimeters in the ratio of P to 3p8'30", that of the sun's circle is 37p42',

and that of the moon's 38p46'. Likewise of the whole areas, since the radius

multiplied by the perimeter gives twice the circle's area, that of the sun's circle

will come to 113p6', and that of the moon's to 119p32'.

Then, these things being so, it is required to find how great is the area con-

tained by ADCF where the whole area of the sun's circle is 12p.

Let AE and AH, and CE and CH be joined, and further the perpendicular

AKC.
Now, since it is supposed

AE = CE= Q^,

AH = CH = QnO'
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where
£^^ = 9^10',

and the angle at K is right, therefore, if we apply the excess by which the square

on AH exceeds the square on AE, or 2^2', to the line EH, we shall have the

difference between EK and HK of 13'3"^ And
^i!L=4p28',

HK = ^H2';

and therefore

AK = CK-=A^.

And consequently we shall have
trgl. AEC= 17^52',

and

Again, since

where

and likewise

and hence

where

and

where

therefore

arc.4Z)C = 83°37'

^vhere circle ABCD is 360°, and
arc AFC = S0°52'

where circle AFCG is 360°.

And so, since the ratio of circles to arcs is the same as the circles' areas to the

areas of the sectors of the arcs, therefore

sect. AECD = 2QnQ'
where it was shown

circle A^eZ) = 113^6';

and

sect. AHCF = 26^5V
for

circle A/^CG =119^32'.

But it was shown also that

trgl. AEC= 17^52'

and likewise

trgl. Ai/e = 18^48'.

And therefore, bj^ subtraction, we shall have
seg. AZ)Ci^ = 8^24',

seg. AFCK = Sp3r

And therefore the whole area contained by arcs AF, CD is 16^27' where the area

'Application is here equivalent to division. Tlie geometric proof of this statement is simple.

trgl. /Ii/C= 18^^48'.

AC = S^

diam. BD = 12^

diam.FG= 12^-20',

AC = 80P

diam. BD = 120^,

AC = 77^m'

diam. FG= 120^,
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of circle ABCD is supposed 113^6'. Thus, where the area of the sun's circle is 12,

the area contained by the eclipsed segment is very nearly 1^ which we shall

place in the table just mentioned, along the 3-digits row, in the second column.

Again, in the same figure for the lunar eclipses, let ABCD be supposed the

moon's circle, and AFCG the shadow's circle at mean distance. And likewise

let there be an eclipse to ]4, of the moon's diameter so that, where diameter ED
is 12p, diameter DF of the eclipse is 3^ and diameter FG of the shadow is 31^12'

according to the ratio of 1^ to 2p36'. And therefore

And therefore again, of the perimeters, that of the lunar circle is 37^42' and that

of the shadow's 98^1'; and, of the areas, that of the lunar circle 113^6' and that

of the shadow's 764^32'.

Now, since here it is supposed

AE= CE = ^^,

AH = CH=15^SQ'
where

^^=18p36',

therefore, if likewise we apply to EH the excess by which AH exceeds AE, we
shall have

HK-EK=llPS\
And so

EK = 3H^\
HK=U^52\

and therefore

AK= CK = 4:H2'.

And consequently we shall have
trgl. A^C=17p33'

and

Again, since

where

and likewise

and

where

and

where

therefore

arc ADC=103°8'
where circle ABCD is 360°, and

arc AFC = 35°4'

where circle AFCG is 360°.

And so, by means of things already said, we shall have

sect AECD = 32^2^'

trg\.AHC= m^52\

^C = 9p24'

diam. BD = 12?

diam. TO = 31^12',

A(7= 94p

*^diam. BZ) = 120P,

AC = 36^9'

diam. F(?=120P

(
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circle A5Ci) = 113^6' ,

•

sect. AC^/^ = 74p28'

circle AFC(? = 764^32'.

trgl.A£;C =17^33'

211

where it was sho^vn

and

for

But it was shown also

and likewise

trgl. AHC = m^62\
And therefore, by subtraction, we shall have

seg. ADCK= 14:^51%

seg. AFCK = ^^S6\

Consequently, the whole area contained by arcs AF, CD is 19^27' where the area

of circle ABCD is supposed 113p6'. Where the area of the moon's circle is 12,

therefore, that contained by the eclipsed segment will be very nearly 2^5,
which we shall place in the same table, along the 3-digits row, in the third col-

umn belonging to the moon. And here is the exposition of the tables:
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Table of Lunar Eclipses
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in the second Table, we set out that number of sixtieths of the digits and frac-

tions lying in a row with them.^

Whatever number of digits we get from this correction, we say the obscur-

ation of the moon's diameter at mid-eclipse embraces just so many twelfths.

And to the resulting sixtieths in the same correction we always add Jf 2 of them
for the sun's added movement. Dividing them by the moon's hourly irregular

movement at that time, to whatever the division comes, just so many equatorial

hours shall we have for each passage-time of the eclipse : those calculated from
the fourth table giving separately the time of immersion and the time of emer-

sion, those from the fifth the time of half the delay of occultation. The hour-

positions at the beginnings and ends of incidence and restoration are immediate-

ly evident from the addition-subtraction of particular passages with respect to

the middle of the delay—that is, very nearly the time of the true full moon. And
immediately, if we carry the twelfths of the diameter to the shortest table, we
shall also find the twelfths of the whole areas of the moon from the correspond-

ing numbers in the third column, and likewise those of the sun's in the second

column.

Now, reason proves that the time from the beginning of the eclipse to the

middle is not always equal to the time from the middle to the end, because of

the irregularity of the sun and moon. Equal passages are effected for that reason

in unequal times. But supposing these times not unequal would work no dis-

crepancy perceptible to sense in the appearances. For even if they were near the

mean courses where the differences of the increases are greater, a passage for the

number of hours of a whole eclipse would make the difference of the excess in

no way sensible.

But we would think that probably we find the moon's latitudinal period

shown by Hipparchus to be mistaken, since, by his hypothesis, the surplus is less

than the surplus between the given eclipses but greater taken according to our

calculations, although we start from the same things.

For he takes for this demonstration two lunar eclipses which occurred at an

interval of 7,160 months, in both of which the quarter of the moon's diameter

was echpsed at the same passage from the ascending node: the first having been

observed in the year 2 of Mardokempad, and the second in the year 37 of the

Third Callippic Period. Hipparchus avails himself of the same latitudinal pas-

sage's being contained consistently in either eclipse with respect to the demon-

stration of return, because of the fact that the first eclipse occurred with the

moon at the epicycle's apogee and the second with it at the perigee, and there-

fore of no anomalistic difference's having resulted as he thought. But he is mis-

taken first to this extent that, since an appreciable difference results from the

irregularity, the regular passage is found greater than the true by an amount not

^The obscurity here is cleared up by Theo's Commentary. If the latitudinal number falls

only in the second Table, we carry the anomalistic number to the Table of Correction as be-

fore; but we take the number of sixtieths, not of the difference which does not exist in this

second case, but of the digits and fraction of immersion found in the second Table. In the first

case, we added the result to the digits and fraction of the first Table; here we simply take that

fraction of the second Table's numbers. This method is valid here because, for a latitudinal

number to fall only in the second Table, the anomahstic number must He between 150 and

210. The corresponding fraction for such numbers must lie between 55/60 and 1. Then if we

let a represent the digits or immersion at the least distance and h those at the greatest, by the

first method we should have 55/60 (a — 6) + 6 or 55/60 a + 5/60 6; and by the second

method 55/60a. But h does not exist, therefore the two methods give the same resuU

I
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equal in the two eclipses. But in the first it is by very nearly 1° and in the second

J/^°, so that according to this the latitudinal period lacks 3>8° of whole returns

where the moon's oblique circle is 360°.

Next he did not calculate the difference occurring in the magnitudes of the

obscurations because of the moon's distances. And the greatest possible of these

differences occurred in the case of these echpses because the first took place \\dth

the moon at its greatest distance, and the second with it at its least. For neces-

sarily the obscuration of the same quarter part followed at a less distance from

the ascending node at the first eclipse and at a greater at the second. We demon-
strated that the difference between them amounts to 13^° [Tables of Lunar
Eclipses], so that in this case the latitudinal period added just that much to

complete returns. Now the periodic return in latitude would have erred by the

approximately 2° of both mistakes together if both had happened to involve a
difference towards the greater or towards the less. But since, by happy chance,

the one makes the return fail of completion and the other makes it exceed, the

result obtained appeared greater than the return by only the 3^° of the excess

of one error over the other.

10. Determination of Solar Eclipses

Now, the study of lunar eclipses would proceed soundly, therefore, only in the

ways we have described, mth the calculations made accurate. But next we shall

make a determination of the solar eclipses—a much harder thing to do because

of the moon's parallaxes.

First w^e look up the time of the true conjunction in Alexandria to see how
many equatorial hours before or after midday it occurred. Then, if the supposed
longitude of the required region is different—that is, if its meridian is not the

same as that through Alexandria—we add or subtract the longitudinal differ-

ence in equatorial hours between the two meridians. And since we know how
many equatorial hours before or after this the time of the true conjunction fell,

we determine first the time of the apparent conjunction for the required longi-

tude, which will be very nearly the same as the middle of the eclipse, by the

method of parallaxes already explained. For we take out of the Table of Angles

and the Table of Parallaxes its parallax first along the great circle drawn through
the zenith and the moon's centre and proper to the latitude, to the hour-interval

from the meridian, and further to the conjunctive part of the ecliptic, and in

addition to the moon's distance. Ah^ays subtracting from this the sun's parallax

lying in the same row, we determine within the remainder, as we have shown,
by means of the angle obtained at the intersection of the ecliptic and the great

circle through the zenith, the parallax computed with respect to the longitudinal

passage alone. And we ahvays add to this the difference of added parallax cor-

responding to the equatorial time embraced by the first, that is of the excess,

obtained in the same table, between the two parallaxes—one corresponding to

the first interval of the zenith, and the other to the interval with the addition of

the equatorial time, again using only the parts belonging to the longitudinal

parallax alone, together with as great a part of them (if it is sensible) as they are

of the first parallax.^ And to the degrees of the whole longitudinal parallax thus

^First the moon's longitudinal parallax at the true conjunction is computed. The problem
is to find the length of time to the apparent conjunction. The moon must move the distance
of this parallax plus the difference between this parallax and the different parallax it will have
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combined we shall again add J^2 oi them for the sun's movement, and we shall

reduce the result to equatorial hours by dividing bj^ the degrees of the moon's
irregular hourly courses about the conjunction (for we have shown above how
we obtain this determination). If the longitudinal parallax is eastward, we sub-

tract the degrees we reduced to equatorial hours from the moon's degrees al-

ready determined separately for longitude, latitude, and anomaly at the true

time of the conjunction, and we shall have the moon's true passages at the time

of the apparent conjunction. And we shall have found the number of hours by
which the apparent conjunction precedes the true. But if the longitudinaJ paral-

lax is found to be westward, we shall then add the degrees to the passages al-

ready determined separately for longitude, latitude, and anomaly at the true

time of the conjunction; and we shall have the hours by which the apparent con-

junction will follow the true.

Now again, by the same methods, we look to see first how great a parallax the

moon displays along the great circle drawn through itself and the zenith, at the

apparent conjunction's interval of equatorial hours from the meridian. And sub-

tracting from the number of degrees found the sun's parallax lying in the row

with that same number, we determine within the remainder (likewise by means

of the angle found for that time at the intersection of the circles) the latitudinal

parallax lying along the circle at right angles to the ecliptic. The resulting num-
ber of degrees we change to the corresponding number along the oblique circle

—

that is, we multiply them by 12. And if the latitudinal parallax is effected to the

north of the ecliptic, we shall add the product to the latitudinal passage already

determined for the time of the apparent conjunction, when the moon is about

the ascending node ; but we subtract it likewise when it is about the descending

node. And if the latitudinal parallax is effected to the south of the ecliptic, con-

trariwise we subtract the degrees resulting from the parallax from the degrees

in latitude already determined at the time of the apparent conjunction, when

the moon is about the ascending node; but we likewise add when it is about the

descending node. Thus we shall have the number of apparent latitude at the

time of the apparent conjunction. And carrying this to the Tables of Solar Eclip-

ses, if it falls in the numbers of the first two columns, we shall say there will be

an eclipse of the sun, whose mid-time very nearly coincides with the apparent

conjunction. Now we set out the quantity of digits lying in the row with that

number of apparent latitude, and also the degrees of immersion and emersion

separately from each table. And we carry the number representing the degrees

from the apogee of lunar anomaly to the Table of Correction. And taking as

many sixtieths of each excess noted down as lie in the row with this number,

we always add that much to the numbers taken from the first Table. By this

correction we shall have the resulting digits, and in turn for that many twelfths

of the sun's diameter there will be an obscuration, at very nearly the mid-eclipse.

Again, adding to the degrees of each passage K2 of them for the sun's move-

ment, and changing this sum into equatorial hours by means of the moon's ir-

regular movement, we shall have just so much time for immersion and emersion

each, supposing no difference occurs for that time because of the parallaxes.

But since there is a sensible inequality about these times, because of the

when it has moved the first parallax; and so on in an unending series. The approximation is

good enough after the first or second time. To this, of course, must be added also the move-

ment of the sun during this time.
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moon's parallaxes and not because of the luminaries' irregularity, according to

which both the immersions and emersions predicted turn out to be greater and
in general unequal to each other, we shall not know this, even if it happens to be

small. Now this circumstance arises from there always being in the moon's ap-

parent passage certain regressive appearances due to the parallaxes, as if it

were not shifted by its proper movement forward to the east. For if it appears to

be passing before the meridian, rising little by little and displaying a continually

shorter parallax eastward, it appears to move more slowly forward to the east.

And if it be passing beyond the meridian, descending now little by little and
displaying a continually longer parallax westward, likewise it will again appear
to move more slowly forward to the east. Now, because of this, the aforesaid

times will always be greater than those taken simply. And since the difference

in the excesses of the parallaxes is always greater in the passages nearer the

meridian, the times of the eclipses near the meridian are fulfilled more slowly.

For this reason, whenever the mid-eclipse falls at midday, then only is the time

of immersion very nearly equal to that of emersion, since the regressive ap-

pearance due to the parallaxes happens then to be very nearly equal on either

side. But, when it precedes midday, then the time of emersion being nearer the

meridian becomes greater; and when it follows middaj^ then the time of im-
mersion being nearer the meridian becomes greater.

Now, in order to make this correction of the times, we shall look, in the way
we demonstrated, for the time worked out before this correction for each of the

passages set out, and for the distance from the zenith at the mid-eclipse.

For example, let either time be one equatorial hour and the distance from the

zenith 75°. Now we shall look in the Parallactic Table for the sixtieths of paral-

lax corresponding to the number of 75°, with the moon, for instance, at its

greatest distance, at w^hich distance those in the third column are taken. And
we find 52 sixtieths corresponding to 75°. Since both the time of immersion and
the time of emersion are supposed one equatorial hour considered in mean
terms, or 15° in time, therefore subtracting these from the 75° of the distance,

we find, in the same column, 47 sixtieths of parallax corresponding to the re-

maining 60°, so that at the mid-passage near the meridian there results from the

parallax a regression of 5 sixtieths. Now adding these to the 75° we find in the

same column, corresponding to the sum of 90°, the 533^ sixtieths of the whole
parallax, so that here the regression of the passage near the horizon comes to

13^ sixtieths. Now taking from these differences the correspondences in longi-

tude, and reducing each in turn to a part of an equatorial hour by means of the

moon's irregular movement, as shown, we shall add the result from each, proper-

ly to each of the times taken in mean and simple terms, the greater to the time
at the passage nearer the meridian and the less to the time at the passage nearer
the horizon. And it is clear that the difference of these times was 33^ sixtieths or

very nearly J-^ of one equatorial hour, for the moon will move just that many
sixtieths of mean movement in that much time. There is then left the easy task,

if we ^^'ish, of reducing the equatorial hours for each interval to the particular

seasonal hours in the way we have already shown above.

11. On the Directions in the Eclipses

The examination of the directions of the obscurations comes next. And this

studj^ is established both from the direction of the obscurations with respect to
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the ecliptic, and from the inclination of the ecliptic to the horizon. Either of

these in each of the ecliptic times would suffer the greatest indefinite variation

at the shifts if one wished to work out the inclinations which would take place

during the whole time; but such prediction is neither necessary nor useful. For
the ecliptic's configuration relative to the horizon is considered from the posi-

tion of its rising and setting points at the horizon; and necessarily throughout
the time of the eclipse, as different parts of the ecliptic become continuously

rising and setting, the sections of the horizon bounded by them become con-

tinuously different. Likewise the inclination of the obscurations relative to the

ecliptic is considered along the great circle drawn through both centres, the

moon's and the sun's or shadow's; and again necessarily, throughout the passage

of the moon's centre at the time of the eclipse, the circle drawn through both
centres also takes a position continuously other relative to the ecliptic and
makes the angles contained by their intersection continuously unequal.

Now, since this examination will be sufficient if it is taken for only the ob-

scurations having some significance and more generally for the arcs considered

relative to the horizon, it will be possible for those appraising the situation with

their eyes to estimate immediately the particular directions by attending to both
inclinations. For, as we said, in these matters a general judgment is sufficient.

Yet, not to pass over this subject entirely, we shall try to expound ways as easy

as possible for getting at this.

Of the obscurations, we have chosen as significant markings that of the first

part eclipsed, which occurs at the beginning of the whole time of eclipse; that

of the last part eclipsed, which occurs at the beginning of the time of delay ; that

of the greatest part eclipsed, which occurs at the mid-eclipse without the delay;

that of the first part restored, which occurs at the end of the whole time of delay;

and that of the last part restored which occurs at the end of the Avhole time of

eclipse. And of the directions we have chosen again, as the more reasonable and
expressible, those defined by the meridian and by the risings and settings of the

ecliptic's equinoxial and tropic points. For the principle of directions could be

differently understood by many people at many times, and could, if one wished,

be designated by the given angles of the horizon. Now of the intersections of the

meridian with the horizon, let us understand by apKroi the northern, and by
near]n^p LOS the southern; and of the rising and setting intersections, let us under-

stand by equatorial rising and setting those intersections made with the horizon

by the beginning of the Ram and of the Balance and which are always an equal

quadrant from those produced at the meridian ; by summer rising and setting,

those made by the beginning of the Crab; and, by winter rising and setting,

those made by the beginning of the Goat. These intervals are different according

to latitude, and the determination of the directions is sufficient when they have

been shown to be either at or between these limits.

Therefore, to have every configuration of the ecliptic with the horizon, we cal-

culated (in the first part of the Composition as already shown) the intervals

produced on the horizon at risings and settings by the beginning of each one of

the dodecatemories either side of the intersections produced by the equator and

for each latitude from the Borysthenes to Meroe for which we laid out the

angles. And, for an easy understanding, we have drawn, instead of a table, 8

concentric circles conceived in the horizon's plane and containing the intervals

and names of the 7 latitudes. Then, drawing two straight lines through all the
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circles at right angles to each other—the horizontal one as the common section

of the planes of the horizon and equator, and the vertical one as the common
section of the planes of the horizon and meridian—we have designated the ex-

tremities of the horizontal line at the outside circles as equatorial rising and
equatorial setting; and of the vertical line as north and south. Likewise we have

drawn straight lines at equal intervals on either side of the equatorial line and
again through all the circles, and we have placed on the lines within the seven

intervals the distances, found for each latitude, of the tropic points from the

equator along the horizon, a quadrant being 90°. On those at the inner extremi-

ties of the circles we have placed, to the south, winter rising and winter setting;

and to the north, summer rising and summer setting. For the intervening do-

decatemories (further inserting, within each of the four intervals, two other

lines) we have placed on these also the distances along the horizon from the

equator for the particular dodecatemories, with the name of each written at the

outside circle. And about the meridian line we have indicated the names of the

parallels, the hourly magnitudes, and the heights of the pole, making the list in

order of northerliness from the greater and encompassing circle.

In order that we may also have set out the apparent directions of the ob-

scurations with respect to the ecliptic (that is, the angles produced at each of

the aforesaid markings by the intersection of the ecliptic and the great circle

through both the centres indicated), we calculated them for each of the moon's
passages for differences of 1 digit of obscuration, and only for those at the mean
distance as being sufficient. And it is supposed the arcs of the ecliptic and of the

moon's oblique circle are sensibly parallel in the obscurations.

For, again as an example, let there be the straight line AB in place of the

ecliptic's arc, and on it let A be supposed the

centre of the sun or shadow. And let there be
the straight line CDE in place of the arc of the

moon's obhque circle. And let C be the point

where the moon's centre lies at mid-eclipse; D
the point where again its centre will be when
the whole moon is first eclipsed or first begins

to be restored (that is, when it touches the

shadow's circle from within) ; and E the point

where its centre lies when either the sun or

moon first begins to be eclipsed or finishes

being restored—that is, when the circles touch each other from without. And
let AC, AD, and AE be joined.

Now, it is evident that the angles BAC and ACE embracing the mid-eclipses

are sensibly right, that angle BAE contains that at the first part eclipsed and
the last part restored, and that angle BAD contains that at the last part eclipsed

and the first part restored. It is also immediately clear that the line AE em-
braces the radii of both circles, and AD their difference.

Now as an example, let the eclipse be supposed one in which at the middle the
half of the sun's diameter will be obscured. And let A be the sun's centre, so
that, by supposing the moon at its mean distance,

AE= 32^20';

and, since it is less by half the sun's diameter,

^C= 16^40'.
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Since, then, according to the given magnitude of the obscuration,

^C = 16^40'

where

hypt. AE = S2p20\

therefore

AC = 6lP51'

where

hypt. AE =120^;

and, where the circle about right triangle ACE is 360°,

arc^C = 62°2'.

And so also

angle BAE = angle AEC
= 62°2' to2rt.
=3i°r.

Again, for the lunar eclipses, let A be the shadow^s centre, so that, since the

moon's mean's distance is likewise supposed, always

AE = 60^,

and likewise

AD = 26H0\
And let the moon be eclipsed to 18 digits, so that again AC is less than AD by
half the diameter, and by subtraction

AC= 10^.

Since, then,

AC= 20^

where
hypt. AE =120^^,

and, where the circle about right triangle ACE is 360°,

arc^C=19°12';
therefore

angle BAE = Sing\e AEC
= 19°12' to 2 rt.

==9°36'.

And, likewise, since

AC= 45P

where
hypt. ^D = 120P,

and, where the circle about right triangle ACD is 360°,

arc AC = 44°2^•

therefore

angle BAD = angle ADC
= 44°2' to2rt.
= 22°r.

Then, in the same way, in the case of the other digits taking the sizes of the

angles less than a right angle which is 90° (and which is also what a quadrant of

the horizon is taken to be), we arranged a table in 22 rows and 4 columns. The
first column contains the digits of the diameter's obscuration found at the mid-

eclipse ; the second contains the angles produced in solar eclipses at the time of

the first part eclipsed and the last part restored; the third contains the angles

produced in lunar eclipses at the time of the first part eclipsed and the last part
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restored; and the fourth contains the angles produced, again in lunar eclipses at

the time of the last part eclipsed and the first part restored. And here are the

diagrams of the table and of the circles:

12. Exposition of the Diagrams for the Directions

1
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^jtGREES OF RiSlhfQ

BolanceRam

Ram Balance

^^GREES OF SETTlt^<5

part eclipsed, we count them northward from the setting intersection; for the

sun's last part restored and the moon's first part restored, northward from the

rising intersection; and again, for the moon's first part eclipsed, southward from

the rising intersection, and, for the moon's last part restored, southward from

the setting intersection. And if the moon's centre is south of the ecliptic, for the

sun's first part eclipsed and the moon's last part eclipsed, we count them south-

ward from the setting intersection; for the sun's last part restored and the

moon's first part restored, southward from the rising intersection; and again,

for the moon's first part echpsed, northward from the rising intersection, and,

for the moon's last part restored, northward from the setting intersection. We
shall thus have, established from this correction, that part of the horizon in gen-

eral to which are directed the parts of the luminaries receiving the first and last

markings of the eclipses and restorations.



BOOK SEVEN

1. That the Fixed Stars Always Keep the Same Position

WITH Respect to Each Other

So far in this treatise, Syrus, we have gone through the accidents relative to

the right and obhque sphere, and then those relative to the hypotheses of the

movements of the sun and moon and of the configurations considered according

to those movements. Now, for the theory to follow, we shall begin a discussion

of the stars—and first, naturally, of those called fixed.

This must first of all be understood: that, as far as this term is concerned, be-

cause the stars always appear to keep similar figures and equal distances with

respect to each other, we would do well to call them "fixed." But, because the

whole sphere of them, on which they hang (as it were) and revolve, appears it-

self to move eastward toward the prime movement's rising with a proper ordered

motion, it would not be right to call that sphere "fixed." For we find both of

these views to be true, judging from the results of a great stretch of time. And
Hipparchus first, from the appearances he had, suspected both of these things;

but for the most part conjectured rather than affirmed them because of the very

few observations on the fixed stars that had been made before him, which were
only those recorded by Aristyllus and Timocharis and which were uncertain and
not worked over. And we, from a comparison of what is observed now with what
was observed then, have come to the same conclusion, but more sure because

the examination has taken place over a longer time, and because Hipparchus'

own laborious records concerning the fixed stars (with respect to which we, for

the most part, made the comparisons) have been furnished us.

If the present appearances agree with the records of Hipparchus, then it

would be clear to anyone wishing to pursue the investigation and truthfully

examine, that no change has hitherto taken place in their position with respect

to each other, but the configurations observed by Hipparchus are seen to be
absolutely the same now. This is true not only of those inside the zodiac with
respect to each other or those outside (which would be the case if, as Hipparchus
first supposed, only those stars around the zodiac made an eastward change in

the order of the signs) but also of those inside with respect to those outside and
far off.

And we shall now set out here, for an easy test, a few of the records which can
be most readily grasped and which can bring to view the complete comparison
by which it is shown that the observed configurations contained by those out-

side are the same with respect to each other and those inside the zodiac.

In the case of the stars in the Crab, he writes that the star in the southern
claw of the Crab, the bright star west of this and of the head of the Water Snake
[Hydra], and the bright star among those in the Little Dog [Procyon] are very
nearly on the same straight line. For the middle one lies to the north and east

223
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of the straight Hne between the ends of 13^^ digit, and the distances between are

equal.

In the case of the stars in the Lion, he writes that, of the four in the Lion's

head, the eastern two and the one at the beginning of the Water Snake's neck
are on the same straight Hne; and again, that the straight hne drawn through

the Lion's tail and the star at the tip of the Bear's tail leaves the bright star

under the Bear's tail 1 digit to the west; likewise that the straight line through

the star under the Bear's tail and through the Lion's tail joins the western stars

in Berenice's Hair.

In the case of the stars in the Virgin, he says that, between the Virgin's

northern foot and the Ploughman's [Bootes] right foot, lie two stars of which
the southern and bright one (like that in the Ploughman's foot) lies west of the

straight line through the feet, and the northern and half bright one is on a

straight line with the feet. He further says that, west of the half bright one of

these two, there are two bright ones making with it an isosceles triangle whose
vertex is the half bright one ; and they are on a straight line with Arcturus and
the Virgin's southern foot. Again, he says that between Spica and the second

from the end of the Water Snake's tail lie three stars in a straight line with one

another; and the middle one of these is in a straight line with Spica and the

second star from the end of the Water Snake's tail.

In the case of the stars in the Balance [i.e., the claws of the Scorpion], he says

that very nearly in a straight line with the bright stars of the Balance, to the

north, is a bright triple star. For on each side of it lies a small one.

In the case of the stars of the Scorpion, he says that the straight line drawn
through the eastern one in the center of the Scorpion and through the right knee

of Serpentarius bisects the distance between the western stars in the right foot

of Serpentarius. He also says that the fifth and seventh joints are in a straight

line with the bright star in the middle of the Censer [Ara] ; moreover, that the

more northern of those in the Censer's base is almost in a straight line with the

fifth joint and the star in the middle of the Censer, being nearly equidistant

from both.

In the case of the stars in the Archer, he says that in the Circle [Southern

Crown] under the Archer toward the east lie two bright stars about three cubits

from each other; moreover, that the more southern and brighter, in the Archer's

foot, is very nearly in a straight line with the middle star of those three bright

ones in the Circle lying eastward and with the eastern star of the opposite

bright ones in the Quadrilateral; and the two distances between them are equal.

The northern one of them is off the straight line to the east, but is in a straight

line with the bright and opposite ones in the Quadrilateral.

In the case of the stars in the Water Bearer, he says that the two consecutive

stars in the Horse's head and the eastern shoulder of the Water Bearer are very

nearly in a straight line, to which is parallel the straight line drawn from the

western shoulder of the Water Bearer to the star in the Horse's jaws. And again

he says that the Water Bearer's western shoulder and the bright star of the two

in the Horse's [Pegasus] throat and the star in the horse's navel are in a straight

line, and the distances equal; and that the straight line through the Horse's

muzzle and through the eastern star of the four in the Urn very nearly bisects at

right angles the straight line between the two consecutive stars in the Horse's

head.
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In the case of the stars in the Fishes, he says that the star in the mouth of the

southern Fish, the bright star in the Horse's shoulders, and the bright star in his

breast are in a straight hne.

In the case of the stars in the Ram, he says that the western star of the Tri-

angle's base Hes one digit east of the straight line drawn through the star in the

Ram's jaw and the left foot of Andromeda; and also that the western stars in

the Ram's head and the midpoint of the Triangle's base are in a straight line.

In the case of the stars in the Bull, he says that the eastern stars of the Hyades

and the sixth star, counting from the south, of the hide which Orion holds in his

left hand are in a straight line; and that the straight line draw^n through the

Bull's western eye and the seventh from the south of those in the hide leaves the

bright star of the Hyades a digit to the north.

In the case of the stars in the Twins, he says that in a straight line with the

Twin's heads there is a star east of the eastern head by a distance three times

that between the heads, and that this same star is in a straight line with the

more southern of those about the little nebula.

Now, in these and similar configurations affording a comparison for nearly

the whole sphere we see nothing changed up to now. And such a change would

have been certainlj^ sensible in the intervening two hundred and sixty years if

only those stars about the ecliptic had made a movement to the east.

In order that those after us may make a comparison over a longer time from

more configurations of the same kind, beginning wdth the stars in the Ram, we
shall also set out those configurations most easily grasped of all those not given

in the older record but obtained by us.

Now, of the three stars in the Ram's head the more northern two, the bright

one in the southern knee of Perseus and the star called Capella are in a straight

line. Again the straight line joining Capella and the bright star of the Hyades
[AJdebaran] leaves a little to the east the star in the Charioteer's [Auriga] west-

ern foot. And Capella, and the star common to the Charioteer's eastern foot and
the northern end of the Bull's horns, and the star in Orion's western shoulder

are in a straight hne. Again, the bright stars in the Tmns' heads and the bright

star in the Water Snake's throat are very nearly in a straight line. Yet again,

the two consecutive stars in the Bear's forefoot, the star at the top of the Scor-

pion's northern claw, and the more southern of the Asses are in a straight line.

Likewise the southern Ass, the bright star in the Little Dog [Proc3^on], and the

bright star between them, west of the Water Snake's head, are very nearly in a
straight line. Furthermore, the straight line drawn from the middle star of the

bright ones in the Lion's throat to the bright star in the Water Snake leaves the

star of the Lion's heart a little to the east. The straight line from the bright star

in the Lion's loin to the bright star in the back of the Bear's thigh, which is south

of the eastern side of the quadrilateral, leaves a little to the west the two con-

secutive stars in the Bear's eastern foot. Again, the straight line from the star

in the back of the Virgin's thigh to the second star from the end of the Water
Snake's tail leaves a bit to the west the star called Spica. The straight line from
Spica to the star in the Ploughman's head leaves Arcturus a bit to the east.

«Spica and the stars on the Raven's wings are in a straight line. Spica, the star

in the back of the Virgin's thigh, and the bright northern star in the Plough-
man's western calf are in a straight Hne. Again, the bright stars in the Balance
and the star at the tip of the Water Snake's tail are very nearly in a straight
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line. The bright star in the southern Claw, Arcturus, and the middle star of the

three in the Big Bear's tail are in a straight line. The bright star in the northern

Claw, Arcturus, and the star in the back of the Bear's thigh are in a straight line.

Again the star on the eastern shin of Serpentarius, the star in the Scorpion's

fifth joint, and the western star of the two consecutive ones in its centre are in a
straight line. The western star of the three in the Scorpion's breast and the two
in Serpentarius' knees makes an isosceles triangle, whose vertex is the western

star of the three in the breast. Again, the star on the Archer's southern and
forward ankle and of second magnitude, the star on the barb, and the star in

Serpentarius' eastern knee are in a straight line. The star in the knee of the

Archer's same foot, near the Crown, the star on the barb, and the star in Ser-

pentarius' western knee are in a straight line. Again, the straight line joined

from the bright star [Vega] in the Lyre to the star in the Goat's [Capricorn]

horns leaves a little to the east the bright star in the Eagle [Aquila]. The straight

line from the bright star in the Eagle to the star of the first magnitude in the

mouth of the southern Fish nearly bisects the distance between the two bright

stars in the Goat's tail. Moreover, the straight line from the star of the first

magnitude in the mouth of the southern Fish to the star in the Horse's muzzle

leaves a little to the east the bright star in the Water Bearer's eastern shoulder.

Again, the stars in the mouths of the two southern Fishes and the western stars

of the square in the Horse are in a straight line.

And finally, if one should compare these configurations with those of the con-

stellations on Hipparchus' solid sphere, he would find the positions gotten by
the observations of that time and recorded on the sphere to be very nearly the

same as those gotten now.

2. That the Sphere of the Fixed Stars Makes a Movement
Eastward on the Ecliptic

By means of the foregoing and similar comparisons we can show that the re-

lation and movement of the so-called fixed stars is one and the same. And that

their sphere makes its own proper movement in the direction contrary to the

motion of the whole—that is, eastward in the order of the signs from the great

circle drawn through both sets of poles, those of the equator and those of the

ecliptic—becomes evident to us especially through the fact that the same stars

do not keep the same distances formerly and in our time with respect to the

tropic and equinoctial points, but are always found in later times to be a greater

distance eastward than the first from those same points.

For Hipparchus, in his treatise On the Precession of the Tropic and Equinoctial

Points, compares the lunar eclipses from those carefully observed by him and

from those observed earlier by Timocharis, and he calculates that Spica is 6°

west of the autumn equinox in his time, but very nearly 8° in the time of

Timocharis. Finally he says this: *'If then, for example, Spica was formerly 8° in

longitude west of the fall equinox, and is now 6° west" and so forth. And simi-

larly, in the case of the other planets of which he made a comparison, he shows

just about the same eastward shift accomplished. And we, comparing the ap-

parent distances of the fixed stars relative to the tropic and equinoctial points,

in our time with those observed and recorded by Hipparchus, find their shift

eastward along the ecliptic the same proportionately to the foregoing one. This

research we have made by means of the instrument we prepared for the obser-
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vation of the moon's particular elongations from the sun, placing one circle of

the astrolabe at the moon's apparent passage falling at the hour of the observa-

tion, and carrying the other circle to the star being sighted so that the moon and

star may be sighted together in their proper places. And thus, from its distance

to the moon, we get the position of each one of the bright stars.

For one example, in the year 2 of Antonine, Egyptianwise Pharmouthi 9, as

the sun was about to set in Alexandria and the last section of the Bull was cul-

minating (that is, 6}/2 equatorial hours after noon of the ninth) we observed the

apparent moon to be 923/8° from the sun which was sighted about 3° within the

Fishes. And a half hour after the sun had set, with the first quarter of the Twins
culminating and the apparent moon sighted in the same position as before, the

star in the Lion's heart [Regulus] appeared, with the aid of the other circle of

the astrolabe, to be 57)^° from the moon eastward along the ecliptic. But in the

first observation the sun's true position was very nearly 33^20° within the Fishes,

so that the apparent moon was then a distance of 923^8° eastward or very nearly

5J^° within the Twins, where, according to our hypotheses, it should have been.

A half hour later, the moon must have moved eastward very nearly 3^° and
have displaj^ed a westward parallax of very nearly 3^2° at the first position.

Therefore the half hour after the apparent moon was 53/^° within the Twins, so

that the star in the heart (since it appeared to be 57}/q° eastward from it) was
situated 23/^° within the Lion, and was a distance of 32)^° from the summer
tropic.

But in the year 50 of the Third Callippic Period, as Hipparchus observes and
records, it [Regulus] was then (29+3^2+/^)° eastward from the same summer
tropic point. Therefore, the star in the Lion's heart had shifted eastward along

the ecliptic 2%° in the years from Hipparchus' observation to the beginning of

Antonine's reign when we observed most of the passages of the fixed stars, a
period which comes to about 265 years. And so from this it is found that there is

an eastward shift of 1° in very nearly 100 years, as Hipparchus seems to have
guessed when he says his treatise On the Magnitude of the Solar Year: "If for this

cause the tropics and equinoxes shifted westward not less than 3^oo° in a year,

then they would have to shift not less than 3° in 300 years." And having sighted

Spica and the brightest stars about the ecliptic in their distance from the moon
in this same way, then finally from these more accessible ones the other also, we
find their distances with respect to each other very nearly the same as those

observed by Hipparchus but their distances with respect to the tropic and equi-

noctial points to have shifted eastward very nearly 23/^° compared to the record

of Hipparchus.

3. That the Eastward Movement of the Sphere of the Fixed Stars
Takes Place About the Pole of the Ecliptic^

It has now become clear to us that the sphere of the fixed stars makes an
eastward motion of very nearly this amount. And the next thing is to find out
the direction of this movement—that is, whether it takes place about the poles

of equator or of the ecliptic. And this would become evident to us from the

^The history of the interpretation of the appearance called the precession of the equinoxes
is one of the most beautiful in the development of astronomy and physics.

In the Copernican theory, it is explained by having the restoration of the annual decUnsr
tion of the earth's axis with respect to the plane through the earth and the sun anticipate the
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longitudinal shift. For the great circles drawn through the poles of one of these

cut off unequal arcs on the other unless the difference due to this cause should

be altogether indistinguishable to the senses because of such a small shift's

taking place in this amount of time. But it would be very easily gotten from
their latitudinal shift then and now. For with respect to whichever of the circles,

the equator or ecliptic, they always appear to keep their latitudinal distances,

it is clear that the movement of the sphere will be effected about that circle.

Now Hipparchus also agrees to the movement's being about the ecliptic's

poles. For in his treatise On the Precession of the Tropic and Equinoctial Points

he in turn concludes, from the things observed by Timocharis and by himself,

that Spica keeps unchanged; not relative to the equator, but relative to the

ecliptic, the magnitude of its latitudinal distance of 2° south of the ecliptic.

Therefore in his treatise On the Magnitude of the Solar Year he supposes only the

movement about the poles of the ecliptic. And yet he still has doubts, as he him-

self says, because the trustworthy observations of Timocharis have not been

taken in a general enough way and because the intervening time has not been

long enough for a conclusive observation.

However, since we find over a longer time and for nearly all the fixed stars

just this thing, we can reasonably suppose their movement about the poles of

the ecliptic to be fairly sure. For, observing the latitudinal distance of each on

the great circle drawn through its poles, we find nearly the same distances con-

tained as were recorded and brought together by Hipparchus, or else disagreeing

so little that the discrepancy could be neglected as the result of the observations

themselves. But in the case of the distances observed with respect to the equator

along the great circle drawn through its poles, neither do we find those gotten

by us agreeing with those recorded in the same way by Hipparchus, nor these

with those gotten still earlier by Timocharis. And from these themselves we
find even more thoroughly confirmed the identity of the latitude with respect to

the ecliptic. For the stars in the hemisphere from the winter tropic through the

spring equinox to the summer tropic are always found farther north than the

earlier distance with respect to the equator; but those in the opposite hemi-

sphere farther south, those near the equinoctial points having greater differ-

ences, and those near the tropic points having less—almost in proportion as the

ecUptic's eastward sections in their longitudinal progression get farther north

or farther south of the equator.

restoration of the earth's centre in its revolution about the sun. Copernicus thought there

was an irregularity in the rate of the precession. Neither Ptolemy nor the modems find this

appearance.

In Newton's Principles, the precession is deduced by an extraordinary analogy with the

three body problem in the famous Proposition 66 of Book I, particularly in the first eleven

corollaries and in Corollaries 20, 21, and 22.

It is in this last corollary also that it is brought out that from Newtonian principles it must

follow that the rotation of a body on its axis is a regular motion and no centripetal force will

change the velocity of this rotation. Thus the Ptolemaic assumption of the regularity of the

two motions which made up the apparent motion of the fixed stars is, at least for the first one,

in effect the same as the Newtonian. The astronomers before Hipparchus had simply con-

sidered the revolution of the fixed stars as regular.

The choice of regular motion is one that is arbitrary. But the very fact that one can and

must choose a regular motion, and that the apparent motions are so ambiguous as to allow

any one of them to be chosen as such is the sign for St. Augustine that points to a non-sensible

theorj'^ of time and of memory. See the Confessions, Books x and xi.
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In order to state this more clearly in a few easily understood eases, we shall

set out, for either hemisphere, their recorded latitudinal distances from the

equator along the great circle drawn through its poles, those gotten by Tim-

ocharis, those by Hipparchus, and those gotten in the same way by ourselves.

Now, Timocharis records the bright star in the Eagle [Altair] as being 5J^°

north of the equator, and Hipparchus the same; but we find it to be (5+3^ 4-

}/s)°. And Timocharis records the centre of the Pleiades as being 14}^° north of

the equator, Hipparchus 15J^°, and we find it to be 163^°. Again, Timocharis

records the bright star of the Hj^ades [Aldebaran] as being (8+3^+M)° north

of the equator, and Hipparchus (9+}^ +3^)°, and we find it to be 11°. Aristyllus

records the brightest star in the Charioteer, called the Goat [Capella] as being

40° north of the equator, Hipparchus 40%°, and we find it to be 41 3^^°. Tim-

ocharis records the star in the western shoulder of Orion as being 1^° north of

the equator, Hipparchus 15^°, and we find it to be 23^°. Timocharis records the

star in the eastern shoulder of Orion [Betelgeuse] as being (3+3^+3^)° north of

the equator, Hipparchus 43/^°, and we find it to be 53^°. Timocharis records the

bright star in the Dog's mouth [Sirius] as being 163^° south of the equator,

Hipparchus 16°, and we find it to be (15+J^+}^)°. Aristyllus records the

western star of the bright ones in the Twins' heads [Castor] to be 33° north of

the equator, Hipparchus 333^°, and we find it to be 33%°. And Aristyllus re-

cords the eastern one [Pollux] as being 30° north of the equator, Hipparchus the

same, and we find it to be 303^°.

Of all these distances intercepted longitudinally within the hemisphere con-

taining the spring equinox, the later ones have become all more northern in lati-

tude with respect to the equator than the earlier ones, those near the tropic

sections by a very small amount and those near the equinoctial sections by a

considerable amount. This is consequent upon the precession eastward about

the ecliptic's poles, because the eastward sections of this semicircle always get

more northern than the western, those near the equinoctial points with greater

differences and those near the tropic points with smaller.

In the opposite hemisphere, Timocharis records the star in the Lion's heart

[Regulus] as being 213^° north of the equator, Hipparchus 20%°, and we find

it to be (19+3^+3^)°. Timocharis records Spica as being 1%° north of the

equator, Hipparchus only %°, and we find it to be 3^° south of the equator.

Aristyllus records that of the three stars in the Big Bear's tail the one at the tip

is 61J^° north of the equator, Hipparchus (60+J^+3^)°, and we find it to be
59%°. Aristyllus records the second from the end, in the middle of the tail, as^

being 6734° north of the equator, Hipparchus 663^°, and we find it to be 65°.

Aristyllus records the third from the end, at the beginning of the tail, as being

683^° north of the equator, Hipparchus 67%°, and we find it to be 6634°. Tim-
ocharis records Arcturus as being 313^° north of the equator, Hipparchus 31°,

and we find it to be (29+3^+%)°. Timocharis records that, of the bright stars

in the Scorpion's claws, the one in the southern tip is 5° south of the equator,

Hipparchus 5%°, and we find it to be 7)'^°. Timocharis records the star in the

tip of the northern claw as being 13^° north of the equator, Hipparchus only

%°, and we find it to be 1° south of the equator. And Timocharis records the

bright star in the Scorpion's breast, called Antares, as being 18%° south of the

equator, Hipparchus 19°, and we find it to be 2034°-

Now, of all these passages, in the ODDosite way, the later have become oropor-
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tionately more southern in latitude with respect to the equator than the earlier.

Therefore it could be concluded that the eastward longitudinal shift of the

sphere of the fixed stars is 1°, as we said before, in very nearly 100 years, and
2%° in the 265 years between the observation of Hipparchus and our own. And
this conclusion is reached through the latitudinal difference found for those stars

about the equinoctial points.

For the centre star of the Pleiades, found by Hipparchus to be 15J^° north

of the equator and by us 163^°, has become more northern in the intervening

time by 1K2°- And the 2%° on the ecliptic for stars at the end of the Ram, re-

sulting from the eastward longitudinal shift over the same amount of time,

gives just that difference in latitude with respect to the equator. Again, the star

called Goat [Capella], found by Hipparchus to be 40%° north of the equator

and by us 413^^°, has become more northern by %°, the 2%° on the ecliptic for

stars at the middle of the Bull again giving just that difference in latitude with

respect to the equator. In the western shoulder of Orion, the star found by Hip-

parchus to be 1%° north of the equator and by us 23^^° has become more north-

ern by very nearly %°, the 2%° on the ecliptic for stars two-thirds within the

Bull giving just that difference in latitude with respect to the equator.

Likewise for the opposite hemisphere, Spica, found by Hipparchus to be %°
north of the equator and by us 3^° south, has become more southern by l3^o°-

Again, the 2%° on the ecliptic for stars at the end of the Virgin give just that

difference in latitude with respect to the equator. The star at the tip of the Big

Bear's tail, found by Hipparchus to be 60M° north of the equator and by us

59^°, has become more southern by lJiL2°; and the 2%° on the ecliptic for stars

at the beginning of the dodecatemory of the Balance give just this difference in

latitude with respect to the equator. And Arcturus, found by Hipparchus to be
31° north of the equator and by us (29+3^+3^)°, has become more southern by

13^°, the 2%° on the ecliptic for stars at the beginning of the Balance likewise

giving very nearly this difference in latitude with respect to the equator.

And what is required will be even clearer to us from the following observa-

tions.

For Timocharis, having observed these things in Alexandria, records that in

the year 47 of the first Callippic Period of 76 years (Anthesterion 8, Egyptian-

wise Athyr 29), at the end of the third hour, the southern half of the moon ap-

peared to have advanced eastward one-third or one-half the way through the

Pleiades, in true position. And this date is the year 465 of Nabonassar, Egyp-

tianwise Athyr 29-30, 3 seasonal hours before midnight and 33^ equatorial

hours. For the sun was 7° within the Water Bearer, and with respect to regular

solar days the amount of time before midnight adds up to that many hours.

According to hypotheses already demonstrated by us, the moon at that hour

had its true position 0°20' within the Bull—that is, it was 30°20' from the spring

equinox and 3°45' north of the ecliptic. In Alexandria it appeared to be 29°20'

within the Ram in longitude, and 3°35' north of the ecliptic, since the second

third of the Twins was culminating. Therefore, the eastern limit of the Pleiades

was then very nearly 293^2° east of the spring equinox, since the moon's centre

was still west of it and very nearly 3%° north of the ecliptic. For this limit was,

in turn, a little more north than the moon's centre.

And Agrippa who observed in Bithynia records that, in the year 12 of Domi-

tian (in their fashion Metroius 7), at the beginning of the third hour of the



THE ALMAGEST, VII 231

night, the moon occulted mth its southern horn the southeastern part of the

Pleiades. This date is the year 840 of Nabonassar, Egyptianwise Tybi 2-3, 4

seasonal hours before midnight, and 5 equatorial hours. Because the sun was 6°

within the Archer. Therefore, with respect to the meridian of Alexandria, the

observation was 6}4 equatorial hours before midnight, and relative to regular

solar days 5% hours, at which time the true position of the moon's centre was
3°7' within the Bull and (4+>^+J^)° north of the ecliptic. In Bithynia it ap-

peared to be 3° 15' in longitude wdthin the Bull and 4° north of the ecliptic be-

cause the point two-thirds within the Fishes was culminating. Therefore the

eastern part of the Pleiades was then 3334° east of the spring equinox and S%°
north of the ecliptic. So it is evident that, in latitude, the eastern part of the

Pleiades was then and now 3%° north of the ecliptic along the great circle drawn
through its poles, and, in longitude, has moved 3°45' eastward from the spring

equinox. Because at the first observation it was 29J^° from it, and at the second

3334°; and the time between the two observations embraces 365 years. And,
therefore, the eastern part of the Pleiades has moved eastward 1° in 100 years.

Again having observed in Alexandria, Timocharis records that in the year 36

of the First Callippic Period (Elaphebolion 15 or Tybi 5), at the beginning of the

third hour, the moon reached Spica "with the midpoint of its disc toward the

equatorial rising, and Spica went behind it cutting off exactly one-third of the

diameter towards the north. And this date is the year 454 of Nabonassar,

Egyptianwise Tybi 5-6, very nearly 4 seasonal and equatorial hours before mid-

night, because the sun was about 15° within the Fishes. With respect to regular

solar days, the determination comes to just about that many hours before. And
at that hour the true position of the moon's centre was again 21°21' in longitude

within the Virgin—that is, it was 81°21' east of the summer tropic and (1+3^+
}4)° south of the ecliptic. But it appeared to be 82°12' in longitude from the

summer tropic and very nearly 2° south of the ecliptic. For the middle of the

Crab was culminating. And therefore, for these reasons, Spica was at that time
82}/^° i^oia the summer tropic and 2° south of the ecliptic.

Timocharis likewise says that in the j^ear 48 of the same period (on the sixth

of Pyanepsion waning, or Thoth 7), at half-past the ninth hour, the moon hav-

ing risen above the horizon, Spica appeared to be exactly touching the northern

part of it. And this date is the year 466 of Nabonassar, Egyptianwise Thoth 7-8,

as he himself says, 33^ seasonal hours after midnight, and very nearly 33^ equa-
torial hours, since the sun was near the middle of the Scorpion. Consequently,
it was 23^^ hours after midnight. For at just that many equatorial hours after

midnight the point 223^2° within the Twins was culminating, and about the same
point within the Virgin was rising. And the moon was in this position when it

rose, as he sa3^s. With respect to regular solar days we find it to be only 2 equa-
torial hours after midnight. Again, at this time the true position of the moon's
centre was 81°30' from the summer equinoxes and 23^° south of the ecliptic;

but it appeared to be 82°30' in longitude away from it and 234° south of the
ecliptic. And therefore Spica, by this observation, was in turn very nearly 2°

south of the ecliptic and 823^2° fi'oni the sununer tropic. Consequently, in the
12 years between the two observations, it has moved very nearly 3^° eastward
from the sunmier tropic.

And Menelaus, the geometer, says that he observed in Rome, in the year 1 of

Trajan (Mechir 15-16), at the end of the tenth hour, Spica occulted by the
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moon; for it could not be seen; but that at the end of the eleventh hour he ob-

served it west of the moon's centre equally distant from the horns by less than a

diameter. And this date is the year 845 of Nabonassar, Eg^^ptianwise Mechir
15-16, 4 seasonal hours after midnight when the moon's centre overtook Spica,

but 5 equatorial hours because the sun was 20° within the Goat; with respect to

the meridian through Alexandria, it was 63^ hours after, and with respect to

regular solar days was 634 hours after or a little more. At this hour the true

position of the moon's centre was 85^° from the summer tropic and very nearly

13^° south of the ecliptic, but it appeared to be 8634° iti longitude from it and 2°

south. For the first quarter of the Balance was culminating. Therefore Spica

had that position at that time.

It is clear that, according both to Timocharis and to ourselves, Spica was the

same distance south of the ecliptic (that is, 2°) but that since the observation in

the year 36 it has shifted 3°55' during the 391 intervening years; and, since the

observation in the year 48, 3°45' during the 379 intervening years. And so, from

this the eastward shift of Spica in 100 years comes to very nearly 1°.

Again, Timocharis says he observed in Alexandria that in the year 36 of the

First Callippic Period (Poseidon 25, or Phaophi 16), exactly at the beginning of

the tenth hour, the moon appeared to overtake with its northern arc the north-

ern star of those in the Scorpion's forehead. And this date is the year 454 of

Nabonassar, Egyptianwise Phaophi 16-17, 3 seasonal hours after midnight and

3% equatorial hours, because the sun was 26° within the Archer, but 33^ hours

with respect to regular solar days. At that hour the true position of the moon's

centre was 3134° from the autumn equinox and 13^° north of the ecliptic, but it

appeared to be 32° in longitude and 1°12' north of the ecliptic. For the middle

of the Lion was culminating. And, therefore, the northernmost star in the Scor-

pion's forehead was at that time 32° in longitude from the autumn equinox and
very nearly 13^° north of the ecliptic.

Likewise Menelaus says he observed in Rome that in the year 1 of Trajan,

Mechir 18-19, at the end of the eleventh hour, the moon's southern horn ap-

peared in a straight line with the middle and southern stars of those in the

Scorpion's forehead. But its centre lay east of this line and was as far from the

middle star as the middle star was from the southern star; and its centre seemed

to have overtaken the northern star of those in the forehead. For it made no

appearance whatsoever. This date is again the year 845 of Nabonassar, Egyp-

tianwise Mechir 18-19, 5 seasonal hours after midnight and 63^ equatorial hours,

because the sun was 23° within the Goat; but 73^ hours after with respect to the

meridian through Alexandria, and very nearly the same with respect to regular

solar days. At this hour the true position of the moon's centre was 353^° from

the autum equinox and 23^° north of the ecliptic. But it appeared to be 35°55' in

longitude and 13^° north. For the end of the Balance was culminating. There-

fore, the northernmost star in the Scorpion's forehead, at that time, had very

nearly that same position.

It is thus evident that also in the case of this star the same latitudinal dis-

tance has been observed then and now, but that the longitudinal distance has

shifted 3°55' eastward from the autumn equinox for the total of 391 years be-

tween the observations. Again it follows from this that the eastward shift of the

star is 1° in 100 years.
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4. On the Manner of Recording the Fixed Stars
And now, from the similar observation and comparison of these and otlier

bright stars and from the constant distance of the rest with respect to the stars
observed, we find it certain, to the extent that the time elapsed allows, that the
sphere of the fixed stars makes a shift of this amount eastward from the tropic
and equinoctial points, and moreover that this movement is effocted about the
poles of the ecliptic and not about the poles of the ec}uator—that is, those of the
prime movement. We therefore thought it proper, for each of these and of the
other fixed stars, to make observations and records of their epochs observed at
the present time, considered in longitude and latitude, not with resj^ect to the
equator but defined with respect to the ecliptic by the great circles drawn
through its poles and each one of the stars. In accord with the gi\en hypothesis
on the movement, it is necessary that their latitudinal passages with respect to

the ecliptic remain always the same, and that the longitudinal shifts eastward
cut off equal arcs in equal times. And so again, using the same instrument, by
the turning of the armillary circles in it about the ecliptic's poles we observed
as many stars as we could, up to those of the sixth magnitude. We always
directed one of these armillary circles towards one of the bright stars gotten by
means of the moon, according to its proper section on the ecliptic; another

armillary circle, graduated and capable of turning on the ecliptic's poles, we
directed towards the desired star until, like the first one, it also was sighted

through the hole of its owti proper circle. When this took place, botli passages

of the stars desired were immediateh^ evident to us on the armillary circle, since

the longitudinal position was defined by its intersection with the ecliptic and the

latitudinal positions by the arc on it cut off between this intersection and the

upper hole.

Now, to have the solid sphere's arrangement of constellations expounded in

this way, we set it up tablewise in 4 parts, placing in the first part the configura-

tions for each one of the stars by constellation. In the second we placed the

positions according 1x) longitude within the dodecatemories as they are gotten

from observations at the start of Antonine's reign, the beginning of the quad-

rants again being taken at the tropic and equinoctial points. In the third we

placed the latitudinal distances from the ecliptic for both the northern and

southern sides. And in the fourth we placed the order of magnitude. Now, the

latitudinal distances are always the same. But the longitudinal positions can

easily provide the passage for other dates, if we subtract the degrees correspond-

ing to the tune between the date of the position and the date sought, at the

rate of 1° in a hundred years, from the degrees of the position in the case of an

earlier date; and if we add in the case of a later date.

The designations by configurations, therefore, must be understotxl in accord-

ance with the convention of constellations and by the determinations of the

ecUptic's poles. For by ''stars preceding certain stars" and by ''stars following

certain stars'' we mean those having their positions in the preceding western or

following eastern sections of the ecliptic; and by "more southern" or "more

northern" we mean those nearer the corresponding pole of the ecliptic.

We have not used for each of the stars altogether the same formations as our

predecessors, just as they did not use the same as their predecessors. But often

we use others according to the greater propriety and fittingness of the coniigura-
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tions—as, for example, when those stars which Hipparchus places in the shoul-

ders of the Virgin, we call her sides because their distance from the stars in the

head appears greater than that from the hands, and thus they better fit the

sides and are quite different from the shoulders. But the correspondence of the

differently designated stars would be easy to ascertain by the comparison of

their recorded positions. And here is the exposition of the records:

5. Tabular Exposition of the Constellations of the
Northern Hemisphere

Configuraiions

Constellation of the Little Bear
The star on the tip of the tail

The next one in the tail

The next one, before the beginning of the tail

The southern one on the western side of the rectangle

The northern one on the same side

The southern one of those on the eastern side

The northern one on the same side

In all, 7 stars of which 2 are of 2nd magnitude,

1 of 3rd, 4 of 4th.

The unfigured star near it, that is the more southern

star of first magnitude in a straight line with

those on the eastern side

Constellation of the Big Bear
The star at the tip of the muzzle

The western star of those in the two eyes

The eastern one of these

The western star of the two in the forehead

The eastern one of these

The star at the end of the western ear

The western star of the 2 in the neck

The eastern one of these

The northern star of the 2 in the breast

The southern one of these

The star in the left knee

The northern star at the end of the left forefoot

The southern one of the^e

The star above the right knee

The star below the right knee

Of those in the quadrilateral, the star on the

back
Of these, the star on the flank

The star at the beginning of the tail

The remaining star in the left thigh

The western star of those at the end of the left hind-

foot

The star east of this one

The star in the left ham
The northern star of those at the end of the right

hindfoot

The southern star of these

The first star of the 3 in the tail after the begin-

ning

The middle one of these

The third one at the end of the tail

In all, 27 stars of which 6 are of 2nd magnitude,

8 of 3rd, 8 of 4th, 6 of 5th.

Longitude Latitude Magn.

Twins 0°K'
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Configurations

Of the Unfigured Stars beneath it

The star under the tail far to the south

The dimmer star west of it

The more southern star of those between the forefeet

of the Bear and the head of the Lion

The star north of this

The star east of the other 3 dim ones

The star west of tliis last

The star still farther west than this last

The star between the forefeet and the Twins
In all, 8 unfigured stars of which 1 is of 3rd mag-

nitude, 2 of 4th, 1 of 5th, and 4 dim.

II
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Configurations Longitude Latitude Magn.

The star touching the right shoulder from above Fishes IQ%° N69° 3

The star touching the right elbow from above Fishes 93^° N72° 4

The star touching the same elbow from below Fishes 10° N74° 4

The star in the chest Fishes 28^° N65i/^° 5

The star in the left arm Ram 7i^° K623^° 4+
The southern star of the 3 in the tiara Fishes 16^^ N60^'' 5

The middle one of the 3 Fishes 17H° N61i^° 4
The northern one of the 3 Fishes 19° NGIK" 5

In all, 11 stars of which 1 is of 3rd magnitude,

7 of 4th, 3 of 5th.

Of the Unfigured Stars About Cepheus
The star west of the tiara

The star east of the tiara

In all, 2 unfigured stars of which 1 is of 4th mag-
nitude. 1 of 5th.

Fishes 133i°
Fishes 21H°

N64°
N593^'

Constellation of the Ploughman
The star west of the 3 in the left hand
The middle and southern one of the 3

The eastern one of the 3

The star in the left elbow

The star in the left shoulder

The star in the head

The star in the right shoulder

The star north of these and in the crook

The star north of this at the tip of the crook

The northern one of the 2 below the shoulder in the

cudgel

The southern one of these

The star at the tip of the right hand
The western one of the 2 in the wrist

The eastern one of these

The star at the end of the crook's haft

The star in the right thigh in the girdle

The eastern one of the two in the girdle

The western one of these

The star in the right heel

The northern one of the 3 in the left shank

The middle one of the 3

The southern one of these

In all, 22 stars of which 4 are of 3rd magnitude,

9 of 4th, 9 of 5th

One Unfigured Star Under This of 1st Mag.

The fiery star called Arcturus between the thighs

Constellation of the Northern Crown
The bright star in the Crown
The most western of all

The one east and north of this one

The one again east and north of this last

The star east of the bright one southwards

The star east of this last and nearby

The star still east of these

The star east of all those in the Crown
In all, 8 stars of which 1 is of 2nd magnitude,

6 of 4th, 1 of 5th, 1 of 6th.

Virgin 21^*^
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Configxirations Longitude

Constellation of Man Kneeliiig

The star in the head Scorpion

The star in the right shoulder beside the armpit Scorpion

The star in the right arm Scorpion

The star in the right elbow Balance

The star in the left shoulder Scorpion

The star in the left arm Scorpion

The star in the left elbow Scorpion

The eastern one of the 3 in the left wTist Archer

The northern one of the remaining 2 Archer

The southern one of these Archer
The star in the right side Scorpion

The star in the left side Scorpion

The one north of this last in the left buttock Scorpion

The star at the beginning of the same thigh Scorpion

The western star of the 3 in the left thigh Scorpion

The one east of this last Scorpion

The star again east of this one Scorpion

The star in the left knee Archer

The star in the left shin Scorpion

The wa>teni one of the 3 in the foot Scorpion

The middle one of the 3 Scorpion

The eastern one of thase Scorpion

The star at the beginning of the right thigh Scorpion

The one north of this and in the same thigh Balance
The star in the right Icnee Balance
The southern star of the 2 under the right knee Balance
The northern one of these Balance
The star in the right shank Balance
The star at the end of the right foot which is the

same as that at the tip of the crook

Except for this last, in all 28 stars of which 6 are

of 3rd magnitude, 17 of 4th, 2 of .5th, 3 of 6th.
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Latitude Moffn.

17^°
3%°
1^°

28°

16^°
22°

27%°
53^°
1%°
13^°

3^-6°

10K°
10°

11K°
14=

15M°
16M°

16^6°

19%°
%°

25%°
15%°
13%°

10K°
11%°

N37%°
N43°
N40%°
N37%°
X48°
N49%°
X52°
X52%°
X54°
X53°
XoO%°
X53}^°
X563^°

Xo9>6°
X60%'^
X61M"
X61°
X69%°
X70M°
X71M°
X723^°
X603^°
X63''

X65H°
X63%°
X64M°
X60°

3

3

3

4

3

4+
4+
4+
4+
4

3

5

5

3

4

4

4-h
4

4

6

6

6

4+
4

4+
4

4

4

The Unfigured Star Beyond This

The star south of that in the right arm
In all 1 star of 5th magnitude.

Constellation of the Lyre
The bright star on the shell called the Lyre
The northern one of the 2 Ij'ing next it

The southern one of these

The star east of these and at the beginning of the

horns

The northern one of the two near the eastern side of

the shell

The southern one of these

The northern one of the two western stars in the

crossbar

The southern one of these

The northern one of the 2 in the cross-bar

The southern one of these

In aJl, 10 stars of which 1 is of 1st magnitude,
2 of 3rd, 7 of 4th.

Scorpion 2%°
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Configurations

The star in the middle of the throat

The star in the breast

The bright star in the tail

The star in the elbow of the right wing

The southern star of the 3 in the right wing-spread

The middle one of the 3

The northern one at the edge of the wing-spread

The star in the elbow of the left wing

The star north of these and in the middle of the

same wing
The star at the edge of the left wing-spread

The star in the left foot

The star in the left knee

The western one of the 2 in the right foot

The eastern one of these

The star in the nebula of the right knee

In all, 17 stars of which 1 is of 2nd magnitude,

5 of 3rd, 9 of 4th, 2 of 5th.

Longitude

Goat 16M°
Goat 283^°

Water Bearer 9K°
Goat 193^°

Goat 221^"

Goat 21 K°
Goat 16%°

Water Bearer %°

Water
Water
Water
Water
Water
Water
Water

Bearer 3^"
Bearer Q%°
Bearer 10°

Bearer 14i^°

Bearer 1^°
Bearer 2%°
Bearer 12K°

Latitude Magn.
N543^°
N573^°
N60°
N64%°
N69%°
N713^°
N74°
N49H°

N52K°
N44°

N57°
N64°
N64H°
N64^°

4+
3

2

3
4

4+
4+
3

4+
3

4+
4+
4
4
5

The Unfigured Stars About It

The southern star of the 2 under the left wing

The northern one of these

Jn all, 2 stars of 4th magnitude.

Constellation of Cassiopeia

The star in the head

The star in the breast

The star north of this and in the girdle

The star above the chair along the thighs

The star in the knees

The star in the shank

The star at the tip of the foot

The star in the left arm
The star below the left elbow

The star in the right forearm

The star above the foot of the throne

The star in the middle of the back of the chair

The star at the end of the back

In all, 13 stars, of which 4 are of 3rd magnitude,

6 of 4th, 1 of 5th, 2 of 6th.

Water Bearer 10%°
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Configurations

The star west of tliis and above the knee

The western star of the 2 above the joint

The eastern one in the joint itself

The star in the right calf

The star in the right ankle

The star in the left thigh

The star in the left knee

The star in the left shank
The star in the left heel

The star east of it in the left foot

In all, 26 stars, of which 2 are of 2nd magnitude,

5 of 3rd, 16 of 4th, 2 of 5th, a nebula.
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Longitude
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Configurations

The northern one of the 3 in a straight hne in the

left shank
The middle one of these

The southern one of the 3

The star in the left heel

The star touching the hollow of the left foot

In all, 24 stars, of which 5 are of 3rd magnitude,

13 of 4th, 6 of 5th.

Longitude

Scorpion 11^°
Scorpion 10^°
Scorpion 9^°
Scorpion 12}^°

Latitude Magn.

N5M°
N3K°
N1H°

Scorpion 10^° ^%°

5+
5

5+
5

The Unfigured Stars about the Serpentarius

The northern one of the 3 east of the right shoulder

The middle one of the 3

The southern one of these

The star east of the 3 above the middle one

The lone star north of the 4

In all, 5 stars of 4th magnitude.

Archer



Archer 22H° N36%'

THE ALMAGEST, VII

Configurations Longitude

The western one of the 2 in the right shoulder Archer 29^°
The eastern one of these Goat 1 H°
The star farther off under the Eagle's tail touching

the Milky Way
In all, 9 stars, of which 1 is of 2nd magnitude,

4 of 3rd, 1 of 4th, 3 of 5th.

The Unfigured Stars about the Eagle

The western star of the 2 south of the Eagle's head Goat 3^**

The eastern one of these Goat 8^6

"

The star southwest of the Eagle's right slioulder Archer 26°

The star south of this Archer 28}^°

The star still south of this Archer 29%°
The star west of all these Archer 213^°

In all, 6 stars, of which 4 are of 3rd magnitude,

1 of 4th, 1 of 5th.

241

Latitude Magn.

N28%° 5

N26%° 5-f

N21%° 3

N19H' 3
N25° 4+
N20° 3
N15i^° 5

N18H° 3

Constellation of the Dolphin
The western star of the 3 in the tail

The northern one of the remaining 2

The southern one of these

The southern one of the western side of those stars

in the rhomboidal figure of 4 sides

The northern one of the western side

The southern one of the eastern side of the rhombus
The northern one of the eastern side

The southern one of the 3 between the tail and the

rhombus
The western one of the remaining 2 northern ones

The remaining eastern one of these

In all, 10 st^ars, of which 5 are of 3rd magnitude,

2 of 4th, 3 of 6th.

Goat
Goat
Goat
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^T

Configurations

The eastern one of these

The star in the calf -.'w i-< -<.,*

The star under the bend of the knee
The star in the hind-foot

In all, 13 stars, of which 2 are of 3rd magnitude,
4 of 4th, 6 of 5th, 1 of 6th.

The Unfigured Stars about the Ram
The star above the head which Hipparchus placed

in the muzzle

The eastern and brightest one of the 4 above the

loins

The northern one of the remaining fainter 3
The middle one of the 3

The southern one of these

In all, 5 stars, of which I is of 3rd magnitude,
1 of 4th, 3 of 5th.

Constellation of the Bull

The northern star of the 4 in the section

The one next it

The one again next to this last

The southernmost one of the 4
The one east of these in the right shoulder blade

The star in the chest

The star in the right knee

The star in the right ankle

The star in the left knee
The star in the left forearm

Of those in the face called the Hyades, the one on
the nostrils

The star between this last and the northern eye
The star between this last one and the southern eye
The bright red star of the Hyades in the southern eye

The other one in the northern eye

The star at the beginning of the southern horn and
the ear

The southern one of the 2 in the southern horn
The northern one of these ""* * " '

'

The star at the tip of the southern horn
The star at the beginning of the northern horn
The star at the tip of the northern horn the same as

the one in the Charioteer's right foot

The northern one of the 2 close together in the

northern ear

The southern one of these ••>«?v '»r'

The western one of the 2 small ones in the neck
The eastern one of these

The southern one of the western side of the square
in the neck

The northern one of the western side

The southern one of the eastern side

The northern one of the eastern side

The northern Umit of the eastern side of the Pleiads

The southern limit of the eastern side

The eastern and narrowest limit of the Pleiads

The small star outside and north of the Pleiads

In all, 33 stars, of which 1 of 1st magnitude, 7 of

3rd, 11 of 4th, 13 of 5th, 1 of 6th.

Longitude

Wj,U Ram 27°

Ram 19%°
Ram 18°

Ram 15°
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Latitude Ma^.
Nl^° 4

N1H° 5
S13^° 5
S53^° 4+

^aaii ant
Ram 10%° N103^'= 3+

Ram 21%°
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Configurations Longitude

The Unfigured Stars about the Btdl

The star below the right foot and the shoulder-blade Ram 25*

The western one of the 3 above the southern horn Bull 20"

The middle one of the 3 BuU 2V
The eastern one of these Bull 26°

The northern one of the 2 below the tip of the

southern horn Bull 29°

The southern one of these Bull 29°

The western star of the 5 eastern ones under the

northern horn Bull 27°

The one east of this Bull 29°

The one again east of this Twins 1°

The northern one of the 2 remaining eastern ones Twins 2}^"

The southern one of these Twins 3H'
In all, 11 stars, of which 10 of 4th magnitude,

1 of 5th.

Latitude Magn.

S17H°
S2°

Sl^°
S2°

S7H°

N^°
Nl°
N1M°
N3M°
N1J^°

Constellation of the Twins
The star in the head of the western Twin Twins 23J^°

The red star in the head of the eastern Twin T\vins 26%°
The star in the left forearm of the western Twin Twins 16%°

The star in the same arm Twins 18%°

The star east of this one and in the broad of the back Twins 22°

The one east of this in the right shoulder of the same

Tw^n Twins 24°

The star in the eastern shoulder of the eastern Twin Twins 26%°

The star in the right side of the western Twin T\\'ins 21%°

The star in the left side of the eastern Twin Twins 23K°
The star in the left knee of the western Twin T^ins 13°

The star under the left knee of the eastern Twin Twins 18^°

The star in the left testicle of the eastern Twin Twins 21%°

The star under the bend of the right knee of the

same Twin Twins 21%°

The star in the forward foot of the western Twin Twins 63^°

The star east of this in the same foot Twins 8>^°

The star at the end of the right foot of the western

Twin
The star at the end of the left foot of the eastern

Twin Twins 12° S73^**

The star in the right foot of the eastern Twin Twins 14%° SIOM*

In all, 18 stars, of which 2 are of 2nd magnitude,

5 of 3rd, 9 of 4th, 2 of 5th.

N9H''

X10°
N7%°
N5H^

N4^*'
N2%°
N2%°
N%°
N13^°
S2H°
s^r

S6°

S13^°

Sl^°

Twins lOK' ^H'

2
2

4

4

4

4

4

5

5

3

3
3

3

4+
4+

4+

3

4

The Unfigured Stars about the Twins

The western star of the forward foot of the western

Twin
The bright western star of the western knee

The western star of the left knee of the eastern Twin
The northern star of the 3 in a straight hne east of

the right hand of the eastern Twin
The middle one of the 3

The southern one of these between the forearm and

hand
The bright one east of these 3

In all, 7 stars, of which 3 are of 4th magnitude,

4 of 5th.

Twins 4H" S%°
Twins 63^° N5^'
Twins 153^° S234°

Twins 28%°
Twins 26%°

Twins 26°

Crab %°

Sl%°
S3%°

S43^°

S2%*

4

4+
5

5
5

5

4
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Configurations

Constellation of the Crab
The middle of the nebula called the Crab, in the

breast

The northern star of the 2 western ones of the square

about the nebula

The southern star of the 2 western ones

The northern star of the 2 eastern ones of the square

called the Asses

The southern one of these 2

The star in the southern claw

The star in the northern claw

The star in the northern hind-foot

The star in the southern hind-foot

In all, 9 stars, of which 7 are of 4th magnitude,

1 of 5th, 1 nebula.

Longitude

245

Latitude Magn.

Crab lOH"* ^H" neb.

Crab 7%°
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Configurations Longitude Latitude Magn.

The northern one of the 3 above the flank Lion 173^° N1H° 4-
The middle one of these Lion 17K° 8]/^° 5
The southern one of these Lion 18° S2^° 5
The northernmost part of the nebula called the Hair,

lying between the extremities of the Lion and
the Bear

The western one of the eminent southern stars of

the Hair Lion 243^°

The eastern one of those in the figure of the ivy leaf Lion 283^°

In all, 5 stars, of which 1 is of 4th magnitude,

4 of 5th, and the Hair.

Lion 24%° N30°

N25°
N25K'

dim

dim
dim

Constellation of the Virgin

The southern star of the 2 in the tip of the skull

The northern one of these

The northern one of the 2 in the face east of these

The southern one of these

The star at the tip of the southern and left wing
The western star of the 4 in the left wing

The one east of this , >.

The star east of this again

The last and eastern one of these 4

The star in the right side under the girdle

The western star of the 3 in the right and northern

wing
The southern of the 2 remaining ones

The northern one of these called Vindemiatrix

The star in the left hand called Spica

The star under the girdle on the right buttock

The northern star of the western side of the square

in the left thigh

The southern star of the western side

The northern star of the 2 of the eastern side

The southern one of the eastern side

The star in the left knee

The star in the. hinder part of the right thigh

The middle one of the 3 in the train about the feet

The southern one of these

The northern one of the 3

The star in the left and southern foot

The star in the right and northern foot

In all, 26 stars, of which 1 is of 1st magnitude, 6 of

3rd, 7 of 4th, 10 of 5th, 2 of 6th.

Lion 263^°



BOOK EIGHT

1. Tabular Exposition of the Constellations of the
Southern Hemisphere

Configurations

Constellation of the Balance

The bright star at the end of the southern claw (of

the Scorpion)

The one north of and dimmer than this last

The bright star of those at the end of the northern

claw

The dim one west of this

The star in the middle of the southern claw

The star west of this in the same claw

The star in the middle of the northern claw

The one east of this in the same claw

In all, 8 stars, of which 2 are of 2nd magnitude,

4 of 4th, 2 of 5th.

Longitude
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Configurations

The southern one of the double

The next one in the 4th joint

The star after this one in the 5th joint

The star next to this last in the 6th joint

The star in the 7th joint near the center

The eastern one of the 2 in the center

The western one of these

In all, 21 stars, of which 1 is of 2nd magnitude,

13 of 3rd, 5 of 4th, 2 of 5th.

The Unfigured Stars about the Scorpion

The nebula east of the center

The western star of the 2 north of the center

The eastern one of these

In all, 3 stars, of which 2 are of 5th magnitude,

a nebula.

Longitude

Scorpion 203^°

Scorpion 23
H°

Scorpion 28K°
Archer 3^"

Scorpion 29°
"

Scorpion 273^°

Scorpion 27°

Latitude Magn.
S18°
8191-^°

S18%°
S16H°
S15K°
S13M°
Sl3i^°

Archer 1}4° S13^° neb.

Scorpion 253^° SQH" 5-f
Scorpion 25}^° S43^° 5

Constellation of the Archer

The star at the tip of the arrow

The star in the grip of the left hand
The star in the southern part of the bow
The southern star of those in the northern part of

the bow
The northern of these, at the tip of the bow
The star in the left shoulder

The star west of this in the arrow

The nebular and double star in the eye

The western star of the 3 in the head

The middle one of these

The eastern one of the 3

The southern one of the 3 in the northern part of

cloak

The middle one of these

The northern one of the 3

The dim one east of these 3

The northern one of the 2 in the southern part of

cloak

The southern one of these

The star in the right shoulder

The star in the right elbow

Of the 3 in the back, the star in the broad of the back

The middle one of these in the shoulder blade

The remaining one below the armpit

The star in the left fore-ankle

The star in the knee of the same foot

The star in the right fore-ankle

The star in the left thigh

The star in the right forearm behind

The western star of the northern side of the 4 at the

beginning of the tail

The eastern star of the northern side

The western star of the southern side

The eastern star of the southern side

In all, 31 stars, of which 2 are of 2nd magnitude,

9 of 3rd, 9 of 4th, 8 of 5th, 2 of 6th, a nebula.

Archer
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Configurations

The southern one of the 3

The star at the tip of the western horn

The southern star of the 3 in the muzzle

The western one of the remaining 2

The eastern one of these

The western one of the 3 under the right eye

The northern one of the 2 in the neck

The southern one of these

The star in the left bent knee

The star under the right knee

The star in the left shoulder

The western star of the 2 close together under the

belly

The eastern one of these

The eastern one of the 3 in the middle of the body
The southern one of the 2 remaining western stars

The northern one of these

The western one of the 2 in the back

The eastern one of these

The western one of the 2 in the southern part of the

thorn

The eastern one of these

The western star of the 2 near the tail

The eastern one of these

The western one of the 4 in the northern part of the

tail

The southern one of the remaining 3

The middle one of these

The northern one of these at the tail end

In all, 28 stars, of which 4 of 3rd magnitude, 9 of

4th, 9 of 5th, 6 of 6th.

Constellation of the Water Bearer

The star in the head of the Water Bearer

The brighter of the 2 in the right shoulder

The dimmer one beneath this

The star in the left shoulder

The star under it in the back, as if under the armpit

The eastern one of the 3 in the left hand in the strap

The middle one of these

The western one of the 3

The star in the right forearm

The northern one of the 3 in the end of the right

hand
The western one of the remaining 2 northern ones

The eastern one of these

The western star of the 2 close together in the right

socket

The eastern one of these

The star in the right buttock
The southern star of the 2 in the left buttock
The northern one of these

The southern star of the 2 in the right shin

The northern one of these below the bend of the Imee
The star in the left calf

The southern one of the 2 in the left shin

The northern one of these under the knee
The western one of those in the flow of water from

the hand

249

Longitude
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Configurations

The star near this last southwards
The star near this last after the curve

The star still east of this

The star in the curve south of this last

The northern one of the 2 south of this

The southern one of the 2

The lone star distant from these towards the south

The western star of the 2 close together after this one
The eastern one of these

The northern one of the 3 in the nearby stream

The middle one of the 3

The eastern one of these

The northern one of the next 3, in like manner
The southern one of the 3

The middle one of these

The western one of the 3 in the remaining stream
The southern one of the remaining 2

The northern one of these

The last star in the water and in the southern Fish's

mouth
In all, 42 stars, of which 1 is of 1st magnitude,

9 of 3rd, 18 of 4th, 13 of 5th, 1 of 6th.

The Unfigured Stars about the Water Bearer

The western star of the 3 stars east of the water's

curve

The northern one of the remaining 2

The southern one of these

In all, 3 stars of 4th magnitude.

Constellation of the Fishes

The star in the mouth of the western Fish

The southern one of the 2 in the top of his head
The northern one of these

The western one of the 2 in the back
The eastern one of these

The western one of the 2 in the belly

The eastern one of these

The star in the tail of the same Fish

The first star from the tail, in the cord

The eastern one of these

The western star of the 3 bright ones following

The middle one of these

The eastern one of the 3

The northern one of the 2 Uttle ones in the curve

under these

The southern one of these

The western one of the 3 after the curve

The middle one of these

The eastern one of the 3

The star in the knot of the 2 cords

The star west of the knot, in the northern cord

The southern one of the next 3 after it

The middle one of these

The northern one of the 3, and at the tail's end
The northern one of the 2 in the mouth of the eastern

Fish

The southern one of these

The eastern of the 3 little ones in the head

Longitude
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Configurations Longitude

The middle one of these Fishes 27^°
The western one of the 3 Fishes 27°

The western star of the 3 in the southern fin after

the star in Andromeda's elbow Fishes 25H°
The middle one of these Fishes 263^°

The eastern one of the 3 Fishes 27^°
The northern one of the 2 in the belly Ram 2%''

The southern one of these Fishes 29^"
The star in the eastern fin near the tail Ram 0°

In all, 34 stars, of which 2 are of the 3rd magnitude,

22 of the 4th, 3 of the 5th, 7 of the 6th.

251

Latitude Magn.
N195^° 6

N20M° 6

NI43^°
N13^°
N12°
N17°
N15M'
Nll^°

The Unfigured Stars about the Fishes

The western star of the 2 northern ones of the square

under the western Fish

The eastern one of these

The western star of the southern side

The eastern one of the southern side

In all 4 stars of 4th magnitude.

—Thus, in all, 346 stars of the zodiac, of which
5 are of 1st magnitude, 9 of 2nd, 64 of 3rd,

133 of 4th, 105 of 5th, 27 of 6th, 3 nebulae,

and the Hair.

Fishes
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Confiffurations

The star in the right elbow

The star in the right forearm

The eastern double star of the southern side of the

square in the right hand
The western star of the southern side

The eastern star of the northern side

The western star of the northern side

The western star of the 2 in the club

The eastern one of these

The eastern one of the 4 stars in a straight Une in

the back
The star west of this one
The star still west of this last

The last and western one of the 4

The northern one of thase in the skin held by the left

hand
The 2nd one from the northernmost

The 3rd from the northernmost

The 4th from the northernmost

The 5th from the northernmost

The 6th from the northernmost

The 7th from the northernmost

The 8th from the northernmost

The last and southernmost of those in the skin

The western star of the 3 in the belt

The middle one of these

The eastern one of the 3

The star in the handle of the dagger

The northern one of the 3 bunched at the tip of the

dagger

The middle one of these

The southern one of the 3

The eastern star of the 2 under the tip of the handle

The western one of these

The bright star in the left foot common with the

Water
The northern one of those above the ball of the

anklejoint in the shin

The star outside under the left heel

The star under the right and eastern knee

In all, 38 stars, of which 2 are of the 1st magni-
' tude, 4 of the 2nd, 8 of the 3rd, 15 of the 4th,

3 of the 5th, 5 of the 6th, a nebula.

Longitude Latitude Magn.
Twins 4M° 8143^° 4
Twins 6H° 811^° 6

Twins
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Configurations

The v.-estem one of the 4

Likev\i.-e the eastern one of the 4 in the next interval

The star west of this last

The ^^ar again west of this

The "v\ estera one of the 4

The first star in the bend of the River and touching

ihe chest of the Sea-Monster
The star east of this

The western one of the next 3

The middle one of these

The eastern one of the 3
The northern one of the western side of the 4 in a

trapezium

The southern one of the western side

The western one of the eastern side

The eastern one of this side and last of the 4
The northern one of the 2 distant stars to the east

and close together

The southern one of these

The eastern one of the next 2 after the turn

The western one of these

The eastern one of the 3 in the next interval

The middle one of these

The western one of the 3

The last and bright star of the River

In all. 34 stars, of which 1 is of 1st magnitude,

5 of 3rd, 26 of 4th, 2 of 5th.

Constellation of the Hare
The northern star of the western side of the square

do^Ti over the ears

The southern one of the western side

The northern one of the eastern side

The southern one of the eastern side

The star in the chin

The star in the left forefoot

The star in the middle of the body
The star under the belly

The northern one of the 2 in the hind-feet

The southern one of these

The star in the loin

The star at the tail's tip

In all. 12 stars, of which 2 are of 3rd magnitude,
6 of 4th, 4 of 5th.

253

Longitude
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Configurations

The star at the beginning of the left thigh

The star under the belly betwen the thighs

The star in the joint of the right foot

The star at the tip of the right foot

The star in the tail

In all, 18 stars, of which 1 is of 1st magnitude,

5 of 3rd, 5 of 4th, 7 of 5th.

The Unfigured Stars about the Dog
The star north of the Dog's head

The southernmost one of the 4 in a straight line

under the hind-feet *',

The star north of this

The star still north of this

The last and northern star of the 4

The western star of the 3 in a straight line east of

these 4

The middle one of these

The eastern one of the 3

The eastern star of the 2 bright ones under these

The western star of these

The last and southern star of the foregoing

In all, 11 stars, of which 2 are of 2nd magnitude,

^ 9 of 4th.

Constellation of Procyon {Little Dog)

The star in the neck

The bright star in the hinder parts called Procyon

In all, 2 stars, of which 1 is of 1st magnitude,

1 of 4th. '-•; "

Constellation of the Argus

The western star of the 2 in the stern-post ornament

The eastern one of these

The northern one of the 2 close together above the

Shield in the stern

The southern one of these

The star west of these

The bright star in the middle of the Shield i:<\)~hm

The western star of the 3 below the Shield

The eastern one of these

The middle one of the 3

The star in the goose neck of the stern .uif InS ^

The northern one of the 2 in the stern-keel

The southern one of these

The northern of those in the deck of the poop

The western one of the next 3

The middle one of these

The eastern one of the 3

The bright one east of these, on the deck

The western one of the 2 dim stars under the bright

one
The eastern one of these

The eastern star of the 2 above the bright one

The western one of these

The northern star of the 3 in the shields near the

mastholder

The middle one of these

The southern one of the 3

Longitude

Twins 2Q%°
Twins 23^°
Twins 23°

Twins 9^°
Crab 2K°

Latitude Magn.
S48^° 3-
S51H° 3

S55K° 4

S533^° 3
S50^° 3-

Twins 193^°
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Configurations

The northern one of the 2 close together under these

The southern one of these

The southern one of the 2 in the middle of the mast
The northern one of these

The western star of the 2 near the tip of the mast
The eastern one of these

The star below the 3rd and eastern shield

The star on the section of the deck
The star between the oars in the keel

The dim star east of this

The bright star east of this below the deck

The bright star south of this in the lower keel

The western star of the 3 east of this

The middle one of these

The eastern one of the 3

Of the 2 east of these, the western one near the

section

The eastern one of these

The western one of the 2 in the northern and western

oar

The eastern one of these

Of the 2 in the remaining oar the western star called

Canopus
The last and eastern one of these

In all, 45 stars, of which 1 is of 1st magnitude,

6 of 2nd, 11 of 3rd, 19 of 4th, 7 of 5th, 1 of 6th.

255

Longitude
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Configurations

The Unfigured Stars about the Water-Snake
The star in the southern part of the head
The star far east of those in the neck

In all, 2 stars of 3rd magnitude.

Constellation of the Bowl
The star in the base of the Bowl common to the

Water-Snake
The southern one of the 2 in the middle of the Bowl
The northern one of these

The star on the southern edge of the face

The star on the northern edge
The star on the southern handle

The star on the northern handle

In all, 7 stars of 4th magnitude.

Constellation of the Raven
The star in the beak and common with the Water-

snake

The star in the neck near the head
The star in the breast

The star in the western and right wing
The western star of the 2 in the eastern wing
The eastern one of these

The star at the end of the foot, common with the

Water-Snake
In all, 7 stars, of which 5 are of 3rd magnitude,

1 of 4th, 1 of 5th.

Constellation of the Centaur
The southernmost of the 4 in the head
The northernmost of these

The western star of the remaining 2 middles ones

The eastern and last one of these 4

The star on the left and western shoulder

The star on the right shoulder

The star on the left shoulder blade

The northern star of the 2 western ones of the 4 in

the wand
The southern one of these

Of the remaining 2, the star at the tip of the wand
The remaining one south of this

The western one of the 3 in the right side

The middle one of these

The eastern one of the 3

The star in the right arm
The star in the right forearm

The star at the tip of the right hand
The bright star at the beginning of the human body
The eastern star of the 2 dim stars north of this one
The western one of these

The star at the beginning of the back
The star west of this last on the horse's back
The eastern star of the 3 in the loins

The middle one of these

The western one of the 3

The western star of the 2 close together in the right

thigh

The eastern one of these

Longitude Latitude Ma^n.

Crab
Lion

123^°
11°

S23M'

Lion
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Configurations

The star in the chest under the horse's armpit
The western star of the 2 under the belly

The eastern one of these

The star in the bend of the right foot

The star in the ankle of the same foot

The star under the ankle of the left foot

The star in the frog of the same foot

The star at the tip of the right forefoot

The star in the knee of the left foot

The star outside under the right hind-foot

In all, 37 stars, of which 1 is of 1st magnitude,

5 of 2nd, 7 of 3rd, 16 of 4th, 8 of 5th.

Longitude
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Configurations

The eastern one of the 2 western ones following this

last on the northern edge
The western one of these 2 dim ones

The star rather west of this one
The star stUl west of this

The last one south of this last

In all, 13 stars, of which 5 are of 4th magnitude,
6 of 5th, 2 of 6th.

Constellation of the Southern Fish
The star in the mouth, the same as that at the

beginning of the Water
The western star of the 3 at the southern edge of

the head
The middle one of these -aeO e.

The eastern one of the 3
The star near the gills

The star in the southern spinal fin

The eastern one of the 2 in the belly

The western one of these

The eastern one of the 3 in the northern fin

The middle one of these

The western one of the 3 ^ Jr t,, li

The star at the tip of the tail

In all, 12 stars, of which 1 is of the 1st magnitude,

9 of 4th, 2 of 5th.

Longitude

Archer 15^°
Archer 14^°
Archer ll^r
Archer 9%°
Archer 93^°

Latitude Magn.

S153^°

S14^r
S14K°
S15^°

Water Bearer 7*
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zone which the great circle d^a^v^l in its middle would traverse. We shall first

discuss this zone beginning with its southernmost parts.

These parts go through the Centaur's feet, and are thinner and fainter. The
star in the bend of the right hind-foot is a httle south of the northern line of the

Milky Way; likewise the star in the left fore-knee and the star under the right

hind-ankle. The star in the left hind shank lies in the middle of the Milky Way,
the star in the same ankle and the star in the right fore-ankle being very nearly
2° north of the southern arc. And the parts about the hind-feet are rather

denser.

Next, the northern arc of the Milky Way is very nearly 13/^° from the star in

the loin of the Beast [Lupus], and the southern arc intercepts the star at the

Censer's ember, touching the more northern of the two consecutive stars in the

brazier, and the more southern of the two in the base. The star in the northern

part of the brazier and the star in the middle of the brazier lie in the Milky Way
itself. And these parts are thinner.

Next, the northern part of the ^Nlilky Way intercepts the three joints pre-

ceding the Scorpion's centre and the nebular mass following the centre. The
southern arc touches the star in the Archer's right fore-ankle and intercepts the

star in his left hand. The star in the southern part of the Archer is outside the

Milky Way, and the star at the arrow's point is in the middle of it. In the north-

ern part of the Archer each of the stars lies a little more than 1° from either arc:

the southern one from the southern arc, and the northern one from the opposite

arc. And the parts about the three joints are slightly denser, the parts about the

arrow's point appearing quite dense and smoky.

The following parts are slightly thinner, and extend along the Eagle, keeping

the same \\'idth. The star in the tip of the tail of the Serpent, which the Serpen-

tarius [Ophiouchus] holds, lies in the open sky a little more than 1° from the

western arc of the Milky Way. The two western stars of the bright ones hang
imder it lie in the Milky Way itself, the more southern one 1° from the eastern

arc and the more northern 2°. Of those in the Eagle's right shoulder the eastern

star touches the same arc ; and the western one is cut off ^\ithin it, and like\^*ise

the bright western star of those in the left A^-ing. And the bright star in the back
and the two in a straight line TNith it just fail to touch the same arc.

After these parts, the whole Arrow [Sagitta] is enclosed in the ^Nlilk}^ Way, and
the star at the point is 1° from the eastern arc, and the star at the notched end
is 2° from the western arc. The parts near the Eagle are slightly denser, and the

rest slightly thinner.

The Milky Way next passes through the Bird. The northerwestem arc is

bounded in its curve by the star in the Bird's southern shoulder, by the star

under it in the wing, and by the two stars in the southern foot. The southeastern

arc is bounded by the star in the tip of the southern fiat of the ^ing and it en-

closes within itself the two figured stars under the same A\'ing which are nearly
2* from it. The parts about the wings are slightly thicker.
'5 The parts following are included in this zone and are much denser and as if

coming from another beginning. For they lean to the extreme parts of the other

zone, and, making a gap vrith. it on the southern side, they now join with the

zone we have just spoken of which is very thin at the junction. After the gap in

density vdth. respect to the other zone, they begin from the bright star in the

Bird's rump and from the nebular mass in the northern knee. Then, turning
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slightly as far as the star in the southern knee, they extend
thinned out, as far as the tiara of Cepheus, and are boundi

side by the southern star of the three in the tiara and by th

three at which they make two eminences, one pointing to

other to the southeast.

After these parts, the Milky Way encloses the whole of Ca
star at the tip of the foot. The southern arc is bounded by
peia's head, and the northern arc by the star in the foot oi

star in Cassiopeia's calf. The other stars about her all lie i

Near the arcs the parts are of a thinner mass, while thos

Cassiopeia show an extended density.

And next, the right side of Perseus is enveloped by the M
star outside Perseus' right knee bounds the northern side wh
and the bright star in the right rib and the two eastern stan

of it bound the southern side which is the densest. The n
handle, the star in the head, the star in the right shoulder,

right elbow are all enveloped in it. The quadrilateral in the ri

the star in the calf of the same leg lie in the middle of the IV

in the right heel being itself a httle within the southern sid<

And after these parts the zone, showing a slightly thinner

the Charioteer. The star in the right shoulder called the Goa
two in the right forearm just fail to touch the northeaster

Way. The little star above the left foot in the part around 1

southwestern side, and the star 3^° above the right foot is w;

In the left forearm the two consecutive stars, called the Kic

of the zone.

And, next, the Milky Way goes through the feet of the

rather extensive density below the stars in the tip of the fee

of the three in a straight line under the right foot of the Cha
star of the two in Orion's club, and the northern stars of the

bound the western arc of the Milky Way. The bright sta

oteer's right hand and the star in the eastern foot of the easi

nearly 1° within the eastern side. And the stars in the other

feet lie in the middle of the Milky Way.
From there the zone passes by the Little Dog and the Dog

of the Little Dog quite far outside the Milky Way to the

almost wholly outside to the west. For a cloud here envek

back, and next it almost touches the three east of it in the L
lone star above the Dog's head, outside and farther off, is ver
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side, and the two bright stars in the same piece of the keel arc

2° within the western arc.

From these the Milky Way now joins with the zone through 1

feet. And the mass through the Argus is rather light, but the pa

little shield are thicker than it, and likewise those about the si

about the segment of the keel.

The zone we have just spoken of, dividing off as we said from

scribed at the Censer and beginning from these, envelops the three

Scorpion's bod}^ and leaves the eastern star of the three in the bo

the western arc. And the star in the fourth joint lies in the clear s

the two zones, nearly equidistant from both and a little more thar

And after this, the western zone turns eastward 1° likewise, an

western side of the Milky Way with the star in the right knee of O
the eastern side with the star in the same shin. The western star in i

same foot touches the same side. And next again the star under th

of the Serpentarius bounds the western arc, and the principal star

the tip of the same hand bounds the eastern arc. At the point the

large gap of clear space in which lie the two stars in the Serpent's

one in the tip. And the whole part of the zone just given is a mass c

air-like except for the part enveloping the three joints. For that pi

dense.

And after this gap the Milky Way again begins from the four st£

right shoulder of the Serpentarius, and the bright line star touchir

tail bounds the eastern arc of this zone, the farthest away to the

four stars spoken of above bounding the opposite arc.

From here the zone, after this, narrows into the western parts

beak so that it gives the appearance of a gap. But the rest of it frc

the Bird's beak to the star in the Bird's breast is rather wider anc

star in the Bird's throat lies in the middle of the concentration. Bu
runs northward from the stars in the breast to the star in the sh

right wing and the two consecutive stars in the tip of the right foot

:

as we said before, there is a clear gap relative to the other zone fr(

mentioned stars of the Bird to the bright star in the Rump.

3. On the Construction of the Solid Sphere

Now, the appearances of the Milky Way have this position. And
we may construct, by means of a solid sphere, a model in accord

potheses demonstrated with respect to the sphere of the fixed star

to which it appeared to be revolved, along with the planets, by the
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many sections as appear feasible. Then, making out of a strong tensile material

two circles with surfaces at right angles and everywhere accurately turned (the

lesser ever3rwhere touching the curved surface of the sphere, and the other a bit

larger) we shall draw lines in the middle of the curved surface of each, dividing

their widths exactly in two. By means of these lines, cutting one or the other of

the sides so defined into semicircles, we shall divide the semicircles resulting

from these cuts into 180 sections. This done, we suppose the lesser circle always
to be through both sets of poles—that is, of the equator and of the ecliptic, and
also through the tropic points on the surface of this cut. Boring it in the middle
diametrically opposite at the limits of the cut, we shall fit it on pins at the poles

of the ecliptic taken on the sphere so that it can revolve over the whole spherical

surface.

Now, to get some constant beginning for the constellations of the fixed stars,

since it is not plausible to mark the tropic and equinoctial points on the sphere's

ecliptic (for the distance of the constellations to them is not preserved), we
shall mark the brightest of them, I mean the star in the Dog's mouth [Sirius], on
the circle drawn at right angles to the ecliptic at the section beginning the di-

vision, at the given latitude from the ecliptic in the direction of its south pole.

For each of the other fixed stars, according to the sequence of the Catalogue, we
shall make marks by the turning the circle which is divided by the cut, about

the ecliptic's poles. For we always carry the surface of its cut side to the point on

the ecliptic as many degrees away from the beginning of the numbers at the

section of the Dog as the desired star is in longitude from the Dog according to

the Catalogue. And we go to the point of the side which has been divided and
swung about, according as the star in the Catalogue is either towards the north

or south pole of the ecliptic. And there we mark the point of the star, affixing a

yellow or some other distinct color in proportion and in accordance with the

size of the magnitudes of each.

Now, we shall make the figures of each of the constellations as simple as pos-

sible, enclosing the stars under the same contour, only with lines not differing

much from the color of the whole sphere so that the advantage in distinguishing

them may not be lost and the juxtaposition of many colors may not blot out the

likeness to the true picture; and so that we may easily retain the comparison

made in our observations when we have become habituated to the original image

of the stars in the spherical representation.

We also arrange the position of the Milky Way in accordance with the places

and figures and further in accordance with the densities and gaps, already ex-

plained. And we fit the greater circle, which is always to be the meridian, on the

smaller one which is enveloping the sphere, about the same poles as those of the

equator. And the pole-points are inserted, diametrically opposite, in the greater

circle or meridian, at the extremities of the side which has been cut and divided

and which is to lie above. But the pole-points are inserted in the smaller circle,

which passes through both sets of poles, at the extremities diametrically oppo-

site of arcs extending the 23°51' of inclination either side of the ecliptic's poles.

And little solids are put at the cuts of the circle where the holes of the poles are^

^The smaller circle is attached to the solid sphere, and these poles are the ecliptic's and do

not change with respect to the fixed stars. But the larger circle is attached to the smaller at

points 23°5r away frono these. These are *^f> poles of the equator which change with respect

to the fixed stars.
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Each time we place the cut side of the smaller circle, which is always the same of

course as the meridian through the tropic points, at that point of division of the

ecliptic which is as far away from the beginning of the Dog as the Dog at the

given time is from the summer tropic. At the beginning of the reign of Antonine

that is 123^° west. We fit the meridian circle at right angles to the horizon,

which is the base plane, so that it cuts its apparent surface in two and can re-*

volve in its own plane in such a way that each time we can raise the north pole

above the horizon by the amount proper to the given latitudes. And this is done

with the help of the division of the meridian circle.

It makes no difference if we cannot put the equator and tropic points on the

sphere itself. For the point on the divided side of the meridian circle, between

the poles of the equator and l>4ng the 90° of a quadrant's distance from either

one, "vsill serve the same purpose as the points of the equator. And the points

lying 23°51' either side of this point will serve the same purpose as either of the

tropics, the northern one the same as the summer tropic, and the southern

one the same as the winter tropic. And so, when the desired stars are carried by
the prime east-west revolution to the divided side of the meridian circle, then,

by means of that division, their distances wdth respect to the equator and

tropics can be gotten as if on the circle through the poles of the equator.

4. On the C0NFIGURA.T10NS Proper to the Fixed Stars

Now that the character of the constellations of the fixed stars has been dem-
onstrated, there remains the discussion of their configurations. Of the configura-

tions concerning the fixed stars besides those dealing only "v\dth their relations to

each other (as when they are in a straight line or in a triangular figure or some
such thing), there are those which are considered with respect onlj^ to the planets

and sun and moon or parts of the ecliptic, and those which are considered with

respect only to the earth. And then there are those which are considered with

respect to the earth, and at the same time with respect to the planets and sun

and moon or parts of the ecliptic.

Those configurations of the fixed stars which are mth respect only to the

planets and parts of the ecliptic, are gotten in general whenever the fixed stars

and the planets are on one and the same great circle drawn through the ecliptic's

poles, or on a different one but forming triangular or tetragonal or hexagonal

distances—that is, forming an angle which is either right or greater or less than

the third of a right angle. And they are gotten in particular in the case of those

fixed stars over which some one of the planets can pass (and these are those ar-

ranged in the band of the zodiac containing the latitudinal passages of the

planets): ^dth respect to the five planets, at their apparent appulses or occulta-

tions, and with respect to the sun and moon, at the heliacal or lunar settings,

conjunctions, and heliacal or lunar risings. We call heliacal or lunar setting any
star begins to disappear in the rays of the luminaries; conjunction whenever
the star is in a straight line wdth the centre ; and heliacal or lunar rising when-
ever it begins to appear from the rays.

There are four configurations of the fixed stars with respect to the earth

alone: by some they are called in general ''centres," and in particular, they are

rising, upper culmination, setting, and lower culmination. Where the equator is

at the zenith, all the fixed stars both rise and set, and once at each revolution

have an upper and lower culmination; for then the equator's poles touch the
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horizon, making none of the parallel circles either one of perpetual apparition

or one of perpetual occultation. Where the poles are at the zenith, no one of the

fixed stars either rises or sets; for then the equator has the horizon's position

and one of the hemispheres formed by it revolves ahvays above the earth and
the other always below the earth, so that each of the fixed stars culminates

twice in one revolution, those above the earth and those below. In the other

latitudes between these, where there are some circles always visible and some
always invisible, the stars enclosed by these relative to the poles neither rise nor

set, and two culminations are effected at each revolution—those within the

circle of perpetual apparition above the earth, and those within the circle of per-

petual occultation below the earth. And the rest on the greater parallels both

rise and set, culminating once above and once below in each revolution.

And their time from one of these centres back again to the same is always the

same. For it embraces sensibly one revolution. And the time from one of the

centres to the diametrically opposite one relative to the meridian is alwaj^s the

same, for it embraces half a revolution. With respect to the horizon, when the

equator is at the zenith, the same is again true. For the time of each embraces

half a revolution, since each of the parallels is bisected not only by the meridian

but also by the horizon. But in the case of the other inclinations neither the time

above nor the time below^ is itself equal for all, nor in each case is the time above

equal to the time below, except for those on the equator itself which alone in the

oblique sphere is bisected by the horizon; for all the other parallels are cut in

dissimilar and unequal arcs. Consequently, the time from the rising or setting

to one of the culminations is in each case equal to the time from the same cul-

mination to the rising or setting, because the meridian divides the sections of

the parallels above the earth and those below into equal parts. But the times

from the rising or setting to either culmination are unequal in the inclined

sphere, and equal in the right sphere, since there only are the lower sections

equal to the upper sections. Therefore, in the right sphere, the stars which cul-

minate together always rise and set together in so far as their shift about the

poles of the ecliptic is imperceptible. But in the oblique sphere those stars

which culminate together neither rise nor set together, the more southern always

rising later than the more northern and set earlier.

And the configurations of the fixed stars, considered with respect to the earth

or planets or parts of the ecliptic together, are gotten in general from the simul-

taneous risings or culminations or settings either with one of the planets or with

some part of the ecliptic ; and in particular they are considered with respect to

the sun according to nine kinds.

The first kind of configuration, called early morning east wind, is when the

star at rising is with the sun. And of this there is a kind called invisible morning

after-rising when the star, beginning its heliacal setting, rises immediately after

the sun. And there is a kind called true morning co-rising when the star rises

together with, and at the same time as the sun on the horizon. And there is a

kind called visible morning fore-rising when the star, beginning its heliacal ris-

ing, rises before the sun.

The second configuration, called early morning culmination, is when the star,

with the sun rising at the horizon, is culminating either above or below the

earth. And again of this there is a kind called invisible morning after-culmina-

tion when the star culminates inmiediately after sunrise. And there is a kind

i
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called true morning co-culmination when the star culminates as the sun rises.

And there is a kind called morning fore-culmination when the sun rises imme-
diately after the star's culmination.

The third kind of configuration, called early morning west wind, is when the

star is on the western horizon while the sun is on the eastern. Again of this there

is a kind called invisible morning after-setting when the star sets immediately

after the sun rises. And there is a kind called true morning co-setting when the

star sets at the same time the sun rises. And there is a kind called visible morn-

ing fore-setting when the sun rises immediately after the star sets.

The fourth configuration, called noontide east wind, is when the star is on the

eastern horizon while the sun is on the meridian. And again of this there is a

kind called invisible daytime when the star rises as the sun culminates above

the earth; and a kind called visible night time when the star rises as the sun

culminates below the earth.

The fifth configuration called noontide culmination is when the sun and star

are on the meridian together. And of this there are two invisible daytime kinds

when, with the sun culminating above the earth, the star either culminates ^\dth

it above the earth or culminates diametrically opposite below the earth. And
there are two night-time kinds wdth the sun culminating below the earth. Of
these there is the invisible when the star culminates with the sun below the

earth, and the visible when the star culminates diametrically opposite above

the earth.

The sixth configuration, called noontide west wdnd, is when the star is on the

western horizon while the sun is on the meridian. And again of this there is the

invisible daytime kind when the star sets as the sun culminates above the

earth, and there is the visible night-time kind when the star sets as the sxm
culminates below the earth.

The seventh configuration, called late east wind, is when the star is on the

eastern horizon while the sun is on the western. And again of this there is the

kind called visible evening after-rising when the star rises immediately after

sunset. And there is the kind called true evening co-rising when the star rises

exactly as the sun sets. And there is the kind called invisible evening fore-rising

when the sun sets immediately after the star rises.

The eighth configuration, called late culmination, is when, with the sun on
the western horizon, the star is on the meridian either above or below the earth.

And of this again there is the kind called visible evening after-culmination when
the star culminates immediately after sunset. And there is the kind called true

evening co-culmination when the star culminates exactly as the sun sets. And
there is the kind called in\4sible evening fore-culmination when the sun sets im-
mediately after the star culminates.

The ninth configuration, called late west wind, is when the star is on the

western horizon together with the sun. And of this kind again there is the kind
called visible evening fore-setting when the star, beginning its heliacal setting,

sets immediately after the sun. And there is the kind called true evening co-

setting when the star sets exactly with the sun. And there is the kind called in-

visible evening fore-setting when the star, beginning its heliacal rising, sets be-

fore the sun.
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5. On the Co-risings, Co-culminations, and Co-settings
OF THE Fixed Stars

Now with matters this way, the times of the true co-risings, co-culminations,

and co-settings considered with respect to the sun's centre can be gotten geo-

metrically by us from their position according to the star catalogue. Because the

points on the ecliptic with which each of the fixed stars culminates, rises, and
sets, can be shown geometrically by the following theorems.

For first, with a view to the co-culminations, let there be the circle ABCD
through both sets of poles, the equator's and the

ecliptic's; and let there be the semicircle AEC of

the equator about the pole F, and the semicircle

BED of the ecliptic about the pole G. Let the seg-

ment GHKL of a great circle be drawn through the

poles of the ecliptic. And let the fixed star in ques-

tion be thought at the point H on it. For their posi-

tions with respect to the circles so drawn are avail-

able from our observation and record. And let the

segment Fi/ilfiV of the great circle through the poles

of the equator and through the star at H be drawn.

Now, it is evident that the star at H culminates

with the points M and N of the equator and eclip-

tic ; and that these points and the arc HN are given will be clear from these con-

siderations. For, by things demonstrated in the first part of the Composition,

since the arcs GL and NF of great circles are drawn through to the arcs AG and
AN of two great circles,

chord 2 arc GA : chord 2 arc AF comp. chord 2 arc GL: chord

2 arc LH, chord 2 arc NH : chord 2 arc FN.
But each of the arcs AF, FN, and GK is supposed a quadrant, and from the

star's record are given the arc KH in latitude, the arc KB in longitude, and arcs

FG and KL from the inclination of the ecliptic already demonstrated. Therefore

it is clear that the desired arcs GA, AF, GL, LH, and NF a.re given, and the re-

maining arc NH is hence given.

Again, since

chord 2 arc FG : chord 2 arc GA comp. chord 2 arc FH :

chord 2 arc HN, chord 2 arc NL : chord 2 arc LA
and the desired arcs FG, GA, FH, and HN are given by the preceding steps, and

the arc LA from the arc KB by means of the co-risings of the equator and eclip-

tic in the right sphere, therefore the remaining arc NL is given.

The points of the equator and ecliptic co-rising and co-setting with the fixed

stars are easily gotten from the co-culminations in this way.

For let there be the meridian circle ABCD, the semicircle of the equator AEC
about pole F, and the semicircle of the horizon BED. And let the star rise at

the point G of the horizon. Through the points F and G let the quadrant

FGH of a great circle be drawn.

Now, since again the arcs FH and EB have been drawn through to the arcs

of two great circles AF and AE, therefore

chord 2 arc FB : chord 2 arc BA
comp. chord 2 arc FG : chord 2

I
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arc GH, chord 2 arc HE : chord 2 arc AE.

But each of the desired arcs FA, FH, and EA em-
braces a quadrant, and the arc FB is given from

the elevation of the poles, and the equator's

point H and the arc HG by means of the co-cul-

minations. And, therefore, the remaining arc HE
is given.

It is easily understood that in the case of the

co-settings—if we take an arc equal to arc HE
west of H, such as HK—the star will set with

the point K of the equator because the setting at

that time takes place on the arc equal to BG, and

an angle west of the meridian is intercepted equal to that contained, according to

this figure, to the east by the arcs AF and FH.
From the things demonstrated for the co-risings and co-settings of the equator

and ecliptic for each latitude, the part of the ecliptic rising with the point E of

the equator and with the star will be given; and the part setting with point K
and the star also. It is clear that, at the times the sun is truly at those points of

the ecliptic, the risings, culminations, and settings of the fixed stars considered

with respect to its centre, and called the true co-centerings, will be accom-
plished.

6. On the Heliacal Risings and Settings of the Fixed Staks

Now, in the case of the heliacal risings and settings we no longer find the geo-

metrical method worked out from their positions alone sufficient (since, for

example, with whatever point of the ecliptic the star is sho^vn to rise by these

means, it is still impossible similarly to find out at what distance of the sun from
the horizon beneath the earth it will first appear or be hidden) . For this distance

of arc cannot be equal for all the stars nor for the same everyAvhere, but differs

according to the magnitudes of the stars, their latitudinal elongations from the

sun, and the change in the inclinations of the ecliptic.

If we suppose ABCD to be the meridian circle, AEFC the semicircle of the

ecliptic, and BED the semicircle of the horizon about pole G, then it is clear

that (when the stars are rising at point E of the ecliptic) if the greater begins to

appear when the sun, for instance, is below the earth a distance of arc EF,
then the smaller (if it has an equal latitudinal elongation from the sun) will

first appear when the sun is distant by a greater arc EF and makes thinner

rays. Again, in the case of stars of equal magni-
tude, if the star nearer the point E in latitude ap-

pears first at a distance EF, then the one farther

away will appear at a less distance, because, with

the sun the same distance below the earth, there

are more rays near the ecliptic and the sun than
remote from them. And, in the case of stars of

equal magnitude and rising at the same latitudi-

nal elongation, the more the ecliptic is inclined

to the horizon and makes a less angle DEF, at

so much greater a distance EF will the star first

appear.

>xf>', edii
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For if we add on, as in the following figure,

the semicircle HFK through the poles of the

horizon and through the sun at F (which is, of

course, at right angles to the horizon) then the

sun's distance under the earth for the same stars

is always equal to arc FH. For the rays above

the earth are similar for equal distances consi-

dered in this way. And, with arc HF remaining

the same as we said, arc EF will be less when
the ecliptic is perpendicular to the horizon, and

greater when it is inclined.

It is therefore necessary to take observations

for each of the stars to get the sun's distance be-

neath the earth along the ecliptic. If, now, the distance along the circle at

right angles to the horizon (as arc FH in the above figure) does not remain

the same in all places for the same stars because similar rays do not shine

the same in the denser air of the northern climate, then we shall need observa-

tions for not only one climate, but also for each of the rest. But if the arc corre-

sponding to FH remains everywhere the same for the same stars, as is likely (for

the stars' rays would necessarily suffer in the same way from the difference in

the air) then the distances observed for one climate will suffice for examining the

rest geometrically, whether the inclination of the ecliptic changes because of

difference in place or because of the demonstrated shift of the sphere of the fixed

stars towards its eastern parts.

For let the distance EF be given from observation in some latitude. Since

then again the arcs BH and FA have been drawn through to the arcs GB and

GF of two great circles, therefore,

chord 2 arc AB : chord 2 arc BG comp. chord 2 arc AE : chord 2 arc EF,
chord 2 arc FH : chord 2 arc HG.

But of the desired arcs, BG and HG are each a quadrant. And since point E is

supposed to be that with which the star rises, the point A of culmination is also

given from the Table of Ascensions, so that arc AE is therefore given and EF
from observation. The arc AG is given by calculation of the distance of the

point A from the equator which, in turn, is given in the Table of Obliquity, and

from the distance of the equator from the zenith along the same meridian, which

is equal to the pole's elevation. And, therefore, the remaining arc FH will be

given.

And once this is found and is kept the same, we shall get, by means of this,

the sizes of the arc EF for the other inclinations. For again

chord 2 arc GB : chord 2 arc AB comp. chord 2 arc GH : chord 2 arc FH,
chord 2 arc FE : chord 2 arc EA

;

and of the desired arcs, FH is now assumed, and the point E is given as rising

with the star according to the latitude in question as shown before ; and likewise

the arcs EA and BA are given. And, therefore, the remaining arc EF of the

echptic is given. >

We can understand the same kind of method for the disappearances of the

stars at their settings only with the position of the ecliptic drawn on the other

side in the same figure according to the inclination so that BD is taken as the

western horizon.

i
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Not to pass this subject by entirely, we think we have treated it sufficiently

to show the methods used in this theory. And because the generality induced

from such predictions is so fluctuating not only from the great difference of the

places and inclinations of the ecliptic but also from the multitude of the stars

and the difficulty in observing their heliacal risings, since the observers and the

atmosphere for the places observed can make the time of the first glimpse unlike

and unsure (as I know from trial and from the differences in the observations)

and besides these things because, through the shift of the sphere of the fixed

stars, the co-risings, co-culminations, and co-settings cannot remain constant,

even for one latitude, with those calculated with the present numbers and
proofs, therefore we have avoided such a waste of time, being content for the

present with the approximations which can be gotten each time from the cata-

logue or from the arrangement of the sphere. For we see that the signs of the

condition of the atmosphere gotten from the heliacal risings and settings almost

never keep any order or unchangeableness, if one attributes the cause of the

differences to the weather and not to the places of the ecliptic ; so that this cause

acts only in a very general way and is not established by the beginnings of the

heliacal risings and settings as it is by the configurations of the moon with re-

spect to the sun in its general distances, and by the moon's inclinations in the

particular distances.
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BOOK NINE
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1. Concerning the Order of the Spheres of the Sun
1 AND Moon and Five Planets

Now, certainly whatever one could say in general about the fixed stars, to the

extent that the appearances up until now fall under our apprehension, would

be pretty much like this. But since this Composition still lacks a treatment of

the five planets, we shall give an exposition of them, going as far as possible

with what they have in common to avoid repetition, and then adding on the

plan of each one in particular.

First, then, concerning the order of their spheres, all of which have their

positions about the poles of the ecliptic, we see the foremost mathematicians

agree that all these spheres are nearer the earth than the sphere of the fixed stars,

and farther from the earth than that of the moon; that the three—of which

Saturn's is the largest, Jupiter's next earthward, and Mars' below that—are all

farther from the earth than the others and that of the sun. On the other hand,

the spheres of Venus and Mercury are placed by the earlier mathematicians

below the sun's, but by some of the later ones above the sun's because of their

never having seen the sun eclipsed by them. But this judgment seems to us

unsure since these planets could be below the sun and never yet have been in

any of the planes through the sun and our e3^e but in another, and therefore not

have appeared in a line with it; just as in the case of the moon's conjunctive

passages there are for the most part no eclipses.

Since there is no other way of getting at this because of the absence of any

sensible parallax in these stars, from which appearance alone linear distances

are gotten, the order of the earlier mathematicians seems the more trustworthy,

using the sun as a natural dividing line between those planets which can be any

angular distance from the sun and those which cannot but which always move
near it. Besides, it does not place them far enough at their perigees to produce a

sensible parallax.

2. On the Aim of the Planetary Hypotheses

So much, then, for the orders of the spheres. Now, since our problem is to

demonstrate, in the case of the five planets as in the case of the sun and moon,

all their apparent irregularities as produced by means of regular and circular

motions (for these are proper to the nature of divine things which are strangers

to disparities and disorders) the successful accomplishment of this aim as truly

belonging to mathematical theory in philosophy is to be considered a great

thing, very difficult and as yet unattained in a reasonable way by anyone. For,

since, in the case of the researches about the periodic movements of each planet,

whatever slight error the eye makes in systematic observations produces a sen-

sible difference more quickly when the examination has been over a shorter in-

terval than when over a greater one, the time for which we have observations of

270
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the planets recorded (being short for grasping such a considerable lay-out, fur-

nishes an unsure prediction over long periods. In the case of research about the

anomalies, the fact that there are two anomalies appearing for each of the

planets, and that they are unequal in magnitude and in the times of their re-

turns, works a good deal of confusion. For one of the anomalies is seen to have

relation to the sun, and the other to the parts of the zodiac, but both are mixed

together so it is very hard to determine what belongs to each^ ; and most of the

old observations were thrown together carelessly and grossly. The more con-

tinuous of them contain stations and apparitions, and the apprehension of these

properties is not certain. The stations cannot indicate the exact time, since the

planet's local motion remains imperceptible for many days before and after its

station; and the apparitions not only make the places immediately disappear

along with the stars as they are seen for the first or last time, but also can be

utterly misleading as to the times because of the differences in the atmosphere

and in the eye of the observer. In general, the observations made with reference

to some fixed star at a rather great angular distance, unless because of these

things one attends to them wisely and clear-sightedly, furnish a magnitude from

their measurements hard to calculate and subject to guesswork. And this is so,

not only because the lines between the observed stars make different angles

with the ecliptic and by no means right angles—whence in the variety of the

zodiac's inclinations a great uncertainty is apt to follow in the determination of

the longitudinal and latitudinal positions—but also because the same angular

distances appear to the eye greater near the horizon and smaller near the cul-

minations, and so they can be measured as sometimes greater and sometimes

smaller than the real angular distance.

^It is important to notice that all the five planets, just like the moon, have an anomaly
with respect to the sun as well as an anomaly with respect to the zodiac. Since Ptolemy merely

expounds the theory as a deduction, it might be well to explain the appearances from which
these things could be gotten. It must be remembered that Ptolemy had long astronomical

tables of data which had been kept for nearly a thousand years, and which served as appear-

ances over a long period of time.

The appearances of Venus and Mercury are fairly simple. These two stars move on the

ecUptic, more or less, and swing back and forth from one side of the sun to the other, Mercury
never getting more than some 25° from the sun, and Venus never more than some 45°. This
makes them alternately morning and evening stars. This swinging in the heliacal anomaly
and, from a greatest elongation from the mean sun (say eastern) back to the next greatest

eastern elongation, is called one cycle of heUacal anomaly. Furthermore the time from a
western elongation to an eastern is longer than from the eastern to the next western. It is also

observed that, for different positions of the mean sun on the echptic, the greatest elongations

are smaller or larger, but always the same for the same position.

It is further observed that, if one considers the sum of the greatest eastern and greatest

western elongation for each position of the mean sun, this sum is greatest at one position, and
on either side gets smaller and smaller until it is least at the position exactly opposite on the

ecliptic. This variation of the apparent heliacal anomaly is called the zodiacal anomaly.
The appearances of Mars, Jupiter, and Saturn are more complicated. These planets move

generally from west to east along the echptic more or less at different speeds, Alars making a
complete circuit through the fixed stars in about 2 years, Jupiter in about 11, and Saturn in

about 30. They can be at any angular distance from the sun, unlike Venus and Mercury
which are constrained to remain within certain bounds. But they are tied to the sun in a
different way. Whenever the mean sun is nearly opposite any one of these three planets, the
planet stops its eastward motion, and this is called a station. And then, as the mean sun gets

more directly opposite, the planet moves westward, and this is called a regression or retro-

gradation. As the mean sun moves on, the planet appears to stop again, and then move east-

ward again. As the mean sun moves toward the planet, the planet moves faster and faster
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And so I consider Hipparchus to have been most zealous after the truth, both

because of all these things and especially because of his having left us more ex-

amples of accurate observations than he ever got from his predecessors. He
sought out the hypotheses of the sun and moon, and demonstrated as far as

possible and by every available means that they were accomplished through
uniform circular movements, but he did not attempt to give the principle of the

hypotheses of the five planets, as far as we can tell from those memoirs of his

which have come down to us, but only arranged the observations in a more use-

ful way and showed the appearances to be inconsistent with the hypotheses of

the mathematicians of that time. For not only did he think it necessary as it

seemed to declare that, because of the double anomaly of each planet, the re-

gressions of each are unequal and of such and such a magnitude, while the other

mathematicians gave their geometrical demonstrations on one and the same
anomaly and regression, but he also thought that these movements could not

be effected either by eccentric circles, or by circles concentric with the ecliptic

but bearing epicycles, or even by both together, although the zodiacal anomaly
was of one magnitude and the anomaly with respect to the sun of another. For
these are the means used by nearly all those who have wished to demonstrate

uniform circular movement by the so-called perpetual table, but in a false and
inconsequential way, some getting nowhere at all, some following the problem

to a limited extent. But Hipparchus reasoned that no one who has progressed

through the whole of mathematics to such a point of accuracy and zeal for

truth would be content to stop at this like the rest; but that anyone who was
to persuade himself and those in touch with him would have to demonstrate

the magnitude and periods of each of the anomalies by clear and consistent ap-

pearances; and, putting both together, he would have to find out the position

and order of the circles by which these anomalies are produced and the mode of

their movement and finally show about all the appearances to be consistent with

the peculiar property of this hypothesis of the circles. I think this is difficult,

and it seemed so to him. We have said all this not through ostentation, but in

order that, if we are forced by the problem itself either (1) to use something con-

trary to the general argument, as when, for example, for ease we make our

demonstrations of the circles described by the movement in the planetary

spheres as if they were simple and in the same plane with the ecliptic; or if we

are forced (2) to presuppose something without immediate foundation in the

appearances, an apprehension gotten from continuous trial and adjustment;

or (3) to suppose not everywhere the same mode of movement or inclination of

the circles—in order that, I say, we may then reasonably agree that (1) using

something of the sort that no appreciable difference is to result from it will not

falsify the subject in hand; (2) that things supposed without proof, once they

are conceived in such a way as to be consistent with appearances, cannot be

eastward until the mean sun has overtaken it; then it moves more and more slowly eastward

until it again appears to stop. The time from a station to a corresponding station is one cycle

of heliacal anomaly. Furthermore, the time from a station through the eastward motion of

the planet to the next station is much longer than that from a station through the westward

or regressive motion of the planet to the next station.

Again these speeds vary for different positions of the mean sun on the ecHptic. And this

variation is called the zodiacal anomaly.

All the planets wander slightly from one side of the ecliptic to the other. The theory of

this latitudinal anomaly is explained in Book XIII.

i
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found without some plan and knowledge even if the way of getting hold of them

is hard to explain (after all, generally speaking, the cause of first principles is

either nothing or hard to interpret in its nature) ; and (3) that, since the appear-

ances relative to the stars are also found to be dissimilar, one should not reason-

ably think it strange or absurd to vary the mode of the hypotheses of the circles,

especially when, along with saving the regular circular movement absolutely

everywhere, each of the appearances is demonstrated in its more lawful and
general character.

And so we have used for the demonstrations of each planet only those obser-

vations which cannot be disputed, that is those taken at contact or great prox-

imity with the stars or even with the moon, and above all those taken with the

astrolabe where the eye is lined up with the diametrically opposite sights in the

circles, sees on every side equal angular distances by means of similar arcs, and
can accurately apprehend the passages relative to the middle of each star in

longitude and latitude by moving to and fro to the observed stars the astro-

labe's ecliptic circle and the diametrically opposite sights in the circles through

its poles.

3. On the Periodic Returns of the Five Planets

Now that these things have been explained in advance, we shall first set out

the least periodic joint returns (that is very nearly joint) of each of the five

planets as calculated by Hipparchus, with a correction of our own gotten from
the comparison of the positions made after the demonstrations of the anomalies,

as we shall show in that place. We have put them first in order to have set out at

hand, for the calculations of the anomalies, the particular mean movements of

each one, both in longitude and in anomaly, since there would be no appreciable

difference even if one should use the mean passages in their more approximate
form. In general, one is to understand by movement in longitude the movement
of the epicycle's centre on the eccentric, and by anomaly the movement of the

star on the epicycle.

Now, we find 57 cycles of anomaly of Saturn exactly completed in 59 solar

years of our kind (that is from one tropic or equinoctial point back to the same)
plus 1+3^+K day very nearly, and in 2 revolutions of the star plus (1+%+
3^o)° oi a revolution; for, in the case of the three stars continually being over-

taken by the sun, the number of revolutions run by the sun in the time of return

of each is equal to the number of longitudinal revolutions of the star together

with the number of its returns in anomaly.^ And we find 65 cycles of anomaly of

Jupiter exactly completed in 71 solar years of the same kind less 4+3/2+M+
3^5 days very nearly, and in 6 revolutions of the star less (4+3^+3^)° of a revo-

lution, counting from a tropic point back to the same. Likewise we find 37 cycles

of anomaly of Mars in 79 of our solar years plus 3+3-^+3^0 days very nearly,

and in 42 revolutions of the star plus 33^° of a revolution, counting from a tropic

^This fact that, for the planets Mars, Jupiter, and Saturn, the number of revolutions of

the mean sun is always equal to the number of longitudinal revolutions of the star plus the
number of its returns of anomaly, is of great importance later on in Book X, Chapter 6. It

also becomes important in the hehocentric theories. For while it remains a useful accident for

Ptolemy, it is a necessary- consequence of the primary assumptions of Copernicus.
The fact, again, that even these three planets, which are not tied to the sun by an immedi-

ate appearance as Venus and Mercury, yet have an anomaly which is referred to the sun, is

a sign pointing towards a heliocentric hypothesis.
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point l)ack to tlic samo; 5 oyclcs of anomaly of VonuH in 8 of our solar years less

2-\-]/i'\-l4() tlJiys, ii-'itl ill ^ revolutions of the star l(!ss 23^° of a revolution, equal

in nunilu'r totlu; revolutions of the sun; and 145 cycles of anomaly of Mercury in

4() years of tlie same Uiiid phis \\{\o day, and in 4() r(»volutions of tlie star plus 1°

of a n^vohition, aj^jun (^(juid in numlxu- to th(^ revolutions of tlie sun.

y But if, for eacli one, we reducie the time of return into days in accordance with

the year's time as alrc^ady ^i;iven l)y us, and the number of cycles of anomaly into

the li('>()" of a (^ir(;l(;, then w(^ shall hav(^, in the casc^ of Saturn, 21,55P^fio days

n,nd 2(),r)2()" of anomaly; in the; (;as(; of Jupiter, 2r),927'^loo days and 27,400° of

anomaly; in the case of Mars, 28,857*''
'^(jo days and 13,320° of anomaly; in the

case of Venus, 2,9l9^%o days and 1,800° of anomaly; and in tlie case of Mer-
cury, l(i,8()2'^>(io days and 52,20(r of anomaly.

Dividinjz;, then, in ea(;h case, tlu^ numlxw' of (leji;re(\s of anomaly by the number
of days, w(^ shall have; the; daily nu'an movement, of anomaly: very nearly 67'7**

43'"41'M3^4()^' for Saturn, 5 i'9''2"'40'^20^ for Jupiter, 27'41'40"'JO'^20\58^'

for Mars, 3()'51)''25^*'53'nP28^i for Vonus, and 3°(i'24''()'''59'^35-50>^i for Mer-
cury.

Takinj^ a twiuity-fourth of each of these, we shall have the hourly mean move-

ment of anomaly: 2'22" 19'"19'M4M9^*10^" for Saturn, 2M5''22''*3()'\5()^5^' for

Jupiter, P9"14'''10'^18^22^'25^'* for Mars, P32''28'''34'M2^58^'40^'' for Venus,

an<l 7'40"0"47'^28\59^'35^" for Mercury.

A^!;ain, mulliply injj; the daily nu'an movements of eacth by thirty, we shall have

the monthly mean movcmient of anomaly: 28"33'51 ''50'''51'\50^ for Saturn, 27°

4'31"23^'43'^ for Jupiter, 13°50'50''9''M0'^29^ for Mars, 18°29'42''5G'''35'^44'

for Vemis, and 93°12'3"29''47'\55^ for Mercury.

And likewise^ nuiltiplyin^ tlu^ daily mean movements by the 365 days of the

I<]jj,yptian year, we shall hav(^ t,he yearly mean movement of anomaly: 347°32*

0"48'"50'^38-20^' for Saturn, 329%)4''52'''28'n0^ for Jupiter, 168°28'30"17''*

42^^32^50^* for Mars, 225° J '32''28"'34'^39M5^' for Venus, and a surplus of 53°

5()'I2"32'"32'\59M0^' for Mercury.

In the same way, nmltiplyinp; also each of the yearly movements by 18, as in

the case of the tables of the sun and moon, we shall have the mean surplus of

anomaly of the Egyptian 18-year period: 135°3()44''39"4l'^30^ for Saturn,

1()9"30''33"44"'27'^ for Jupiter, 152°33*5'48'''45'^5l^ for Mars, 90°27'44''34'»*

23'^4()^30^' for Venus, and 25r0'45''l5'''53'M5^ for Mercury.

From th(\s(^ numbers we shall j^et {\w. mean movement,s in longitude so that,

without, reduciing the number of revolutions to degrees, we may, in each case,

divide them int,() the time proposed. It is clear that for Venus and Mercury the

mean movement,s in longitude will be the same as those alrea.dy set out, for the

HUn, and for the otIuM' thret» stars th(\y will be, for eac^h numbiM', the dilTerence

betwtuMi the mean movtuuent of anomaly and the sun's mean movement in

longitude. And in this way we shall find Saturn's daily mean movement in longi-

tud(> to be 2'0''33'"31'^'28\51^\ Jupiter's 4'59'44'''2()'M(Kn^\ and Mars' 31'

2()''3()'''53''51''3ii'''; Saturn's hourly mean movement in longitude 5'4'''23'MS^

42^'7^"3()^'", Jupiter's 12"28'''()'n^5()^47^''30^"S and Mars' 1"KS''3(>'''32'M4^

39^*; Saturn's monthly mean movement in longitude 1°0'10''45"'44'^'25^'30^',

Jupiter's 2"29'37"13*"23'M5\30^*, and Mars' 15° 13' 18"2G'"55'M6^-30^'; Saturn's

yearly mean movement in longitutle 12'M3'23"5l)'"30'^30^15^'", Jupiter's 30°20'

22"52'"52'^38^35^', and Mars' 19riG'54"27"'38'^35^'45^'; and Saturn's mean
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movement in longitude over 18 years to be 220°140"57'**9*^4^30^S Jupiter's a

surplus of 186°G'51**51 '''53^^34^30^*, and Mars' a surplus of 203°4*20''17'''34'^

43^30^».

Now we shall again arrange, in the order of the stars for the ready use of eac^h,

the tables of these mean movements, in 45 rows and in lots of tlu-ee like the

others. The first lots will contain the combinations of 18-ycar periods, the second

the yearly and hourly combinations, and the third the monthly and daily ones.

And here follow the tables:
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4. Tables of the Mean Movements in Longitude
AND IN Anomaly of the Five Stars

SATURN, Anomaly at epoch, 34°2'
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Saturn, Continued

Single
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JUPITER, Anomaly at epoch, 146°4'



280
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MARS, Anomaly at epoch, 327°13'
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Mars, Continiied

Hours
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VENUS, Anomaly at epoch, 71°7'
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Venus, Continued

Months
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Mercury, Continued

Months

30

60

90

120

150

180

210

240

270

300

330

360

o I

29 34

59 8

88 42

118 16

147 50

177 24

206 59

236 33

266 7

295 41

325 15

354 49

Degrees in longitude

III IVII

8

17

25

34

43

51

8

17

26

34

43

36

13

49

26

3

39

16

52

29

6

42

19

36

12

48

25

1

37

13

50

26

2

38

15

V
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5. Preliminaries of the Hypotheses of the Five Planets

Now, the relation of the anomalies to the longitudinal passage of the five

planets follows the exposition of these mean movements, and we have attempted

a general outline of it in the following way.

For, as we said, the very simple movements together sufficient for the problem

in hand are two: one effected by circles eccentric to the ecliptic, and the other

by circles concentric with the ecliptic but bearing epicycles. And likewise also

the apparent anomalies for each star considered singly are two: one observed

with respect to the parts of the zodiac and the other with respect to the con-

figurations of the sun. In the case of this latter anomaly, we find, from different

configurations observed in contiguity and in the same parts of the zodiac, that,

for the five planets, the time from the greatest movement to the mean move-
ment is always longer than from the mean to the least. And such a property

{(TvnTTTona) cannot follow from the hypothesis of eccentricity, but its contrary

follows, because the greatest passage is always effected at the perigee, and in

both hypotheses the arc from the perigee to the point of mean passage is less

than that from this point to the apogee. But it can occur in the hypothesis of epi-

cycles when the greatest passage is not effected at the perigee as in the case of

the moon, but at the apogee—that is, when the star, starting from the apogee,

moves not westward as the moon, but eastward in the opposite direction. And
so we suppose this anomaly to be produced by epicycles. *

But in the case of the anomaly observed with respect to the parts of the zodi-

ac, we find, by means of the arcs of the zodiac taken at the same phases or con-

figurations, that, on the contrary, the time from the least movement to the

mean is always greater than the time from the mean movement to the greatest.

But this property can follow from either hypothesis, and at the beginning of the

composition of the sun [iii, 3] we showed how they were alike in this. But since

it is more proper to the eccentric hypothesis, we suppose this anomaly is effected

according to it, and also because the other anomaly is peculiar to the epicyclic

hypothesis.

But immediately on applying the particular positions observed to the courses

constructed from the combination of both hypotheses and continually examin-

ing them together, we find things cannot proceed so simply: (1) The planes in

which we describe the eccentric circles are not immobile, so that the straight line

through both their centres and the ecliptic's centre, along which the apogees and
perigees are sighted, always remains at the same angular distances from the

tropic and equinoctial points. (2) The epicycles do not have their centres borne
on the eccentric circles whose centres are those with respect to which the epicy-

cles' centres revolve in a regular eastward motion and cut off equal angles in

equal times. But (I) the eccentrics' apogees make a slight regular shift east-

ward from the tropic points around the ecliptic's centre and nearly as much for

each planet as the sphere of the fixed stars is found to make—that is, one degree

in a hundred years, as far as one can detect from present data. And (2) the epi-

cycles' centres are borne on circles equal to the eccentrics effecting the anomaly,
but described about other centres. And these other centres, in the case of all

except Mercury, bisect the straight lines between the centres of the eccentrics

effecting the anomaly and the centre of the ecliptic.^ But in the case of Mercury
^These three points—the centre of the equant, the centre of the deferent, and the centre

of the ecliptic—with the deferent's centre midway between the other two, by means of the
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alone, this other centre is the same distance from the centre revolving it [centre

of equant] as this centre revolving it is in turn from the centre effecting the a-

nomaly on the side of the apogee, and as this last centre effecting the anomaly-

is in turn from the centre placed at the eye. For, in the case of that star alone as

also with the moon, we find the eccentric circle revolved by the aforesaid centre,

contrariwise to the epicycle, back westward one revolution in a year's time,

since it appears to be twice perigee in one revolution, just as the moon is also

twice so in one month's time.

6. On the Mode and Difference of these Hypotheses

The mode of the hypotheses just derived would be more easy to understand

in this way:

In the case of the hypothesis of all the planets except Mercury, first let there

be conceived the eccentric circle ABC about the centre D, and the diameter

ADC through D and the centre of the eclip-

tic. And on this diameter let E be made the

centre of the ecliptic, the point A the apogee,

and C the perigee. And let DE be bisected at

F; and with F as centre and DA as radius, let

circle GHK be drawn, equal of course to cir-

cle ABC. And with H as centre let the epi-

cycle LM be drawn, and let the straight line

IHMD be joined.

Then first we suppose the plane of the ec-

centric circles to be inclined to that of the

ecliptic, and again the plane of the epicycle

to that of the eccentric, because of the lati-

tudinal passage of the stars to be demon-

strated by us hereafter. But to make things

easy as far as the longitudinal passages are

concerned, we suppose that they are all con-

ceived in the one plane of the ecliptic, since

there will be no appreciable difference in longitude resulting from such inclina-

tions as will be found for each of the stars.

Then we say that the whole plane revolves eastward in the direction of the

signs about centre E, moving the apogees and perigees one degree in a hundred

years; that the epicycle's diameter LHM in turn is revolved regularly by centre

D eastward in the direction of the signs at the rate of the star's longitudinal re-

turn; and that at the same time it revolves the points of the epicycle L and il/,

its centre H always borne on the eccentric GHK, and the star itself. And the

star in turn moves on the epicycle LM, regularly with respect to the diameter

always pointing to centre D, and makes its returns at the rate of the mean cycle

Copernican transformation, corfie to represent the two foci and the centre of the Keplerian

ellipse ^;^-ith exactly the same ratios preserv^ed.

It is to be remarked that this broadening of the principle of celestial mechanics to allow an

epicycle's centre to move regularly about a point other than the centre of its deferent was for

Copernicus the major scandal of the Ptolemaic system and one which his own aUowed him to

remove only at the expense of the appearances, as Kepler well saw.

All this is explained in more detail in the first note of Book XII and in Appendix B to this

work.
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of the anomaly with respect to the sun, moving eastward in the order of the signs

at the apogee L.

And we could visualize the characteristic property of the hypothesis of Mer-
cury in this way.

For let there be the eccentric circle of anomaly ABC about centre D, and the

diameter ADEC through D, the eclip-

tic's centre E, and the apogee A. And let

DF be taken on AC in the direction of

the apogee A and equal to DE.
Then, other things remaining the same

(that is, the whole plane shifting the apo-

gee eastward about E as a centre the

same amount as for the other stars, and
the epicycle being revolved regularly

eastward about D as centre b}^ the

straight line DB, and again the star mov-
ing on the epicycle in the same way as

the others), here the centre of the other

eccentric, equal to the first and on which
the epicycle's centre will always lie, ^\dll

be revolved by the straight line FGH
about point F contrariwise to the epicy-

cle—that is, westward in the direction opposite to the signs—regularh^ and at

the same speed as the epicycle, so that each of the straight linesDB and FGH, in

one year's time, is restored once with respect to the points of the ecliptic, and
twice with respect to each other. And this centre of the other eccentric will al-

ways be a distance from the point F equal to either of the straight lines ED or

DF (for instance, FG) so that the little circle described by its movement west-

ward, with F as centre and FG as radius, is always bounded by the centre of the

first eccentric which remains fixed; and the moving eccentric is described in

every case with G as centre and with radius GH, equal to DA, as for instance

here HK, and the epicycle always has its centre on it, as here at point K.
We can follow the suppositions even more precisely from the demonstrations

w^e are to give of the magnitudes for each planet. In these demonstrations the

motives for formulating the hypotheses will somehow show up in clearer outline.

Yet one must premise that, since the longitudinal cycles do not make their re-

turns with the points of the zodiac and with the apogees or perigees of the eccen-

tric circles, because of their shift, therefore the longitudinal movements set out

by us in the foregoing manner do not contain returns considered with respect

to the apogees of the eccentrics but returns that are relative to the tropic and
equinoctial points in accordance with our year.

Then it must be sho\\'n first that, also according to these hjrpotheses, when-
ever the mean longitudinal position of the star is equidistant from the apogees

and perigees in either direction, the difference of zodiacal anomaly is equal for

either distance, and also the greatest elongation on the epicycle on the corre-

sponding side of the mean position.

For about centre E and diameter AEC, let there be the eccentric circle ABC
on which the epicycle's centre is borne. On this diameter let F be taken as the

ecliptic's centre, and G as the centre of the eccentric making the anomalj^—that
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is, the centre around which we say the epicycle's mean passage is regularly

effected. And let the straight lines BGH and DGK be drawn through, both the

same angular distance from the apogee A, so that angles AGB and AGD are

equal. And let epicycles be described

about points B and Z), and let straight

lines BF and BD be joined, and from F
the eye-point let the straight lines FL
and FM be drawn tangent to the epicy-

cles on the corresponding sides.

I say that angle FBG of the difference

of zodiacal anomaly is equal to angle

GDF; and that angle BFL, the greatest

elongation on the epicycle, is likewise

equal to angle DFM. For in this way the

magnitudes of the elongations resulting

from the combination of the eccentric

and of the greatest elongations from the

mean position will also be equal.

Then let the straight lines BL andDM
be drawn from B and D perpendicular

to FL and FM, and straight lines EN and EX from E perpendicular to BH and
DK. Since

angle XGE = Single NGE,
and the angles at N and X are right, and EG is common to the equiangular tri-

angles, therefore

NG = XG,
EN= EX.

Therefore BH and DK are chords equidistant from the centre E; therefore they

are equal and their halves also. And so, by subtraction,

BG=DG.
But GF is common, and

angle BGi^ = angle DGF,
and are within equal sides; therefore also

base 5F= base DF,

and
angle G5F= angle DGF,

And also, as radii of the epicycles,

BL =DM,
and the angles at L and M are right; therefore also

angle Bi^L = angle DFM.
Which things it was required to prove.

Then again, for the hypothesis of Mercury, let there be the diameter ABC
through the circles' centres and apogee; and let A be supposed the centre of the

ecliptic; B the centre of the eccentric effecting the anomaly, and C the point

about which moves the centre of the eccentric bearing the epicycle. And again

let the straight lines BD and BE of the epicycle's regular eastward motion be

drawn through on either side, and the straight lines OF and CG of the eccentric's

westward revolution at the same rate, so that of course the angles at C and B are

I



THE ALMAGEST, IX 295

equal, and BD parallel to CF,

and BE to CG. And let the

centres of the eccentrics be

taken on CF and CG, and let

them be H and K. And let the

eccentrics described about

these centres, eccentrics bear-

ing the epicycles, pass through

the points D and E. Again,

with equal epicycles described

about points D and E, let the

straight lines AD and AEh^
joined, and let the straight

lines AL and AM be drawn
tangent to the corresponding

sides of the epicycles.

Then it must be proved that the angle of zodiacal anomaly ADB is equal to

angle AEB; and that the angle of greatest elongation for the epicycle DAL is

equal to angle EAM.
For let the straight lines BH, BK, HD, and KE be joined; and let CN and

CX be drawn from C perpendicular to BD and BE; and DF and EG from D and
E perpendicular to CF and CG; and DL and EM perpendicular to AL and AM.
Since then

angle CBN = angle CBX,
and the angles atN and X are right, and the straight line CB is common, there-

fore

CN=CXy
that is

DF= EG.
But also

HD = KE,'
and the angles at F and G are right. And so

angle DHF = aing\e EKG;
and

angle CHB = angle CKB,
because it is supposed

:; HC= CK,
^For, as below,

HB = KB,
»nd as radii of the same moving eccentric

HE = KD.
And by hypothesis

and, since by hypothesis

uiii} '> '.I

therefore -^

angle DBC = angle EBC;

arc HZ = arc ZK,

angle HBC
and by addition

angle DBZ =
Hence, by congruent triangles DKB and EHB,

HD = KE.

angle KBC,

angle EBZ.
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CB is common, and
angle iyC5 = angle KCB,

And so also, by subtraction,

angle BHD = smglQ BKE,
and

base 5Z) = base BE.
But again BA is also common, and

angle D5A =angle EBA.
And so

base AD = base AE,
and

angle ADB = angle AEB
And in the same way, since

DL =EM,
and the angles at L and M are right, therefore also

angle DAL = angle EAM.
Which things it was required to prove.^

7. Demonstration of Mercury's Apogee and of its Shift

With this theory established, we first took this way of finding the wherea-

bouts on the ecliptic of Mercury's apogee. For we examined the observations of

the greatest elongations in which the morning positions of the star were equal

to the evening ones in their angular distance from the mean position of the sun.

When these had been found, it followed from what we have shown that the

point midway between the two positions included the eccentric's apogee.

Then we took some observations for this purpose, few because such combina-

tions are seldom met with, but capable of showing up the subject in hand. Here

are the more recent of them.

For in the year 16 of Hadrian, Egyptianwise Phamenoth 16-17 in the eve-

ning, we observed Mercury, by the manipulation of the astrolabe, at its greatest

elongation from the sun's mean position. And then, being sighted with the

bright star of the Hyades [Aldebaran], it appeared to be 1° within the Fishes.

But at that time the mean position of the sun (9-|-M+34)° within the Water
Bearer. Therefore the greatest evening elongation from the mean position was

21K°.
And in the year 18 of Hadrian, Egyptianwise Epiphi 18-19 at dawn, Mercurj^

was at its greatest elongation, appeared very slight and dim, was sighted with

the bright star of the Hyades [Aldebaran], and appeared to be (18+3^+3^)°
within the Bull. But at that time the mean sun was 10° within the Twins. And
therefore at that time the greatest morning elongation from the mean position

was equally 21)^°. And so, since in one observation the star's mean position was

(9+H+M)° within the Water Bearer, and in the other 10° within the Twins,

and since the point on the ecliptic midway between them is (10—3^)° within

^In other words, Ptolemy has proved that if the epicycle's centre is equidistant on either

side from the apogee, then the angles are equal. It cannot be proved in the case of the hy-

potheses of Mercury that the converse is true, since as we shall see later Mercury has two

perigees and, therefore, there are other points of symmetry. Ptolemy, however, will use the

converse as true for his observations. This is possible because he knows about where the

apogee of the eccentric hes and, within a Umited range on either side of that approximate

point, the converse is true.



THE ALMAGEST, IX 297

the Ram, the diameter through the apogee would be in that position at that

time.

Again, in the year 1 of Antonine, Egyptianwise Epiphi 20-21 in the evening,

with the astrolabe we observed Mercury at its greatest elongation from the

sun's mean position. Being sighted at that time with the star of the Lion's heart

[Regulus], it appeared to be 7° within the Crab. But at that time the mean sun

was 10H° within the Twins. Therefore the greatest evening elongation from the

mean position was 26}/^°.

And likewise also in the year 4 of Antonine, Egyptianwise Phamenoth 18-19

at dawn, Mercury was again at its greatest elongation, was sighted with the

star called Antares, and appeared to be 133^° within the Goat, while the mean
sun was 10° within the Water Bearer. And therefore at that time the greatest

morning elongation from the mean position was likewise 26}^°. And so, since

at one of the observations the mean position of the star was 103^2° within the

Twins, and at the other 10° within the Water Bearer, therefore the point of the

ecliptic midway between them is 10J^° w^ithin the Balance, and at that time

the diameter through the apogee would be in that position.

From these observations, then, we find the apogee falling very nearly 10°

within the Ram or the Balance; and from the old observations of the greatest

elongations, about 6° within the same signs, just as one would calculate it to be.

For in the year 23 according to Dionysius, Hydron 29 in the morning, Mer-
cury was three moon's to the north of the brightest star in the Goat's tail. But
this fixed star was then, according to our starting points (that is, the tropic and
equinoctial points), 223/^° within the Goat, the same evidently as Mercury. And
it is evident the mean sun was 183^° within the Water Bearer; for that time was
the year 486 of Nabonassar, Egyptianwise Choiak 17-18 at dawn. Therefore,

the greatest morning elongation from the mean position was (25-|-3^-}-3^)°.

We did not find a greatest evening elongation exactly equal to this one in any
of the observations that have come down to us, but from two of them we cal-

culated one very nearly equal in the following manner.

For in the same year 23 according to Dionysius, Tauron 4 in the evening,

Mercury was three moons beyond the straight line through the horns of the

Bull, and seemed to be passing more than three moons south of the common
star.^ And so again, according to our starting points, it was 233^° within the

Bull. And that was again the year 486 of Nabonassar, Egyptianwise Phamenoth
30-Pharmouthi 1 in the evening, when the mean sun was 293^° within the Ram.
Therefore, the greatest evening elongation from the mean position was 243^^°.

In the year 28 according to Dionysius, Didymon 7 in the evening, Mercury
was in a straight line w^ith the heads of the Twins, and was to the south of the
southern one by a third part of a moon less than double the distance between
the heads. And so again at that time Mercury was, according to our starting

points, 293^3° within the Twins. And that was the year 491 of Nabonassar,
Egyptianwise Pharmouthi 5-6 in the evening, at which time the mean sun was
{2-\-}/2-\~H)° w'ithin the Twins. And therefore the elongation itself was 263^°.

Since, when the mean position was 293^° within the Ram, the greatest elonga-

tion was 243/^°, and, when the mean position was (2+3^-|-3^)° within the Twins,
the elongation was 263/2°? and since the greatest morning elongation whose cor-

^The star described in the Catalogue of the Stars as "the star at the tip of the northern
horn, the same as the star in the Charioteer's right foot."
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respondent we sought was (25-f J/^+J^)°, we extracted from the difference of

the two observations just reported, where the mean position would have to be
in order for the greatest evening elongation to be (25+3^+3/^)°. For the dif-

ference between the two mean positions comes to 33J/^°, and between the great-

est elongations to 2i^°, so that very nearly 24° corresponds to the 1%° difference

between (254-3^+M)° and 24^°. If we add these 24° to the 29^° within the
Ram, we shall have the mean position where the greatest evening elongation will

be equal to the greatest morning elongation of (25+3/2+ /^)°, and that will be
233^° within the Bull. And the point midway between 183^° within the Water
Bearer and 233^° within the Bull is about (5+3^+1/^)° within the Ram.

Again, in the year 24 according to Dionysius, Leonton 28 in the evening,

Mercury was west of Spica, according to Hipparchus' calculations, by little

more than 3°. And so it was then 193^° within the Virgin according to our start-

ing points. And that was the year 486 of Nabonassar, Egyptianwise Payni 30 in

the evening, at which time the mean sun was (27+3^-f-M)° within the Lion.

Therefore, the greatest evening elongation from the mean position was 21%*,
whose exact morning correspondent we again calculate by means of the follow-

ing observations.

For in the year 75 according to the Chaldeans, Dius 14 in the morning, Mer-
cury was half a cubit on the upper side of the southern Balance. And so it was
then, according to our starting points, 143/6° within the Balance. And that was
the year 512 of Nabonassar, Egyptianwise Thoth 9-10, at dawn, at which time

the mean sun was 53^2° within the Scorpion. Therefore, the greatest morning
elongation was 21°.

In the year 67 according to the Chaldeans, Apellaius 5 in the morning. Mer-
cury was half a cubit on the upper side of the northern forehead of the Scorpion.

And so at that time, in our terms, it was 2J^° within the Scorpion. And that was
the year 504 of Nabonassar, Egyptianwise Thoth 27-28 at dawn, at which time

the mean sun was (24+3^+3^)° mthin the Scorpion. Therefore the elongation

itself was 223/^°. Then again—since in these two observations the difference be-

tween the mean positions comes to 19%°, and between the greatest elongations

to 13^°, and since for this reason 9° corresponds to the %° by which the 21 3^° of

the elongation required exceed the 21° of the smaller elongation—if we add
these 9° to the 5)^° within the Scorpion, we shall have the mean position at

which the greatest morning elongation is equal to the 21%° of the evening elon-

gation. And this mean position is 143^^° within the Scorpion. And again, the

point midway between (27+3^+3^)° within the Lion and 14}^° within the

Scorpion is very nearly 6° within the Balance.

From these appearances, then, and from the agreement of the appearances

particular to the other stars, we find it consistent for the diameters through the

perigees and apogees of the five planets to make a shift about the ecliptic's cen-

tre eastward in the order of the signs, and for that shift to be at the same rate

as that of the sphere of the fixed stars. For, as we showed [vii, 2], it shifts very

nearly 1° in a hundred years, and so the time from the old observations, where

Mercury's apogee was about 6°, to our own observations, where it has come to

be about 10°, is found to embrace nearly 400 years.
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8. That Mercury also Becomes Twice Perigee in One Revolution

Following on this, we examined the magnitudes of the greatest elongations

produced when the sun's mean position was at the apogee itself, and again when
it was diametrically opposite. And here one can very well understand the use-

fulness of this kind of sighting [i.e., with the astrolabe], since, even if some ob-

served stars do not appear near each other because of their predetermined posi-

tions (and this happens for the most part in the case of Mercury because most
of the fixed stars can rarely appear at a distance from the sun equal to Mer-
cury's), yet by sighting with the far distant stars it is possible to get accurately

their longitudinal and latitudinal positions.

Now in the year 19 of Hadrian, Egyptianwise Athyr 14-15, the morning
Mercury was at its greatest elongation, and, sighted with the star of the Lion's

heart, it appeared to be 203^° within the Virgin, while the mean sun was about
934° within the Balance. And so the greatest elongation came to 193^o°-
And in the same year, Pachon 19 in the evening, it was at a greatest elonga-

tion, and, sighted with the bright star of the Hyades [Aldebaran], appeared to

be 4J^° within the Bull, while the mean sun was 113^° within the Ram. And so

the greatest elongation in this case came to 2334°? and from that it was clear

the eccentric's apogee was in the Balance and not in the Ram.
Now, these things being given, let the straight line ABC be the diameter

through the apogee; and let the point B be supposed the ecliptic's centre where
the eye is; A the point 10° within the Balance; and C the point 10° within the

Ram. Let equal epicycles be described about A and C, one with point D on it,

the other with point E; and let the straight lines BD and BE be produced from
B tangent to them; and let the perpendiculars^!) and CE be dra^vn from the

centres to the points of contact.

Since, then, the greatest morning elongation in the Balance was observed to

be 193^0° from the mean position,

angle ABD = 19°S'

= 38°6'to2rt.
And so, on the circle about right triangle ABD,

Sire AD = SS%\
and

chord AD = 39^9'

where
hypt. AB = 120P.

Again, since the greatest evening elongation in the Ram was ob-

served to be 2334° froDa the mean position,

angle CB^ = 23°15'

= 46°30'to2rt.
And so also, on the circle about right triangle CBE,

arc CJ^ = 46°30'

and
chord C^ = 47^22'

where

hypt. CB = 120P.

And because as radii of the epicycles

AD = CE,
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therefore

and, by addition,

ABC= 219^9'

where
C^= 39p9'

and
A5 = 120P.

And so, if the straight Une ABC be bisected at F, then as half of ABC
AF= 109^34',

and
BF =10^25'.

Then it is clear that either the point F is the centre of the eccentric or the

centre around which the centre of that eccentric circle is revolved. For in this

way only could the epicycle's centre be equidistant from F for either of the dia-

metrically opposite positions, as was proved. But since, if F were itself the centre

of that eccentric on which the epicycle's centre always lies, that eccentric would

be fixed, and of all the positions that in the Ram would alone be perigee because

BC is the least of all the straight lines from B to the circle described about F;

and since the position in the Ram is not to be the nearest the earth, but positions

in the Twins and the Water Bearer are even nearer the earth than it and very

nearly equal to each other, therefore it is clear that the centre of this eccen-

tric is carried about point F in the direction contrary to that of the epicycle's

revolution— that is, westward contrary to the order of the signs— once in

one cycle. For in this way the epicycle's centre will be twice perigee in that

cycle.

It is immediately understandable from the observations just set out [ix,7],

that the epicycle is nearer the earth in the Twins and the Water Bearer than in

the Ram. For in the observation of the year 16 of Hadrian, Phamenoth 16, the

greatest evening elongation from the mean position was 213^°; and in the ob-

servation of the year 4 of Antonine, Phamenoth 18, the greatest morning elonga-

tion from the mean position was 263^°, while the mean sun for both observations

was about 10° within the Water Bearer. And again, in the observation of the

year 18 of Hadrian, Epiphi 19, the greatest morning elongation from the mean
position was 2l3^°; and in the observation of the year 1 of Antonine, Epiphi 20,

the greatest evening elongation from the mean position was 263^°, while for

both observations the mean sun was about 10° within the Twins. And so the

contrary greatest elongations in the Water Bearer and in the Twins, added to-

gether, come to (47+3^H-J^)°, while both the greatest elongations in the Ram
together embrace 463^°, because the evening elongation was observed to be

equal to the morning one of 2334°.

9. On the Ratio and Magnitude of Mercury's Anomalies

Now, once these things have been dealt with, it remains to show around what

point of the straight line AB the epicycle's yearly return in regular motion east-

ward in the order of the signs takes place ; and how far from F is the centre of

the eccentric making its return at an equal speed westward. We have also used

for this research two observations of greatest elongations both morning and

evening, with the mean position in either case situated a quadrant's distance
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from the apogee on the same side, for in this position very nearly the greatest

difference of zodiacal anomaly is produced.

For in the year 14 of Hadrian, Egyptianwise Mesore 18 in the evening, as we
find in the observations taken by Theon, "Mercury," he says, ''was at its great-

est elongation from the sun, being (3+3^4-J^)° east of the star in the Lion's

heart [Regulus]." And so, according to our starting points, it was very nearly

63^° within the Lion, while the mean sun at that time was about 103^^2° within

the Crab. And so the greatest elongation was 2634°.

And in the year 2 of Antonine, Egyptianwise Mesore 24 at da'\\Ti, observing

its greatest elongation with the astrolabe and sighting it with the bright star of

the Hyades [Aldebaran], we found Mercury to be 20^2° within the Twins, while

the mean sun was again about 103^° within the Crab. And so the greatest morn-

ing elongation was 203^°.

Now, with these things supposed, again let there be the diameter AFBC
through the points 10° within the Bal-

ance and the Ram. And as in the last fig-

ure, let A be supposed the point where
the epicycle's centre lies when it is 10°

within the Balance ; C the point where it

lies when it is 10° within the Ram; B the

centre of the ecliptic; and F the point

about which the eccentric's centre makes
its westward shift.

First let it be required to find how far

from the point B is the centre about
which we say the epicycle's regular east-

ward movement takes place.

Then let it be the point G, and let a

straight line be drawn through G at right

angles to AC, so that it will be a quad-

rant's distance from the apogee A; and
let H be taken on it as the centre of the epicycle, according to the observations

just set forth, because in these the mean position was a quadrant's distance from
the apogee, the mean sun being about 10° within the Crab. And with the epicy-

cle KL described about H, let the straight lines BK and BL be dra^^^l from B
tangent to it. And let HK, HL, and BH be joined.^

Now, since at the mean position just taken, the greatest morning elongation

is supposed 2034°, 3,nd the evening 26^°, therefore

angle i^BL = 46°30';

and therefore, being half of angle KBL,
angle i^Bi/ = 46°30' to 2 rt.

And so also, on the circle about right triangle BHKy
a.TC HK = ^Q°SO',

and
chord /fi^= 47^22'

where

r hypt.BH= 120P,

*We have added to the figure a broken line through B parallel to GH to represent the line

to the mean sun which moves regularly, of course, about the earth or the centre of the ecUptic.
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eccentric^s centre. And let G be the eccentric's centre, and F the epicycle's.

And with the epicycle described about F, let DH and DK be drawn tangent to

it; and let CG, DF, FH, and FK be joined. And let DL be drawn from

D perpendicular to CF.

It is required to prove that

angle HDK = {^l+y2+K)\
Since, then, each of the angles ABG and ACL subtends a side of the inscribed

equilateral triangle and equals 120°, so that

angle Ci5G= angle Z)CL = 60°,

and since

angle BGC = angle j5CG

because it is supposed
BC= BG,

and since the other two angles together are 120°, and each of them 60°, the tri-

angle BCG is equiangular and equilateral. And also

angle Z)CL = angle 5CG;
therefore G, C, and F are points on the same straight line.

And so

ecc. rad. GF= m^
where

CG=CD=Z^,
CD being the straight line between the centres. And, by subtraction,

CF=:57p.

Again, since

angle 2)CL = 60°

= 120° to 2 rt.,

therefore, on the circle about right triangle CDL^
arcZ)L = 120°

and, by subtraction from the semicircle,

arc CL = 60°.
.

And therefore

where

And so

and, by subtraction,

where

and likewise

And since

therefore

where it was supposed

chord Z)L= 103P55',

chord CL = 60P

hypt. Ci) = 120p.

Z)L = 2P36',

CL = 1P30',

LF= 55^30'

i)C= 3P

CF= 57P.

sq. LF+sq. DL = sq. Z)F,

DF = 55^34'

F^ = FiC = 22p30',
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that being the epicycle's radius.

And therefore

where
hypt. Z)F=120p;

iu)d

angle FDH = SLn^\e FDK = 4:7%6' to 2 rt.

so that, by addition,

angle ^Z)K = 47°46'.

Which it was required to prove.

10. On the Correction of Mercury's Periodic Movements

Now, the establishing of Mercury's periodic movements and its epochs fol-

lows next. And we have the longitudinal movements—that is, those carrying

the epicycle regularly about C—immediately given from those of the sun; and
the movements of anomaly—that is, those carrying the star on the epicycle a-

bout the epicycle's centre—we have taken from two sure observations, one from
those recorded by us, the other from old ones.

For in the year 2 of Antonine, which was the year 886 of Nabonassar, Egyp-
tianwdse Epiphi 2-3, we observed Mercury with the astrolabe w^hen it had not

yet come to its greatest evening elongation, and being sighted with the star in

the Lion's heart [Regulus] it appeared to be 173^2° within the Tw^ins. At that

time it w^as past the moon's centre to the east by 1J^°, and in Alexandria the

time was 4^-2 equatorial hours before midnight of the third, since on the astro-

labe the point 12° within the Virgin was culminating and the sun was about 23°

within the Bull. But the sun's mean position at that hour, according to the hy-
potheses demonstrated by us, w'as 22°34' within the Bull. The moon's mean
position was 12° 14' within the Twins, and the moon was 281°20' in anomaly
from the epicycle's apogee, so that the true position of the moon's centre came
to 17°10' within the Twins, and its apparent position 16°20' within the T^vins.

Therefore Mercury, since it was 13^° beyond the moon's centre, w^as 173/^° with-

in the Twins.

With this assumed, let ABODE be
the diameter through the apogee and
perigee. And let A be supposed its point

at the apogee; B the point about which
the eccentric's centre moves westward;
C the point about which the epicycle's

centre moves eastward ; and D the cen-

tre of the ecliptic. And let the epicy-

cle's centre F have been moved through
angle ACF about point C by the

straight line CF; and let the eccentric's

centre G have been moved about B by
the straight line BG to the extent of

angle ABG, of course alw^ays equal to

angle ACF because of the equal rate of

the movements. And, with the epicycle

HKL described about F, let the star be
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supposed at L. And let CG, GF, DF, FL, and DL be joined; and let GM and DN i

be drawn from G and D perpendicular to CFH produced, and FX from F
\

perpendicular to DL.
And it is required to find the epicycle's arc from the apogee H^ to the star at L. !

Since, then, the mean sun at that time was 22°34' within the Bull, and the
i

star's perigee very nearly 10° w^ithin the Ram so that its mean longitudinal posi-
|

tion was 42°34' from the perigee, therefore

angle C5G = 42°34' i

= 85°8'to2rt.,
;

and, because always i

BC = BG,
j

angle BGC = angle BCG= 137°26' to 2 rt.
|

And so, on the circle about triangle BCG,
i

arc(?C= 85°8'
;

and !

And therefore

And so

where

Again, since

and
angle BCM= 85°8' to 2 rt.,

therefore also, by subtraction,

angle GCM = 52°1S' to 2 rt.

And so also, on the circle about right triangle CGM,
arcGM = 52°18'

and, by subtraction from the semicircle,

arcCM=127°42'.
And therefore

chord Gilf = 52P53'

where ^
hypt. CG=120P

Cilf= 107P43'.

arc5C=137°26'.

chord GC= 8inO'
chord BC =111^49'.

Gc=2nr

BC = 3^.

angle BCG= 137°26' to 2 rt.

\

^The regular epicyclic apogee and perigee, for the planets Mercury, Venus, Mars, Jupiter,
\

and Saturn, are determined as always by the straight line through the equant's centre and
i

the epicycle's centre. The regular apogee and perigee are the points on the epicycle from
|

which the anomaUstic angle is regularly measured off. They coincide with the apparent
|

apogee and perigee only when the epicycle's centre is at the eccentric's apogee or perigee. It
|

should be recalled here that, in the case of the moon [V, 5], the equant's centre and the earth 1

coincide, and that there is the moon's mean apogee and perigee, determined by the straight

line through the epicycle's centre and another point different from the earth. The mean
apogee and perigee in the case of the moon are the points from which the anomaUstic angle

;

is measured off. I
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and, also by addition, t
-

angle£^DL=135° to2rt.

because the star at that time appeared to be 67°30' from the apogee; and, by
subtraction,

angleFi)L = 45°41' to2rt.

And therefore, on the circle about right triangle DFX,
arcFX = 45°4r;

and
chord FX= 46^35'

where -n /.. .;

hypt. Z)F = 120^

And so also

FX=21HV
where

DF = 55^51'

and
epic. rad. FL = 22p30'.

And again

FX = 115^39'

where
hypt. FL=120p.

And therefore, on the circle about triangle FLX,
arcFX=149°2'

and 01- :'

angle FLX= 149°2' to 2 rt.

And it was proved that

and likewise

And so, by addition,

angle FZ)L= 45°4r to 2 rt.

angleiyFi^ = 4°ir to2rt.

angle ^FL= 198°54' to 2 rt.

= 99°27'.

And therefore the arc HKL of the epicycle, which is Mercury^s distance from

the apogee H at the observation, is 99°27'. Which it was required to prove.

And again, in the year 21 according to Dionysius, which was the year 484 of

Nabonassar, Scorpion 22, Egyptianwise Thoth 18-19, the morning Mercury was

the distance of a moon east of the straight line through the northern and middle

stars of the Scorpion's forehead, and was 2 moons north of the northern star of

the forehead. But the middle star of the Scorpion's forehead was at that time,

according to our starting points, 1%° within the Scorpion and the same number

of degrees south of the ecliptic. And the most northern star was 2^^° within the

Scorpion and 13^° north of the ecliptic. Therefore Mercury was very nearly 3}4°

within the Scorpion. It is also evident that it had not yet come to its greatest

morning elongation, because 4 days later, Scorpion 26, it is recorded that it was

a moon and a half east of the same straight line. For the elongation was greater,

since the sun had moved nearly 4°, and the star a half moon. And the mean sun,

Thoth 19 at dawn, was (20+3^-f-3^)° within the Scorpion according to our ways

of counting, and the star's apogee was 6° within the Balance because the 400

years or so between the observations made the apogee shift very nearly 4°.
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Now, with these things supposed,

let a figure similar to the one above
be again constructed. But because

of the dissimilarity of the positions,

let the angles at the apogee A be

drawn acute, and let the straight

lines joining the star be drawn to

the west of the epicycle, and let

the perpendicular FX be drawn
above the epicycle's radius FL.

Since, then, the mean position of

the star was 44°50' from the apo-

gee,

angle A5G = 44°50'

= 89°40' to2rt.
And so, by subtraction,

angle CBG = 270°20' to 2 rt.,

and
angle BCG= angle BGC= 44°50'

to 2 rt.

And therefore

chord C(?= 84^36'

and

BC =BG = 4:5HQ'

where, in the circle about triangle BCG,
the diameter = 120^.

And therefore

CG= 5P33'

where
BC =BG = S^.

Again, since it is supposed

angle ACF = 89°40' to 2 rt.

and

angle5CG = 44°50'to2rt.,

and by addition

angle FCG= 134°30' to 2 rt.,

therefore, on the circle about right triangle CGM^
arcGilf=134°30'

and, by subtraction from the semicircle,

arc CM= 4:5°30\

And therefore

chord (?i¥ = 110^40',

and

chord CW = 46^24'

where

hypt. C'G = 120P.

And so

GM = 5^r
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And therefore
FX =17^15'

Z)/r = 64pr

epic. rad. FL = 22^30'

FXN92P

where

or

And

where
i^L=120p.

And so also, on the circle about right triangle FLX,
arcFX=100°8'

and

I

,

angle FLX= 100°8' to 2 rt.

A^nd it was also shown that

,, angleFZ)L = 31°12' to2rt.

And
anglei^Fi^ = 3°48'to2rt.

and so also, by subtraction,

angleK/^L = 65°8' to2rt.
= 32°34'.

Therefore, at this observation, the star was 32°34' from K the epicycle's peri-

gee, and of course 212°34' from the apogee. At the time of our own observation,

it was shown to be 99°27' from the epicycle's apogee; the time from one observa-

tion to the other is 402 Egyptian years, 283 days, and very nearly 133^ hours;

and that time embraces 1,268 of the star's returns in anomaly, since, with 20
Egyptian years making very nearly 63 cycles, the 400 years add up to 1,260

cycles, and the 2 years with the days added on give 8 whole cycles more. There-

fore it is clear to us that, in 402 Egyptian years, 283 days, and 13J^ hours. Mer-
cury added on, over and above the 1,268 returns in anomaly, the 246°53' by
Avhich its position at our own observation exceeds its position at the older one.

And just about that number of degrees result in the tables set out by us, since we
made the correction of Mercury's periodic movements from these very observa-

tions, reducing the proposed time to days and the cycles of anomaly plus the

surplus to degrees. For when the number of degrees had been divided over the

number of days, we got Mercury's daily movement of anomaly as we gave it.

_^' 11. On the Epoch of its Periodic Movements

inin order, then, as with the sun and moon, to establish the epoch for the five

planets at the year 1 of Nabonassar, Egyptianwise Thoth 1 at noon, we took the

time from it to the older and nearer of the observations. The time came to 483
Egyptian years, 17 days, and very nearly 183^ hours. And a surplus of 190°39' in

mean movement of anomaly corresponds to this amount of time. If we subtract

these from the 212°34' representing the distance from the apogee at the ob-

servation, we shall have the epoch in the year 1 of Nabonassar, Egyptianwise
Thoth 1 at noon (1) 21°55' from the epicycle's apogee for anomaly; (2) for longi-

tude the same as the sun, that is 45' within the Fishes; (3) and the apogee of

eccentricity 13^° within the Balance, since the number of years in hundreds
comes to about 44-3^2+3^, just the number by which the 6° within the Balance
at the observation exceeds 13^°. ^ jx Daja



BOOK TEN
i

1. Demonstration of Venus' Apogee

Therefore we have ascertained in this way the hypotheses of Mercury, the
magnitudes of its anomaUes, and further the quantity of its periodic movements
and of their epochs. In the case of Venus, we again sought, from equal greatest

elongations on corresponding sides, in what parts of the ecliptic the apogee and
perigee of eccentricity are. For this purpose we did not have any old observa-

tions exactly corresponding, but we have made just such an addition from our
OTMi observations.

For among those given us from Theo the mathematician, we found an ob-

servation recorded in the year 16 of Hadrian, Egyptianwise Pharmouthi 21-22,

in which he says the evening Venus was at its greatest elongation from the sun,

being west of the middle star of the Pleiades by as much as the length of the

Pleiades. It seemed also to be passing by a httle to the north. Now, since the

middle star of the Pleiades was at that time, by our starting points, 3° within

the Bull, and since their length is very nearly 13^°, it is evident Venus was then

1J^° mthin the Bull. And so, since the mean sun was then 143^° within the

Fishes, the greatest evening elongation from the mean position was 47)^°.

And in the year 14 of Antonine, Egyptianwise Thoth 11-12, we observed the

morning Venus at its greatest elongation from the sun; and it was north of the

star in the middle of the Twins' knees, and east of it by half a full moon. At that

time that fixed star, by our starting points, was 1834° within the Twins so that

Venus was very nearly 183^° within the Twins, while the mean sun was (5+J^+
34)° within the Lion. Therefore, the greatest morning elongation was also 4734°-

Then, since the mean position at the first observation was 1434° '^'ithin the

Fishes, and at the second observation (5+3^+3^)° within the Lion, and since

the point midway between them falls 25° within the Bull and 25° within the

Scorpion, the diameter through the apogee and perigee would be at these points.

Likewise, among the observations from Theo, we found that in the year 12 of

Hadrian, Egyptianwise Athyr 21-22, the morning Venus was at its greatest e-

longation from the sun, being east of the star at the tip of Virgin's southern

wing by the length of the Pleiades, or this length less Venus' o\mi magnitude.

And it seemed to be passing north of the star by one moon. Now, since this

fixed star was at that time, according to us, (28+3^H-J^H-3''i2)° '^'ithin the

Lion so that Venus was very nearly 3-^° within the Virgin, and since the mean
sun was (17H-3^-f3/^+3^o)° within the Balance, the greatest elongation from

the mean position was (47+3^+3^0 )°-

And in the year 21 of Hadrian, Egyptianmse Mechir 9-10 in the evening, we
ourselves observed Venus at its greatest elongation from the sun. It was very

nearly % a full moon west of the northernmost star of the four in a square, fol-

lowing the star to the east of, and in a line with, the Water Bearer's testicles;

and it seemed to outshine the star. And so since this fixed star was then, accord-

312
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ing to us, 20° within the Water Bearer, and therefore Venus was about 19^°
within the Water Bearer, and since the mean sun was 23/f 5° within the Goat, the

greatest evening elongation was (47+ 3^2~l~Mo)°- -^^^^ ^he points midway be-

tween the (174-3^+M+/^o)° within the Balance of the first observation and
the 23^5° within the Goat of the second are again very nearly 25° within the

Scorpion and within the Bull.

2. On the Magnitude of its Epicycle

In this way, therefore, we took the apogee and perigee of eccentricity for our

time at 25° within the Bull and within the Scorpion. And next we again ex-

amined the greatest elongations when the sun's mean position was about 25°

within the Bull and about 25° within the Scorpion.

For, among the observations given us from Theo, we find that in the year 13

of Hadrian, Egyptianwise Epiphi 2-3, the morning Venus was at its greatest

elongation from the sun, being 1%° west of the straight line through the princi-

pal star of the three in the Ram's head and through the star of the hind-leg. Its

distance from the principal star in the Ram's head was very nearly double that

from the star in the leg. And at that time, according to us, the principal star of

the three in the Ram's head was 6^° within the Ram and 7)^° north of the

echptic; and the star in the hind-leg was (l-i-l-J^-hM)" within the Ram and
53^° south of the ecliptic. Therefore Venus was 10^° within the Ram and 13/^°

south of the ecliptic. And so, since the mean sun was then 25%° within the Bull,

the greatest elongation from the mean position was 44}^°.

And in the year 21 of Hadrian, Egyptianwise Tybi 2-3 in the evening, we ob-

served Venus at its greatest elongation from the sun; and, sighted with the stars

in the Goat's horns, it appeared to be (12+ 3^2+3^)° within the Goat, while the

mean sun was 253^° within the Scorpion. And so the greatest elongation from
the mean position came to 473^°. It is clear that the apogee is 25° within the

Bull and the perigee 25° within the Scorpion. And
it is evident to us that there is only the eccentric

bearing Venus' epicycle, because nowhere on the

ecliptic is the sum of both the greatest elongations

on either side found to be either less than the sum
of both those in the Bull or greater than the sum
of both those in the Scorpion.

Then, with these things assumed, let there be
the eccentric circle ABC on which Venus' epicycle

is always borne; and let this circle be about dia-

meter AC on which let D be supposed the eccen-

tric's centre, E the ecliptic's centre, and A the
point 25° within the Bull. About points A and
C let equal epicycles be described with, points

F and G on them. And let the tangents EF and
EG be drawn through, and AF and CG joined.

Since, then, angle AEF, at the ecliptic's centre,

subtends the greatest elongation at the star's apo-
gee which is assumed to be 44^°, therefore

angle.4£;F = 44°48'

= 89°36'to2rt.
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And so, on the circle about right triangle A^F,i'vti>,W ^>fft nidtrw **0S ,>«ri o-t ^tu

arc Ai^ = 89°36',

and . . ^ h

1 fi« "< ' JKirt '^f^' chord ^F=84p33', H+H+'^'I) Q^^ nsov/t

hypt. ^^ = 120P. ^/ bnR fr

Likewise, since angle CEG subtends the greatest elongation at the perigee

which is assumed to be 473^°, therefore

angle C^(? = 47°20' ' '^^^'
= 94°40'to2rt.

And so, on the circle about right triangle CEG,
arcCG = 94°40',

and

chord CG= 88^13'

where

hypt. CE =120^.

And therefore, where

rad. epic. CG= rad. epic. AF
= 84^33'

and

there

and clearly, by addition,

and, half of AC

and, by subtraction,

A^= 120P,

AC = 235°!',

AZ) =117^30',

L betw. c._Z)^ = 2p29'.

And so also .j« ^ f1,7 r^x -.
,-

j ,

,

1. betw. cD^mj^p,
epic. rad. AF = 43p6'

where
ecc. rad. AZ) = 60p.

3. On the Ratios of the Star's Eccentricity

Since it is not clear whether the regular movement of the epicycle is effected

about point D, we took two greatest elongations on opposite sides at a time

when the sun's mean position was a quadrant's distance in one direction or the

other from the apogee. One of them we made in the year 18 of Hadrian, Egyp-
tian^vise Pharmouthi 2-3, according to which the morning Venus was at its great-

est elongation from the sun; and, sighted with the star called Antares, it was

(lH-3^+H-|-K2°) within the Goat, while the mean sun was then 253^° Within

the Water Bearer. And so the greatest morning elongation was (43+3^-|-3'f 2°)-

The other one we made in the year 3 of Antonine, Egyptianwise Pharmouthi
4-5 in the evening, according to which Venus was at its greatest elongation from

the sun; and, sighted with the bright star of the Hyades [Aldebaran] was (13-h
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/^+M)° within the Ram, while the mean sun was again 25}^° within the Water
Bearer. And so, therefore, the greatest evening elongation from the mean po-

sition was 483^°.

With these things assumed, let there be the diameter ABC through the apo-

gee and perigee

of eccentricity;

and let A be sup-

posed the point
25° within the

Bull, and B the

ecliptic's centre.

Let it be re-

quired to find the

centre around
which we say the

epicycle's regu-

lar movement is

effected.

iiiJ L'jJ;.:jiiOiiioi) j; d^ / ^x^ Then let it be

the point D, and
let DE be drawn
through it per-

pendicular to^C
in order that the

-•f^-^''' epicycle's mean
position may be a quadrant's distance from the apogee as in the observations.

And let the epicycle's centre E be taken on DE according to the observations

given. With epicycle FG described about E, let BF and BG be drawn from B
tangent to it, and let BF, EF, and EG be joined. Since, then, for the proposed
mean position, the greatest morning elongation is assumed to be (43+3^4-
3^2)°> ^^^ the evening one 483^°, therefore, by addition,

angle Fi5(? = 91°55'; V

and therefore, angle FBE being half of it, ^ >

angle FBE = ^Vbb' to 2 rt.

And so, on the circle about right triangle BEF,

arc£'F = 9r55',

and

Biuoil Iiiiioli5iijCliord^i^ = 86Pl6'

where . uii no 5nioq orll ,-i-

1 fTR^pi >'MMy, od^ oihypt. BE =l2{i^.

And therefore where '^^^^ '-^^'^

A
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\

angle BED = 2°22i^' ^{Mh mirR 9/1 1 nUl\

:

= 4°45' to2rt.
And so also, on the circle about right triangle BDEy

arcBZ) = 4°45',»] ,l»fni'
;

and
'

chord 5Z) = 4^59'
j

where i

hypt. jB^ = 120p.

And therefore

BZ)=.2Kp
where \

|

J5^ = 60p3', \ j

and
\

<

epicycle's rad.=43PlO'. I

But the straight line between B the ecliptic's centre and the centre of the ec-
I

centric the epicycle's centre is always on, was shown to be 13^^; and so it is !

half BD.
I

If, therefore, we bisect BD at //, we shall have demonstrated that

1. betw. c. BH = l. betw. c. i7i) = IJ^p, I

and
!

epic. rad. ^/^= 43p10' 1

where
;

AH = m^, \

AH being radius of the eccentric bearing the epicycle. I

4. On the Correction of the Star's Periodic Movements I

Now, the mode of the hypothesis and the ratios of the anomalies were gotten
j

by us in this way. But again, for the periodic movements of the star and its
I

epochs, we took two sure observations from among our own and from among \

the old ones.

With the astrolabe, in the year 2 of Antonine, Egyptianwise Tybi 29-30, we i

observed the morning Venus with Spica, after its greatest elongation. And it ap- '

peared to be 63^° within the Scorpion. At that time it was between, and on a i

straight line with, the northernmost star in the Scorpion's forehead and the
'

moon's apparent centre; and it was west of the moon's centre by one-and-a-half

times its distance east of the northernmost star in the forehead. But this fixed

star was then, by our starting points, 6°20' within the Scorpion and 1°20' north I

of the ecliptic. And the time was 4-|-}^+34 equatorial hours after midnight,

since, with the sun about 23° within the Archer, the point on the astrolabe 2"

within the Virgin was culminating. At this time the sun's mean position was
22°9' within the Archer; and in mean longitude the moon was 11°24' within the

Scorpion, in anomaly 87°30' from the apogee, and in latitude 12°22' from the
'

northern limit. Therefore, the moon's centre had its true position 5°45' within
;

the Scorpion, and 5° north of the ecliptic; and in Alexandria it appeared to be I

6°45' within the Scorpion in longitude, and 4°40' north of the ecliptic. Therefore i

Venus, for these reasons, was 6°30' within the Scorpion and 2°40' north of the
:

ecliptic. I

With these things assumed, let ABODE be the diameter through the apogee. I
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And let A be supposed the

point 25° within the Bull; B
the point about which the

epicycle moves regularly; C
the centre of the eccentric

on which the epicycle's cen-

tre is borne ; and D the cen-

tre of the ecliptic. Since in

the observation the mean
sun was 22°9' within the

Archer, so that the epicy-

cle's mean position was 27°

9' east of the perigee at E,

let the epicycle's centre be
supposed at F; and, with

epicycle GHK described
about it, let DFG, CF, and
BFH be joined. Let CL and
DM be dra^\Ti from C and D
perpendicular to BF. And,
with the star put at point

K, letDK andFK be j oined,

and FN drawn perpendicu-

lar.

It is required to find the

arc HK, the distance of the star from the epicycle's apogee.

Since, then.

Single EBF = 27°9'

= 54°18'to2rt.,

therefore also, on the circle about right triangle BCL,
arc CL= 54°18'

and, by subtraction from the semicircle,

arc5L=125°42'.

And therefore

where

And so also

where

and

And since

chord CL = 54^46',

chord 5L = 106^47'

hypt. BC=120P.

CL =

BL
0P34',

BC=in5'

ecc. rad. CjP = 60p.

sq. CF-sq. CL = sq. FL,
7^L= 60P.



318

and

because ,o edl

\<{fj no
And so also, by subtraction,

and

PTOLEMY [T

LM= BL,

BC'=CD.

Filf = 58^53'

Z)M = 1p8'.

loedo 9d)

: 867/ mjH
And consequently?! ^lorioiA

ii: njsofna'olo hypt. i)i^= 58^54'. /

^^>iA^4tbQ?efoj:e. lo :taj39 'f^' V/

od ^vi\m^ e''3loY!>iq9 9x1.) DM =2^18' ^
;. ii

D/^=120P; ;^ -

-

and, on the circle about right triangle DFM,

.

arci)ikr = 2°12'.

And so also

angle5Fi) = 2°12Ho2rt.,
and, by addition,

angle £'i)i^= 56°30' to 2 rt.

And also-., r

angle £;Z)ii:=18°30'

because by just so much, according to the observations, is the star west of the

perigee at E—that is, west of 25° within the Scorpion; and
angle^Z)X = 37°to2rt.

And therefore, by addition,

angle FZ>Z = 93°30' to 2 rt.;

and, on the circle about right triangle DFN, .kJu yi-jib ?:)il1 no ,oalis •*

:

arcFiV = 93°30^

JH 'jjfiJ ffioii iioiu

chord /^iV = 87^25'
And therefore

where

But

where

that is, where

And so also

where
hypt. FiiC = 120P;

and, on the circle about right triangle FKN,
SiYC FN = 1Q7°SS'.

And therefore

angle DKF= 167°38' to 2 rt.

FjD = 120p.

FAT = 42^54'

Z)F= 58^54',

epic. rad. F/^ = 43^10' [p. 316].

FiV= 119^18'
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just as it is supposed

and, by addition,
'IDIM-T'.i:

angle FDK = 9S°30' to 2 rt.;

angle^Fir= 261°8' to 2 rt.

And it was also proved that

angle BFD = 2°12' to 2 rt.,

that is, that sioV'

angIeGF^ = 2°12' to2rt.

And therefore, by subtraction,
••"^''•- -^*-v i.

angle HFK= 25S%Q' to 2 rt.

= 129°28'.

Therefore, Venus at the stated time was 129°28' west of the epicycle's apogee
H; and, by subtraction from the circle, 230°32' east of it according to the move-
ment consequent upon the hypothesis. Which it was required to find.

Of the old observation's, we took one which Timocharis records thus: In the

year 13 of Philadelphus, Egyptianwise Mesore 17-18 at the twelfth hour, Venus
appeared to have exactly overtaken the star opposite Vindemiatrix. And this

star, according to us, is beyond the star on the tip of the Virgin's southern wing,

and, in the year 1 of Antonine, was 83^° within the Virgin. Since, then, the year
of the observation is the year 406 of Nabonassar, and since the beginning of the

reign of Antonine is the year 884, (so as to add on very nearly a 43^2° move-
ment of the fixed stars and apogees for the 408 intervening years) it is evident

that Venus was 4)/^° within the Virgin, and the eccentric's perigee (20+3^+3^
+3^2)° within the Scorpion. And at this time Venus had passed its greatest

morning elongation. For 4 days after this observation, Mesore 21-22, from what
Timocharis says, Venus
was, by our starting points,

(8+3^+3^)° within the
Virgin, while the sun'smean
position at the first obser-

vation was 17°3' within the

Balance, and at the second
20°59' within the Balance.

And so the elongation of the

first observation comes to
42°53', and of the second
to 42°9'.

Then, with these things

given, let 'a similar figure be
again set out, but having
the epicycle to the west of

the perigee because of the
epicycle's mean position's

being 17°3' within the
Balance and the eccen-
tric's perigee's being
20°55' within the Scor-

.qj 'Oi^'o' pion.
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Since, then, for this reason

SingleEBF = SS°52'

= 67°44'to2rt.,

therefore, on the circle about right triangle BCL,
arc CL = 67°44',

and, by subtraction from the semicircle,

arc5L = 112°16'.
And therefore

where

And so also

where

and

And since

in length

chord CL = 66^52',

chord 5L = 99^38'

hypt. J5C=120P.
I

CL = 0H2\
BL = 1^2'

BC=in5'

ecc. rad. CF= QO^,

sq. CF—sq. CL = sq. FL,

Fmeop.
And, for the same reason as before,

and
BL =LM

And so, by subtraction.

And consequently

And therefore

DM = 2CL.

Filf = 58^58',

Z)ilf=lp24'.

hypt. DF = 58^59'.

DM = 2^5V
where

DF =120^;

and, on the circle about right triangle FDM,
arcZ)M = 2°44'. \

And so also
\

angle5FZ) = 2°44'to2rt.
And

angle £;DJ^ = 76°45'

= 153°30' to 2 rt.,

which is the star's distance west of the perigee. And so, by subtraction,

angleFZ)K= 83°2'to2rt.;

and, on the circle about right triangle DFN,
arc/^iV = 83°2'. '

I

chord FAT= 79^33'
And therefore

where

But

where

that is, where

hypt. Z)F=120p.

FN = 39^7' \\
Z)F= 58^59',

epic. rad. FK = 43^10' [p. 316].
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And so also

FN =10SH5'
where

hypt. FK=120P;
and, on the circle about right triangle FKN,

arc FN =130°,

And therefore

just as it is supposed

and, by addition,

angle HFK = 21S°2' to 2 rt.

And it was also proved that

angle BFD = 2°42' to 2 rt.,

that is, that

angle(?/^/f= 2°42'to2rt.

And therefore, by addition,

angle GFK = 215°W to 2 rt.

= 107°53'.

And therefore at that time Venus was, by subtraction from the whole circle,

252°7' east of the epicycle's apogee at G. Which was to be proved.

Since, then, at the time of our own observation, it was likewise 230°32' from
the epicycle's apogee, and since the time from one observation to the other em-
braces 409 Egyptian years and very nearly 167 days, and 255 complete returns

in anomaly (for with 8 Egyptian years making very nearly 5 cycles, 408 years

add up to 255 cycles, and the year left over taken with the days does not fill out

the time of one return), it is evident to us that, in 409 Egyptian years and 167

days, Venus added on, over and above the 255 complete returns in anomaly,
338°25' on the epicycle, by which amount its position at our observation ex-

ceeded that of the earlier one. Just about that number of degrees turn up in the

tables of mean movement established by us, because the correction of them
was made from the cyclic surplus we have just found, the time being reduced to

days and the returns together with the surplus to degrees. For when the number
of degrees has been divided over the number of days, there results the daily

mean movement in anomaly we have already set forth.

5. On the Epoch of its Periodic Movements

Since it remains now to establish the epochs of its periodic movements at the
year 1 of Nabonassar's reign, Egyptianwise Thoth 1 at noon, we again took the
time from this date to the older of the observations. And it comes to 475 Egyp-
tian years and very nearly346+3/^+3^ days. According to the columns of anom-
aly, the surplus of mean movement corresponding to this amount of time is very
nearly 181°. If we subtract this from the 252°7' at the observation, we shall have
the epoch at the year 1 of Nabonassar, Egyptianwise Thoth 1 at noon; 71°7'

from the epicycle's apogee for anomaly, with the mean position in longitude
again supposed the same as the sun's—that is, 45' within the Fishes. It is evi-

dent that, since at the observation the apogee is about 20°55' within the Bull,

and since the intervening 476 years add on about (4+3^+3^)°, at the proposed
time of the epoch the apogee will be about 16°10' within the Bull.
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6. Preliminaries to the Demonstrations concerning the Other Stars

In the case of the two stars Mercury and Venus, we have used such methods
as these for getting hold of the hypotheses and demonstrating the anomahes. In
the case of the other three—Mars, Jupiter, and Saturn—we find the one and the

same hypothesis as that apprehended for Venus; that is, the hypothesis ac-

cording to which the eccentric circle the epicycle's centre is always borne on
is described with its centre at the point bisecting the straight line between the

centres of the ecliptic and of the circle effecting the epicycle's uniform revo-

lution. For in the case of each of these stars, the difference in general found at

the point of greatest difference of zodiacal anomaly turns out to be very
nearly double the difference of the eccentricity calculated from the magnitude
of the epicycle's regressions at the greatest and least distances.^ And we find

that demonstrations, by means of which we establish each of the magnitudes
of the anomalies and of the apogees, cannot be worked out for these stars in

the same way as for the other two, because they can be at any angular distance

from the sun and because it is not evident from the observations—as in the

case of the greatest elongations of Mercury and Venus, when the star is at

the point of contact of the straight line drawn from our eye tangent to the

epicycle. Since, then, this method does not work here, we have used the posi-

tions observed when diametrically opposite the sun's mean position, and from
these we show the ratios of eccentricity and the apogees, since only in the

positions so considered do we find the zodiacal anomaly set off by itself. For
then there is no anomalistic difference with respect to the sun.

For let ABC be the star's eccentric circle on which the epicycle's centre is

borne, and let it be about centre D. And
let AC he the diameter through the apo-

gee; and point E on it the ecliptic's centre;

and F the centre of the eccentric with re-

spect to which the mean longitudinal posi-

tion of the epicycle is considered. With the

epicycle GHKL described about B, let the

straight lines FLBH and GBKEM be

joined.

I say, first, that when the star appears

along the straight line EG through the

epicycle's centre B the sun's mean posi-

tion will always be in the same straight

line: when the star is at G, it is in conjunc-

tion with the sun's mean position seen at

^The eccentricity of the planets Mars, Jupiter, and Saturn is established by the theory of

regressions in Book XII, where the angle of regression is computed for each planet at each of

the three principal distances: mean, greatest, and least. The angle of regression obviously

appears larger or smaller according as the star is closer or farther from the eye of the observer.

It is therefore shown in Book XII that the assumption that the deferent's centre lies half

way between the earth and the equant's centre saves the appearances of the angles of re-

gression.

In the following chapters of this Book and of Book XI, this assumption concerning the

position of the deferent's centre is made without more ado, and this sentence is the lone refer-

ence to the manner of its justification. For the demonstrations that follow are solely con-

cerned with finding the centres of the equants. ' • .
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G, and when it is at K, it will be diametrically opposite the sun's mean position

seen at M.
For since in the case of each of these stars the mean angular distances from

the apogee both in longitude and in anomaly, when added together, give the

mean passage of the sun from the same starting point; and since the angle at B
embracing the star's regular passage on its epicycle is always the difference be-

tween the angle at centre F which embraces the star's regular movement in

longitude and the angle at E which embraces its apparent movement; therefore

is it clear that, when the star is at point G, it will fall short of its return to apogee

H by angle GBH, the angle which combined with angle AFB (that is, subtracted

from it) gives angle AEG, the angle contained by the mean solar passage and the

same as the star's apparent passage. And it is clear that, when the star is at

point K, again it will have moved on the epicycle through angle HBK which,

added to angle AFB, mil equal the sun's mean passage from apogee A. For the

sun's mean passage embraces the semicircle plus the difference between angle

AFB and angle KBL—that is, angle CEM, the angle vertical to the angle of the

star's apparent passage.

For this reason, in the case of these con-

figurations, the straight line drawn from

the epicycle's centre B to the star and that

drawn from the point E at our eye to the

sun'smean position fall both along the same
straight line. And, in the case of all the

other distances, they are directed to differ-

ent points, but are always parallel to each

other.^

For if, at any position on the figure just

given, we draw a straight line from B
to the star—for example, BN, and another

from E to the sun's mean position, for in-

stance EX—then, for the same reasons as

• ^There is a most important tacit assumption made here. In order for this theorem to apply,

it is evident that we must assume that at least once in the past or future the sun, the mean
sun, the earth, Mars (for example) and the centre of Mars' epicycle have been, or will be, in

a straight Une. Then, given the fact that the cycles of mean longitude plus the cj^cles of

anomaly equal the cycles of the mean sun, it is proved here that those four points will always
be in a straight line whenever three of them—Mars, the earth, and the mean sun—are in a
straight line.

Now, Ptolemy probably referred to just this assumption and the one discussed in the
previous note when, in IX, 2 , he said, "or if we are forced (2) to presuppose something with-

out immediate foundation in the appearances, an apprehension gotten from continuous trial

and adjustment." This assumption becomes a necessity in the Copernican system where the
outer planet's epicycle becomes the circular orbit of the earth about the mean sun and the

outer planet's eccentric circle becomes the circular orbit of the outer planet's mean longi-

tudinal movement about the mean sun. Since, under the Copernican hypothesis, the earth
continually passes between the outer planet and the mean sun, and the centre of the outer
planet's epicycle has under this hypothesis become the mean sun, it is obvious that there

will be a time when the earth, the planet, and the mean sun will be in a straight hne; and
that will be precisely when the planet is nearest the earth—that is, in the Ptolemaic system
at the apparent perigee of its epicycle. Hence the above assumption of Ptolemy points almost
by an inner necessity to a hehocentric theory. In Book I of tliis treatise Ptolemy asserts, it

must be remembered, that the hehocentric hypothesis is simpler.
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just given,

angle AEX = a^ngle AFH+smgle NBH
and

angle Ai^iy = angle AEG+oxigXe GBH.
By the subtraction of the common angle AEG,

Single GEX = angle GBN.
Therefore, straight line EX is parallel to BN,

Since, then, at the configurations of conjunctions and oppositions considered

in relation to the sun's mean position, we find the star to be seen in a line with

the epicycle's centre as if it had no movement whatsoever on the epicycle but
had its position on the circle ABC and were revolved regularly by the straight

line FB in the same way as the epicycle's centre, therefore it is clear that it

will be possible by means of these positions to demonstrate the ratios of ec-

centricity of zodiacal anomaly in themselves. But since the conjunctive con-

figurations do not appear, it is clear that it remains only to get at the demon-
strations by means of the oppositions.

7. Demonstration of Mars' Eccentricity and Apogee

Just as, in the case of the moon, we took the places and times of three eclipses

at the full moon and demonstrated geometrically the ratio of anomaly and the

place of the apogee, so here in the same way, having observed as accurately as

possible with the astrolabe the places of three acronychal oppositions with re-

spect to the sun's mean position for each of the three stars, and having calcu-

lated beforehand to a fine degree of angular distance the time and place of the

sun's mean positions at the observations, we show from these things the ratio

of eccentricity and the apogee.

In the first place, therefore, we took three oppositions of Mars: the first of

which we observed in the year 15 of Hadrian, Egyptianwise Tybi 26-27, 1 equa-

torial hour after midnight, about 21° within the Twins; the second in the year 19

of Hadrian, Egyptianwise Pharmouthi 6-7, 3 hours before midnight, about
28°50' within the Lion; and the third in the year 2 of Antonine, Egyptianwise

Epiphi 12-13, 2 equatorial hours before midnight, about 2°34' within the Archer.

Now, the time of the interval from the first opposition to the second embraces 4

Egyptian years, 69 days, and 20 equatorial hours; and from the second to the

third, likewise, 4 years, 96 days, and 1 equatorial hour. From the first interval of

time there adds up 81°44' in longitudinal movement, over and above complete

circles; and from the second, 95^28'. For there will be no appreciable difference

even if we calculate the mean movements for this amount of time from the peri-

odic returns set out in the rough. And it is clear that, for the first interval, the

apparent star has moved 67°50' over and above complete circles, and, for the

second, 93°44'.

Then let three equal circles be described in the plane of the ecliptic. Let ABC
about centre D be the one bearing the epicycle's centre; EFG about centre H
the eccentric of regular movement; KLM about centre A^, concentric with the

ecliptic; and let the straight line KOPR be the diameter through all the centres.

Moreover, let A be supposed the point where the epicycle's centre was at the

first opposition, B where it was at the second, and C where it was at the third.

And let HAE, HBF, HGC, NKA, NLB, and NCM be joined, so that arc EF of

the eccentric is the 81°44' of the first periodic angular distance, and arc FG the
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95°28' of the second; and again so that arc KL of the ecHptic is the 67°60' of the

first apparent angular distance, and arc LM the 93°44' of the second.

If, then, the eccentric's arcs EF and FG were subtended by the echptic's arcs

KL and LM, we should need nothing more for the demonstration of the eccen-

tricity. But since they subtend arcs AB and BC of the middle eccentric which
are not given, and since, if we join NSE, NTF, and NGU, again arcs ST and TU
of the ecliptic (clearly not given) subtend arcs EF and FG of the eccentric, it

will be necessary, first, that the differences KS, LT, and MU be given, in order

for the ratio of eccentricity to be accurately demonstrated from the correspond-

ing arcs EF, FG and ST, TU. But since it is not possible to get these accurately

prior to the ratio of eccentricity and the apogee—and yet since they will be
given approximately, even if not accurately given before, because the differences

are not great—we shall first make our calculation as if the arcs ST, TU did not

differ appreciably from arcs KL, LM.
For let ABC be the eccentric cu'cle of Mars' regular passage [the equant], and

let A be supposed the point of the first opposition, B of the second, and C of

the third. Within this circle let D be taken as the centre of the ecliptic where
our eye is; and let all the straight lines be joined from the three opposition

points to the eye—in this case AD, BD, and CD. And let one of the three
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straight lines that have been joined be
produced to the opposite arc of the ec-

centric, as here CDE) and let a straight

line join the other two opposition

points, as here AB. Then, from the re-

sulting intersection of the eccentric

with the straight line produced in (say

E), let straight lines be joined to the

other two opposition points, as here

EA and EB; and from the same point

E let perpendiculars be drawn to the

straight lines joining the aforesaid two
points and the ecliptic's centre, as here

EF perpendicular toAD and EG to BD.
Yet again, from either of the aforesaid

two points, let a perpendicular be
drawn to the straight line joining the

other of the two points to the extra point produced on the eccentric, in this

instance AH from A perpendicular to the straight line BE.
Now, no matter how we go about these things in this drawing, we shall find

the same ratios borne in the numbers; and the rest of the proof from the arcs

given for Mars will be evident in this way.

For since the eccentric^s arc BC is assumed to subtend 93°44' on the ecliptic,

therefore

angle 5Z)C = 93°44'

= 187°28'to2rt.,

angle BDC being at the ecliptic's centre; and, as its supplement,

angle EDG =172°S2' to 2 rt.

And so also, on the circle about right triangle DEG,
arc^G=172°32',

and
chord £;G =119^45'

where
hypt. DE= 120^.

Likewise, since

arcJ5(7= 95°28',

therefore, being an angle at the circumference,

angle BEC = 95°2S' to 2 rt.

And
angle BDE = 172''32' to 2 rt.;

therefore, by subtraction.

Single EBG= 92° to 2 rt.

And so also, on the circle about right triangle BEG,
arc^G= 92°,

and
chord ^G= 86P19'

where
hypt. BE =120K

And therefore
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S^ =166^29'

where it was proved

EG=n9H5'
and

DE= 120^.

Again, since the whole arc ABC of the eccentric is assumed to subtend on the

ecUptic 161°34', the sum of both intervals, therefore

angle ^i)C=16r34',

and, by subtraction,

angle ^Z>^=18°26'
= 36°52'to2rt.

And so also, on the circle about right triangle DEF,
SircEF = SQ°52\

and
chord ^/^ = 37^57'

where

chord £'F=114p44'

hypt. A^=120P.

AJ^= 39P42'

EF= 37^57'

ED = 120^.

hypt. Z)^=120P.
]

Likewise, since

arc^5C=177°12',
ABC being an arc on the eccentric, therefore

angle AEC =177°12' to 2 rt. ^

And we saw
angle ADE = SQ%2' to 2 rt.

Therefore, by subtraction,

angle DAE = 145°56' to 2 rt. .

And so also, on the circle about right triangle AEF,
arc^F = 145°56',

and

where

And therefore

where it was proved

and

Again, since

arc^B = 81°44',
.

AB being an arc on the eccentric, therefore '"*^

angle AEB =8rW to 2 rt.

And so also, on the circle about right triangle AEH,
arc A^= 81°44'

and, by subtraction from the semicircle,

arcEi7= 98°16'.

And therefore

chord ^^ = 78^31',

chord i&^= 90p45'
;3^rf^^„.

n'H
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where
hypt. AE= 120^.

AH = 25^5S\

EH = 30^2'

AE= 39H2'

And so

where it was proved

supposing

ED = 120^,

And it was also proved, with the same parts, that

whole 5£; =166^29';

and therefore, by subtraction,

BH= 136^27'

where
^^ = 25^58'.

And
sq.Bi^ =18,615^16'

and likewise

sq. AH = i)7in6\

which added together make
sq.A5 = 19,289^32';

in length, therefore,

AB = 138^53%

AE = 39H2\

DE= 120^.

AB = 78^3V

where

And

where
ecc. diam. = 120p;

for AB subtends an arc of 81°44'. And therefore

DE = 67^50',

AE= 22H^'

where
AB = 7S^3V

and
ecc. diam. = 120^.

And so also, AE being an arc on the eccentric,

arc A^ = 2r41'

and, by addition,

and, by subtraction,

And

where

arc^A5C=198°53',

arcCi5;=16rr.

chord CZ)^ =118^22'

ecc. diam. = 120^.
|

If, then, the straight line CE had been found equal to the eccentric's diameter,
;
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it is clear that the eccentric's centre

would be on it, and the ratio of eccen-

tricity would be immediately apparent.

But since it has not come out equal,

and has made segment EABC greater

than a semicircle, it is evident that the

eccentric's centre will fall on that side.

Then let it be supposed the point K,
and let the diameter LKDM through

both centres be drawn through K and
D; and from K let KNX be drawn per-

pendicular to CE.
Since, then, it was shown

C£' =118^22',

Z>^ = 67^50'

where

diam. Li¥ = 120p,

therefore also, by subtraction,

CD = 50^32'.

And so, since

rect. ED, i)C = rect. LD, DM,
we shall find

rect. LD, DM = 3,427^51'.

But also

rect. LD, Dilf+sq. Di^ = sq. LK
which is the square on half the whole diameter. Therefore, if we subtract from

the 3,600p of the square on LK the 3,427^51' of the rectangle LD, DM, then we
shall have left the 172^9' of the square on DK. And therefore we shall have in

length

1. btw. c. Di?=13p7'
where

Again, since

and it was proved

where

therefore, by subtraction,

where it was found

And so also

where

hypt. DK=120P;
and, on the circle about right triangle DKNj

arcDA^ = 82°30.

Therefore also

ecc. rad. LZ = 60p.

half C^ or CA^ = 59^11',

DC = 50^32'

diam. LM = 120p,

DA^ = 8p39'

DK=\Z^T.

DN = 79^S'
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angle DKN = 82°30' to 2 rt.

= 41°15'.

And since it is at the eccentric's centre, we shall have
arcikfX= 4n5'.

And also, by addition,

arc CMX = half arc CXE = 80°34'.

Therefore also, by subtraction,

arc CM = 39° 19'

where CM is the arc from the third opposition to the perigee. And it is evident

that, since it was assumed . .

^

arc5C = 95°28', ^7^ I

by subtraction, "
-^.^^ /

arci5L = 45°13' ^^^/
where LB is the arc from the apogee to the second opposition; and that, since

it was assumed • --. _i -

arc AJ5 = 81°44', '^

therefore, by subtraction,

arcAL = 36°31'

where CL is the arc from the first opposition to the apogee.

Now, with these things assumed, let us find out in the following way what
differences they yield at each opopsition for the required arcs of the ecliptic.

From the figure of the three oppositions given above [p. 325], let the drawing

of the first opposition alone be laid

out. And after AT> has been joined, let

BV and 'NY h^ drawn from points Z)

and A^ perpendicular to AU produced.

Since, then,

arc EX= 36^31',

therefore

angle £'^X = 36°3r,

and, being the angle vertical to it,

anglei)^7 = 73°2'to2rt.

And so also, on the circle about right

triangle BUY,
arcDK =73X

and, by subtraction from the semi-

circle,

arc iy7= 106°58'.

And therefore

chord D7 = 71^25'

chord //F = 96^27'

where
hypt. D/^ = 120P.

And so also

where

and
ecc. rad. ^/) = 60p.

Al JUOd.:
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And since

sq. AD—sq. DV = sq. AV,
therefore, in length,

^7 = 59^52';

and since

therefore, by addition,

where, since

y /,. NY = 2DV,

And consequently

hypt. AiV = 65P36'.

And therefore

j/ / iVr=14Pl6'

where /

AN =120^;
and, on the circle about right triangle ANY,

arciVF=13°40'.

And so also

angle A^A F= 13°40' to 2 rt.

Again, since it was show^n

A^F = 7p48',

iyF= 10^32'

ecc. rad. EH = QOPy

EHY = 70^32'

hypt. EN= 71^.

NY =isno'

where

therefore, by addition,

and consequently

And therefore

where

EN = 120^;

and, on the circle about right triangle ENY,
aicAF = 12°36'.

And so also

angle NEY = 12^36' to 2 rt.

But

angleA^AF=13"40'to2rt.;
and therefore, by subtraction,

angle AAr£'=i°4'to2rt.
= 32'.

Therefore on the ecliptic

arc KS= 32\
Then let there be laid out the similar figure containing the drawing of the
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second opposition. Since it is assumed
arcFX = 45°13',

therefore

angle Fi7X = 45°13',

and, being the angle vertical to it,

anglei)iy7 = 90°26'to2rt.

And so also, on the circle about right

triangle DHV,
'arc Z)F = 90°26',

and, by subtraction from the semi-

circle,

arci/7 = 89°34'.

And therefore

chord 2)F= 85^10',

chord ^F = 84^32'

where
hypt. D/f=120P.

And so also

i)F = 4p39',

i/F= 4P38'

where

and

And since

therefore, in length,

and, because

therefore, by addition,

where, since

And consequently, also,

And therefore

where
BN =120^;

and, on the circle about right triangle BNY,
arciVF=16°26'.

And so also

angle NBY = W2Q' to 2 rt.

Again, since it was proved
NY = 9nS\
HY = 9nQ'

where
ecc. rad. F/f = 60p,

therefore, by addition,

Z)^ = 6^331^'

ecc. rad. 5D = 60p.

sq. 5i)—sq. Z)F = sq. ^F,

J5F = 59^49';

VY^HV,

J5F= 64P27'

i\rF = 2DF,
NY= 9nS'.

hypt. 5iV = 69P6'.

A^F=17p9'
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hypt. FiV = 69^52'.

NY-=A6^

•/I

and consequently

And therefore

uhere

hypt. FN = 120^;

and, on the circle about right triangle FNY,
arcArF=15°20'.

And so also

angle NFY =15°20' to 2 rt.

But
angleA^BF=16°26'to2rt.

And therefore, by subtraction,

angle5A^F=l°6'to2rt.
= 33'.

Therefore on the ecliptic

Since, then, at the first opposition we found arc KS to be 32', it is clear that

the first interval of the apparent movement considered with respect to the ec-

centric will be greater by the segments of both arcs, 1°5', and will contain 68°55'.

Then let the drawing of the third opposition be laid out. Since then it is sup-

posed

arcGP= 39°19',

therefore

angle (?P/f = 39°19'

= 78°38'to2rt.

And so also, on the circle about right tri-

angle DHV,
arcZ)F = 78°38',

and, by subtraction from the semicircle,

arc/fF = 101°22'.

And therefore

chord Z)F = 76^2',

chord ^F = 92^50'

where
hypt. Z)iy= 120P.

And so also

DF= 4P9',

where

1. btw. c.DZf = 6p33J^',
and

And since

therefore

and, because

ecc. rad. CD = QO^.

sq. CZ)—sq. Z)F = sq. CF,

CF= 59^51';
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by subtraction

where, since

CF= 54P47'
x^

NY=sns\
And consequently also -j'. )(i -

hypt. CA^ = 55^25'.

And therefore >fl.t no ^biu

NY =17^59'
where

iiO
CN = 120^;

and, on the circle about right triangle CNY,

^ , ,
arc i\^F= 17°14'.

And so also

angle NCY= 17°W to 2 rt.

Again, since it was shown
A^F = 8P18', ' -^

HY= 10^8'
where '-^ --,.

'

.^,>r .m ! :1 'wft ^

ecc. rad. GH = 60^,

therefore, by subtraction,

GF= 49^52',

and therefore also iy > i >q

hypt. GN = 50^33'. ^"^^^ -- ^T^ •>

iVF =19^42
And therefore

where

and, on the circle about right triangle GNY, \\\ \ . j, . .-.

arc iVF =18°54'. :«^a-.
And so also ,

i

angle NGY=\8%M to 2 rt.,
''^' ^"^ '^''"'

j

and it was proved
'

,^ » . '

angIeiVCF=17°14'to2rt.
^siolsaadi bnA

^

Therefore, by subtraction,

,..- .. angleCiV(?=l°40'to2rt.
'^

. \W y =50'. ,.^,,^ ^ ^
^^^^^'^^

J
Therefore also on the ecliptic

'

• *

"^
^

arcil/t;= 50'. ,. <«^ °« f"^'
1

Since, then, at the second opposition, we found the arc LT to be 33', it is clear i

that the second interval of the apparent movement, considered with respect to i

the eccentric, will be less by the segments of both arcs, 1°23', and will contain -

92°21'.

With these arcs of the ecliptic calculated for the two intervals, we again go
,

through the theorem for demonstrating the apogee and the ratio of eccentricity,
|

and find (not to make this treatise too long by repition) \

1. btw. c.D/^i = 11^50' i

^BK here refers to the fourth figure back. It is the distance between the ecliptic's centre !

or the earth and the equant's centre. As it has been pointed out before, the deferent's centre

is assumed to be midway between the two, an assumption estabhshed and justified by the

theory of regressions in Book XII.

I
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where /i'

ecc. rad. = 60p;
and, on the eccentric,

arcCM = 45°33',

CM being the arc from the third opposition to the perigee. And again from this

arc J5L = 38°59',

arc AL = 42°45'.

Likewise when we had used these numbers in the proofs of each opposition, we
finally found the accurate magnitudes of each of the required arcs:

Sire KS = 2S\

arc LT = 2S',

Q,TCMU = S0\

And putting together the differences at the first and second oppositions and
adding the resulting 56' to the 67°50' of the first interval on the ecliptic, we had
the distance of 68°46' accurately considered with respect to the eccentric ; and
putting together those at the second and third oppositions and subtracting the

resulting 1°8' from the apparent 93°44' of the second interval on the ecliptic,

again we found the distance of 92°36' accurately considered with respect to the

eccentric. Finally from these results, using the same proof, we accurately ascer-

tained the ratio of eccentricity and the apogee.

And we found

L btw. c. Z)Km2p
where

ecc. rad. KL = QO^;
and on the eccentric

arc CM= 44°21'

from which, in turn, it results that

arc5L = 40°ll',

arc^L = 41°33'. :

By these same means w^e shall also show that the observed apparent intervals

of the three oppositions agree with these last magnitudes.

For let there be set out the drawing of the first opposition, containing only
the eccentric circle the epicycle's cen-

tre is always borne on [the deferent].

Since then

angle A//^ = 4r33',

and, being the angle vertical to it,

angleZ)iyF = 83°6' to2rt.,

therefore, on the circle about right

triangle DHV,
arcZ)F= 83°6'

and, by subtraction from the semi-

circle,

arc^7 = 96°54'.

And therefore

chord Z)F = 79P35',

chord /fF = 89^50'

where

hypt. DH =120^.

And so also
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/^7 = 4P30'

where

and
AD = QO^.

And since

sq. AD—sq. DV= sq. AY,
therefore, in length, .

A7 = 59^50'.
I

Again, since 1

UY^VY
and

ArF = 2i)F,

we shall have, by addition,
i

AF=64P20'
I

where
iVF=7P57'.

And consequently also

hypt. AAr = 64P52'.
J

And so also
]

Ar7=i4P44'
j

where I

AAr = 120P;
]

and, on the circle about right triangle ANY

^

J

arcArF = 14°6', I

and therefore
\

angleArAF = 14°6'to2rt.
= 7°3'.

I

But
i

angle A//£; = 41^33',

and therefore, by subtraction, being the angle of apparent passage,

angle AA^.E;= 34°30',

and by this amount is the star west of the apogee at the first opposition.

Again let a similar drawing of the second opposition be set out. Since, then,

being the angle of the epicycle's mean passage

angle B^£/ = 40°ll',

and, being the angle vertical to it,

angle NUY^ 80°22' to 2 rt.,

therefore, on the circle about right triangle DHY,
arcZ)7 = 80°22'

and, by subtraction from the semicircle,

arcHF = 99°38'.

And therefore

chord Z)F = 77^26',

chord ^F = 9lP4F

where
hypt. D/f = 120p. , _i.
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And also

DF= 3P52',

where

and
hypt. BZ) = 60P.

And since

sq. BZ)—sq. Z)F = sq. 57,
therefore, in length,

57 = 59^53'.

And in the same way, since

HV=VY
and

NY= 2DV,
therefore, by addition

j5F= 64p28'

where

ArF= 7P44'.

hypt. BAT = 64P56'.

A^F=14P19'

And consequently

And therefore

where

hypt. 5A^ = 120p;

and, on the circle about right triangle BNY,
8iVcNY=lS°4:2\

And so also

angle Ar5F= 13°42' to 2 rt.

= 6°5F.

And
angle 5^£^= 40°11'.

Therefore, by subtraction, being the angle of apparent passage,

angle 5iV£' = 33°20'.

By this distance the star hence appeared east of the apogee at the second opposi-

tion. It had already been proved 34°30' west of the apogee at the first opposition;

therefore the whole interval from the first to the second opposition comes to

67°50', in agreement with the amount gotten by the observations.

Then let the drawing of the third opposition be set out in the same way. Since

in this case, being the angle of the epicycle's regular passage,

angle C^F= 44°21'

= 88°42' to 2 rt.,

therefore, on the circle about right triangle DHV,
arci)F= 88°42'

and, by subtraction from the semicircle,

arc i/F= 91°18'.

And therefore

chord i)F= 83^53',
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chord i/F= 85^49'

where
hypt. Z)/f = 120p.

And so also

where

and
ecc. rad. CZ) = 60p.

And since

sq. CD—sq. Z)F = sq, CV,
we shall have, in length,

CF= 59^51'.

And again, since

HV= VY
and

NY= 2DV,
we shall have, by subtraction,

where

PTOLEMY

CF= 55^34'

iVF= 8p23'.

x\y.

And consequently we shall have
hypt. CN = bQn2\

And therefore

A^F =17^55'

where

hypt. CA^ = 120P;

and, on the circle about right triangle CA^F,

arc iVF =17°10'.

And so also

angle HCN = 17°10' to 2 rt.

= 8°35'.

But
angle C/f/^ = 44°2r;

and therefore, by addition,

angle CA^F= 52°56'.

At the third opposition, therefore, the star appeared west of the perigee by just

that much. And therefore, by subtraction, the resulting 93°44' from the second

to the third opposition was found to agree with the amount observed in the

second interval. It is also clear that, when the star, sighted along the straight

line CN, was according to observation 2°34' within the Archer and angle CNF at

the ecliptic's centre was proved to be 52°56', then the perigee of eccentricity at

point F was 25°30' within the Goat, and the apogee diametrically opposite

25°30' was within the Crab.

Also, if we describe the epicycle of Mars about centre C and produce straight

line CN^ we shall have the epicycle's mean passage of 135°39' from the eccen-

tric's apogee at the time of the third opposition; for it was proved
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angle C^F= 44^21'

which is the remainder of the

semicircle. And we shall have
arcKM=171°25'

which is the star's mean pass-

age from the epicycle's apogee

M^ ; because it was proved

angle /fCA^ = 8°35',

HCN being an angle at the epi-

cycle's centre; because

arc/lL = 8°35',

KL being the arc from the star

K to the perigee L; and be-

cause, therefore, the arc from
apogee M to star K is 171 °25'

as proposed.

With the other results it is

now clear to us that, at the

time of the third opposition

—

that is, in the year 2 of Antonine, Egyptianwise Epiphi 12-13, 2 equatorial

hours before midnight—Mars was 135°39' in mean longitude from the eccen-

tric's apogee, and 171°25' in anomaly from the epicycle's apogee. Which
things it was required to prove.

8. Demonstration OF THE Magnitude OF Mars' Epicycle :

Since the next thing was to demonstrate the ratio of the epicycle's magnitude,

we took for this purpose an observation which we made very nearly 3 days after

the third opposition (that is, in theyear2 ofAntonine, Egyptianwise month 15-16,

3 equatorial hours before midnight), for the point on the astrolabe 20° within the

Balance was culminating and the sun was then according to its mean passage
5°27' within the Twins. In comparison with the point corresponding to Spica

and sighted mth its position. Mars appeared to be 1^° within the Archer, and
at the same time appeared to be equally 1J^° east of the moon's centre. The
moon's mean position was then about 4°20' within the Archer; and its true one

was 29°20' mthin the Scorpion, since in anomaly the moon was 92° from the

epicycle's apogee. And the apparent moon was at the beginning of the Archer

so that, consequently. Mars was then consistently, just as sighted, 1°36' wdthin

the Archer—and, of course, 53°54' west of the perigee. From the time of the

third opposition to that of this observation there is contained 1°32' in longi-

tude, and very nearly 1°21' in anomaly. And if we add these to the positions

already demonstrated for the third opposition, we shall have Mars, at the time
of this observation, in longitude 137°11' from the eccentric's apogee, and in

anomaly 172°46' from the epicycle's apogee.

With these things assumed, about centre D and diameter ADC let there be
the eccentric circle ABC bearing the epicycle's centre. And on the diam-
eter let E be supposed the ecliptic's centre, and F the centre of the greater

^The star at K is, of course, at the apparent perigee. L and M are, respectively, the regular

perigee and regular apogee, but in planetary theory they are often referred to simply as the
perigee and apogee of the planet's epicycle.



PTOLEMY340

eccentricity. And
with epicycle GHK
described about By

let FKBG, EHB,
and DB be drawn
through, and let EL
and DM be drawn
from points D and
E perpendicular to

FB. Let the star be

supposed at point

A^ on the epicycle;

and, with EN and
BN joined, let BX
be drawn from B
perpendicular to

EN produced.

Since, then, the

star is 137°11' from
the eccentric's apo-

gee so that

angle 5re = 42°49'

= 85°38'to2rt.,

therefore, on the circle about right triangle DFMy
arcZ)M = 85°38'

and, by subtraction from the semicircle,

arci^M = 94°22'.

And therefore

chord Z)M = 81^34',

chord FM = 88Pl'

hypt. 2)F= 120P.

Z)ilf = 4P5',

FM = 4P24'

Lbtw. c.DF= e>^

ecc. rad. BZ) = 60P.

sq. BD—sq. DM = sq. BM,

i5ikf = 59^52'.

FM =LM

EL= 2 DM,

where

And so also

where

and

And since

therefore

And likewise, since

and
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BL = 55^28',

£'L = 8P10'.

hypt. ^£' = 56^4'.

EL =17^28'

therefore, by subtraction,

And consequently

And therefore

where

BE =120^;

and, on the cu-cle about right triangle BEL,
arc£'L = 16°44'.

And so also

angle EBF= 16°44' to 2 rt.

Again, since it is supposed

angle C£'X= 53°54',

= 107°48' to2rt.,

the angle by which Mars appeared west of the perigee C, and since

angle BEC =102°22' to 2 rt.

(because

angle BEC= angle EBF+smgle BFC,
it having been proved

angle EBF=W42' to 2 rt.

and assumed

angle 5^(7= 85^=38' to 2 rt.),

therefore, by subtraction,

angle5£'X= 5°26'to2rt.
And, on the circle about right triangle BEX,

arc 5X = 5^26'.

And consequently

where

And therefore

where it was proved

and

ii UG X..

chord 5Z= 5P41'

hypt. J5£; = 120P.

BX = 2p39'

BE = b^H'

ecc. rad. = 60p.

Likewise, since the point N was 172°46' from G the epicycle's apogee, and
7° 14' from K the perigee, therefore

angle K5iV = 7°14'

= 14°28' to 2 rt.

And
angle ^5K = 16°44' to 2 rt.;



chord ^Z= 8p3'

hypt. 5iV = 120p. .^hi'io

epic. rad. 5iV= 39^30'

BX= 2p39'
'i ii son
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and therefore, by subtraction, . -j ?

^

angle HBN=2°W to 2 rt.

and, by addition,

angle BNX = 7°42' to 2 rt. vf t

And so also, on the circle about right triangle BNX,
arc5X = 7°42',

and

where

And therefore

where

and
ecc. rad. = 60p.

Therefore, the ratio of the eccentric's radius to the epicycle's radius is 60^ to

39^30'. Which it was required to find.

9. On the Correction of Mars' Periodic Movements

For the correction of the periodic mean movements we took one of the old ob-

servations according to which it is quite clear that in the year 13 according to

Dionysius, Aigon 25 in the morning, Mars seemed to occult the Scorpion's

northern forehead. Now, the date of this observation is the year 42 after the

death of Alexander (that is, the year 476 of Nabonassar, Egyptianwise Athyr
20-21 in the morning) at which times we find the sun, in its mean passage, 23°54'

within the Goat. According to us, the star of the Scorpion's northern forehead

was observed to be 6K° within the Scorpion. And so, again, since the 409 years

from the observation to the reign of Antonine makes very nearly a 4°5' change in

the fixed stars and since then, at the time of the observation, this fixed star must
have been 2}4° within the Scorpion, clearly Mars must have been in the same
position. And likewise, since for us—that is, at the beginning of the reign of

Antonine—Majs' apogee was 25°30' within the Crab, at the observation it must
have been 21°25' within the Crab. And it is clear that the apparent star was then
100°50' from the apogee; the mean sun 182°29' from the same apogee, and of

course 2°29' from the perigee.

With these things assumed, about centreD and diameter ADC let ABC be the

eccentric circle bearing the epicycle's centre. On the diameter let E be supposed

the ecliptic's centre; and F the centre of the greater eccentricity [of the equant].

With the epicycle GH described about centre B, let FBG and DB be dra^vn

through, and let FK be drawn from F perpendicular to the straight line DB. Let

the star be supposed at point H on the epicycle; and with BH joined, let EL be

drawn from E parallel to it. Clearly, from what we have already proved, the

sun's mean position will be seen along EL. And with EH joined, letDM and BN
be drawn from D and B perpendicular to it; and again from D let DX be drawn
perpendicular to BN, so that the figure DMNX turns out to be a right parallel-

ogram.
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Since, then, being the angle of the star's apparent passage from the apogee,

angle A£'i/ = 100°50',

and, being the angle of the sun's mean passage,

angle C^L = 2°29',

therefore

angle HEL^smgle BHE= Sl°S9'

= 163°18' to 2 rt.

And so also, on the circle about right triangle BHNy
arcJ5A^=163°18',

and

where

And therefore

where

and

Again, since

chord 5Ar= 118^43'

hypt. BH = 120k

EN= 39^3'

epic. rad. BH = 39^30'

1. btw. c. DE= 6P.

Single AEH = 100%0'
= 20r40' to2rt.

and consequently, as its supplement,

angle DEM = 15S°20' to 2 rt.,

therefore, on the circle about right triangle DEM,
arci)M=158°20',

mjs



hypt. Z)£'=120P.

BAT = 39^3',

ecc. rad. BD = dO^,
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and chord DM = 1 17p52'

where

And therefore, where

and it was shown

and where

there

and, by subtraction,

And therefore also

where
hypt. BD= 120^;

and, on the circle about right triangle BDX,
arcBX = 67°4'.

And so also

angle 5Z)X = 67°4' to 2 rt.,

and, bv addition,

angle BDM = 247°-4' to 2 rt..

And, because it was shown
angle 2)£.\/ = 158°20' to 2 rt.,

therefore

angle EDM =2VW to 2 rt.

And therefore, bv subtraction.

angle BDE = 225°24' to 2 rt.,

and as its supplement

angle BDA = 134^36' to 2 rt.

And so also, on the circle about right triangle DFK,
arc FA' = 134^36'

and, bv subtraction from the semicircle,

arci)A' = 45°24'.

And therefore

chord FA' =110^42',

chord DA' = 46^18'

hj-pt. DF=120p.

FA = 5^32',

DK = 2n9'

BK = o7HV

DF = 6^

ecc. rad. DB = i\Op.

where

And therefore

and, by subtraction,

where

and
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And cojxsequently also

hypt. BFHo7^o7\
Vnd therefore

FA' = 11^28'

BF=\20^;
and^ on the circle about right triangle BKF,

arc FA" = 10^58'.

i so also

angle DBF= 10^58' to 2 rt.

angle .4Bi) - 134^36' to 2 rt.;

reioi-e, by addition,

angle AFB = 145^4' to 2 rt.

= 72^47'.

Therefore, at the time oi this ob^rvation, the star's mean longitudinal posi-

tion—that is> the epicycle's centre B—was 72^47' from the apogee, and con-

sequently 4*^12^ withia the Balance. Since it is also supposed that

angle C£'L = 2^29'

(^-hich togetlier with the semicircle of 2 right angles, ABC, is equal to the sum
ilAFB, the angle of mean longitude, and GBH, the angle of anomaly—that is,

the star's nu>veinent on the epicvcle). we shall have, bv subtraction,

angle GB// = 109'42'.

Therefore, a: ciie ume oi the observation, the star was in anomaly that very
109'^42' from the epicycle's apogee. Which things it was required to find.

And we had already proved that the star, at the time of the thii-d opposition,

was in anomaly 171^25' from the epicycle's apogee. Therefore, in the time be-

tween the observations (embracing 410 Eg>'ptian years and very nearly 231%
days) it added on, over and above the 192 complete circles, 61''43'. This is very

nearly the surplus we find in the tables of the star's mean movements set up by
us, since we established the daily movement from these numbers, dividing the

i sum oi the circles and surplus reduced to degrees over the total number of days
in the time between the two observations.

1(X Ox THE Epoch of its Periodic Movements

\gain, since the time from the year 1 of Xabonassar, Eg>-ptianwise Thoth 1

.T,: noon, to this observation is 475 Eg\'ptian years and very nearly 79-(-} 2~f"K
days, and since that amount of time embraces 180^40' surplus in longitude and
142^29' surplus in anomaly, if we subtract them from each of the corresponding

positions at the observation—that is, from the 4^12' within the Balance in longi-
' tude and from the 109^42^ in anomaly—we shall have the epoch of the periodic
" ^^vements of Mars in the year 1 oi Xabonassar, Eg^'ptianwise Thoth 1 at noon:

in longitude. 3^32^ within the Ram; (2) in anomaly. 327^13' from the epi-

;le's apogee. And consequently, since in 475 years there comes to be a

v-T-J^-f M)'' ^hift in apogees, and since Mars' apogee at the observation was
about 21 ''25' within the Crab, it will evidently be, at the time of the epoch,WW within the Crab.
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BOOK ELEVEN

1. Demonstration of Jupiter's Eccentricity

Now that Mars' periodic movements, anomalies, and epochs have been shown,

we shall next work out Jupiter's also, and in the same way, taking first again,

for the demonstration of the apogee and eccentricity, 3 acronychal oppositions

relative to the sun's mean passage. We observed the first of these by the astro-

labe in the year 17 of Hadrian, Egyptianwise Epiphi 1-2, 1 hour before midnight,

about 23°11' within the Scorpion. The second in the year 21, Phaophi 13-14,

2 hours before midnight, about 7°54' within the Fishes. And the third in the year

1 of Antonine, Athyr 20-21, 5 hours after midnight, about 14°23' within the

Ram. Now, of the two intervals, that from the first acronychal opposition to the

second embraces 3 Egyptian years, 106 days, and 23 hours, and 104°43' of the

star's apparent passage; and that from the second to the third, 1 Egyptian year,

37 days, and 7 hours, and similarly 36°29'. And the mean longitudinal passage

comes to 99°55' for the time of the first interval, and 33°26' for that of the

second. From these intervals, in consequence of the methods propounded by us

in the case of Mars, we first construct the proof of the things we are required to

find, again with the one eccentric circle, in this way:

Let there be the eccentric circle ABC; and let A be supposed the point where

the epicycle's centre was at the first achronychal opposition, B at the second,

and C Sit the third. Within the eccentric ABC let D be taken as the centre of the

ecliptic; and let AD, BD, and CD be

joined. And, with CDE produced, let AE,
BE, and AB be joined. Let EF and EG be

drawn from E perpendicular to AD and

BD; andAH from A perpendicular to EB.

Since, then, the eccentric's arc BC is

assumed to subtend 36°39' of the ecHptic,

angle ^DG= angle 5i)C
= 36°29'

= 72°58'to2rt.,

angle BDC being at the centre. And so al-

so, on the circle about right triangle EDG,
SiTC EG= 72°5S',

and
chord ^G = 71^21'

where
hypt. DE= 120^.

Likewise, since

arcBC= 33°26',

therefore, being an angle at the circumference,

angle5^C= 33°26'to2rt.

346
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j

and, by subtraction,
I

angle EBG = SrS2\
j

And so also, on the circle about right triangle BEG, i

arc £'G = 39^32',
j

and
I

where

And therefore

where it was shown

and

chord i5;G= 40^35'

hypt. BE = 120^.

BE= 210^58'

EG= 71^21'

DE =120^.

Again, since the eccentric's whole arc ABC is assumed to subtend on the

ecliptic 141°12', the sum of both intervals; therefore, being at the ecliptic's

centre,

angle ADC =141°12'

= 282°24' to2rt.
and, being adjacent to it,

angle ADE= 77°SQ' to 2 rt.

And so also, on the circle about right triangle DEF,
arc EF = 77°36',

and
chord ^/^ = 75P12'

where
hypt. Z)£^=120p.

Likewise, since the eccentric's arc ABC adds up to 133°21', therefore, being
an angle at the circumference,

angle AEC =1SS°2V to 2 rt.

But
angle ADE = 77°SQ' to 2 rt.

And therefore, by subtraction,

angle £^A/^=149°3'.

And so, on the circle about right triangle AEF,
arc^F = 149°3',

and

where

And therefore

where it was shown

and it is supposed

DE =120^.

Again, since the eccentric's arc AB is 99°55', therefore, being at the cir-

cumference,

angle AJ^5 = 99''55'.

chord £'/^ =115^39'

hypt. AE = 120^.

AE= 78^2'

EF= 7^n2'
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And so, on the circle about right triangle AEH,

arc A^ = 99°55'

and as supplement

And therefore

where

And so

and likewise

where it was shown

and

It had already been shown

And therefore, by subtraction,

where

And

and likewise

which, added together, make

in length, therefore,

where

and likewise

And also

where

arc^i^ = 80°5'.

chord AF = 91^52',

chord ^iy = 77^12'

hypt. A£'=120p.

A£r= 59^44'

AE= 7S^2'

DE= 120^.

BE= 210^58'

,

BH =1Q0HQ'

sq. 5^ = 25,845^55'

sq, AH= 3,56SH\

sq.AB = 29,413^59';

AB = 171^30'

DE= 120^,

AE= 7S^2\

AB = 91^52'

ecc. diam. = 120p;

for AB subtends an arc of 99°55'. And therefore

DE = 64.n7\

AE = 4:1H7'

where

AB = 91^52'
and

ecc. diam. = 120p.

And so also, AE being an arc on the eccentric,

arc A^ = 40°45',

and, by addition,

SiYc EABC =174:%\
And therefore

chord £'i)C =119^50'
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where
ecc. diam. = 120^.

Since, then, segment EABC is less than a semicircle, and therefore the ec-

centric's centre falls outside it, let it be supposed the point K. And let the diam-
eter through both centres be drawn
through it and D, and let KNX be dra^\^l

from K perpendicular to CE and pro-

duced.

Since, then, it was sho^vn

C£' = 119^50',

D£' = 64^17'

where

diam. LM =120^,

therefore, by subtraction, we shall have
C7) = 55^33'.

And so, since

rect. ED, DC = Tect. LD, DM,
we shall have

rect. LD, Z)i¥ = 3,570^56'

where

diam. LM = 120^.

But
rect. LD, DM+sq. DK =sq. half diam.

= sq. KL
Therefore, if we subtract the rectangle LD, DM or 3,570p56' from the square
on half the diameter or 3,600^, we shall have left the square on DK as 29p4\

And therefore we shall have

1. betw. c. DK'= 5^23'
where

ecc. rad. KL = QO^.

Again, since

half C^ or CA^ = 59^55'
where

diam. LM = 120^,

B M

and it was shown also

therefore also, by subtraction,

where

CD = 55P33',

DN = ^^22'

DK= 5^2S\

DAT= 97^20'

And so also

where

DK=120^;
and, on the circle about right triangle DKN,

Sivc DN =10S°24\
And therefore

angle DKN =10S°2^' to 2 rt.

= 54°12'.

And since it is at the eccentric's centre, we shall have also

arcMZ = 54°12'.
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half arc CZ^= 87°3'.

350

And also, by addition,

arc CMX
Therefore also, by subtraction,

;

arcCM = 32°51'

where CM is the arc from the perigee to the third opposition. And it is evident

that, since it was assumed
arc^C = 33°26',

;

therefore we shall have, by subtraction i

arcBM = 0°35' '

where BM is the arc from the second opposition to the perigee ; and that, since
|

it was assumed
i

arc A5 = 99°55',
|

therefore we shall have, by subtraction,
\

arcAL = 79°30'
:

where AL is the arc from the apogee to the first opposition. :

If, then, the epicycle's centre were borne on this eccentric, it would suffice to !

use these quantities as precise. But since, according to the hypothesis, it moves
I

on another circle—that is, on one dra^^Ti with a centre bisecting DK and with i

radius KL—^it will again be necessary, as in the case of Mars, to calculate first
]

the differences resulting for the apparent distances, and to show of what size
|

they would be, considering the ratios of eccentricity very nearly the same as if
j

the epicycle's centre were borne, not on another eccentric, but on the first also
j

embracing the zodiacal anomaly; that is, on the one drawTi about centre K.

Then let the circle LM about centre D
be the eccentric bearing the epicycle's

centre. And let the circle NX about centre

F and equal to LM be the circle of its reg-

ular movement. With the diameter NLM
through the centres joined, let E be taken

on it as the ecliptic's centre. And first let

the epicycle's centre be supposed at point

A for the first opposition. Let DA, EA,
FAX, and EX be joined; and let DG and

EH be drawn from points D and E per-

pendicular to AF produced.

Since, then, angle NFX of the regular

longitudinal movement was shown to be

79°30', therefore, being the angle vertical

to it,

angle Z)FG= 79°30'

= 159° to 2 rt.

And so also, on the circle about right triangle DFG,
arc Z)G=159° 'riio sdl

and, as its supplement,

arcFG= 21°.

And therefore

chord Z)(? =117^59',

chord FG= 21^52'

where
hypt. i)F=120p.
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and likewise

where

and

And since

sq. AD—sq. DG = sq. AG,
therefore we shall have also
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Z)G= 2p39'

FG = 0^30'

DF= ha\iEF -=2^2'

ecc. rad. AD = QOp.

AG = 59^5Q\

FG =GH

EH = 2DG,

A/f = 60^26'

hypt. A£'= 60^40'.

^i/ = 10^29'

And likewise, since

and
;

therefore also, by addition,

where

and therefore

And therefore

where

A£:=120p;
and, on the circle about right triangle AEH,
, ^ ,

Sire EH = 10° V.
And so also

angle£;A/f = 10°r to2rt.
Again, since

rad. ecc. FZ = 60p,

! . . FH = 1P

and, by addition, clearly

i|
where

therefore we shall have also
~"

'

hypt. EX= Qin4/.

And so also

, EH =10^23'
where

£'X=120P;
and, on the circle about right triangle EHX,

&rc EH = 9°55\
And therefore

J, ^ .^ . angle EXH = r55' to 2 rt.
But it was shown ^

j

angle EAH = 10°!' to 2 rt.

And therefore, by subtraction,

angle A^Z= 0°6' to2rt.

which is the difference sought.
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But the star, sighted along the straight Une AE, appeared, at the first

opposition, to be situated 23°11' within the Scorpion. It is hence evident

that, if the epicycle's centre were not borne on the eccentric LM but on
NX, it would be at point X on it and the star would appear along straight

Ime EX, differing by 3 sixtieths and being situated 23° 14' within the Scor-

pion.

Again, in a like figure, let also the drawing of the second opposition be laid

down in a position a little west of the

perigee.

Since the eccentric's arc NX was shown
to be 35 sixtieths, therefore

angle iV/^X = 0°35'

= 1°10' to 2 rt.

And so also, on the circle about right

triangle DFG,
arcZ)G=l°10',

and, as its supplement,

arci^G=178°50'.

And therefore

chord i)G=lPl3^
chord Wm20p

w^here

hypt. DF= 120^.

And so also

DG = 0^2'

and likewise

FG= 2H2'

DF= 2H2'

where

and
ecc. rad. J5Z) = 60p.

And likewise also, since it is indistinguishable from the hypotenuse BD,
BG= QO^.

And again, since

GH = FG,
and

EH = 2DG,
we shall also have, by subtraction,

5^ = 57^18'

where

EH = OH\
and therefore also

hypt. BE = 57nS\
And so also

EH -=0^8'

w^here

^£=120^;
and, on the circle about right triangle BEH, again

SiTc EH = 0°S'.
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And therefore

Single EBH = 0''S' to 2 It,

Likewise, since it was shown
FH = 5P24'

where
ecc. rad. FX = QO^,

therefore, by subtraction, we shall also have

where
EH = OH'

and therefore

hypt.^X = 54^36'.

And therefore

EH=ono'
where

EX =120^;

and, on the circle about right triangle EHX,
a,n^ EH = 0°10'.

And so also

angle EXH = 0°10' to 2 rt.,

and, by subtraction,

angle5^X = 0°2' to2rt.

And now it is evident, therefore, that,

since, at the second opposition, the star

as it appeared along EB was situated

7°54' within the Fishes, if in turn it ap-

peared along EX it would be only 7°53'

within the Fishes.

And now let the drawing of the third

opposition be laid out in a position east

of the perigee. Since the eccentric's arc

NX is assumed to be 32°51', therefore

angle iVFX = 32°51'

= 65°42'to2rt.
And so also, on the circle about right tri-

angle DFG,
arcZ)(? = 65°42',

and as its supplement

arci^G = 114°18'.

And therefore

chord Z)G = 65^6',

chord FG =100^49'

where

hypt. i)F=120p.
And so also

i>G=lP28'
and likewise

FG = 2nQ'

353
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where

ecc. rad. CD = QO^.

sq. CD—sq. DG = sq. CG,

CG= 59^59'.

GH =FG

and

And since

we shall also have

And likewise, since

and
EH = 2DG,

we shall also have, by subtraction,

Ci7 = 57P43'

where
EH = 2P56\

and therefore also

hypt.C£;= 57^47'.

And therefore o^Ib o-

where

and, on the circle about right triangle CEH^
arc EH= 5°4S\

And so also

angle^C/^ = 5°48'to2rt.

Likewise, since

where
ecc. rad. FX = QOp,

therefore we shall also have, by subtraction,

HX= 55^2S\

where
EH = 2^56';

and therefore also

hypt. EX = 55^33'.

And so also

EH = 6^20'

where ; ^--

""m""" ex = 120^,

and, on the circle about right triangle EHX,
arc EH = 6°2\

And therefore

angle£^X^ = 6°2'to2rt.,

and, by subtraction,

angle CEX =0°W to 2 rt. <• if. »,> briJ

= 0°7'.

And so, since at the third opposition the star sighted along EC was situated

14°23' within the Ram, it is evident that, if it were along the straight line EX,

FH = 4:^32'
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it would be situated 14°30' within the Ram. And it was shown that at the first

opposition it was 23°14' within the Scorpion, and at the second 7°53' within the

Fishes. Therefore, if the star's apparent intervals were considered—not with re-

spect to the eccentric bearing the epicycle's centre, but with respect to that em-
bracing its regular movement—they would come to 104°39' from the first op-

position to the second, and to 36°37' from the second to the third. Following

these with the theorem already shown, we find the intervals between the centres

of the ecliptic and of the eccentric embracing the epicycle's regular movement
to be very nearly 5^30' where the eccentric's diameter is 120^. Of the eccentric's

arcs, we find that from the apogee to the first opposition to be 77° 15', that from

the second opposition to the perigee to be 2°50', and that from the perigee to the

third opposition to be 30°36'.

That these quantities have been here taken accurately because the differences

of the intervals are very nearly the same as the first and are calculated through

them—all this is evident from the fact that the star's apparent intervals are

found, by means of the discovered ratios, to be the same as the observed ones,

as will be clear to us from what follows.

For again let the drawing of the first opposition be set out having only the

eccentric bearing the epicycle's centre.

Since it was shown
angle LFA=77°15'

= 154°30'to2rt.,

and, being vertical to it,

angle DFG= 154°30' to 2 rt.,

therefore, on the circle about right tri-

angle DFG,
arc2)G = 154°30',

and, as its supplement,

arcre = 25°30'.

And therefore

chord DG = 117^2'

chord FG = 26^29'

where

hypt. Z)F=120p.
And so also b^,

and likewise

where

Z)G= 2P4r

F(?=0p36'

DF= 2Hb'
and

ecc. rad. AD = 60p.

And, for the same reasons as shown before,

AG = 59^56',

and

AF= 60^32'

where

EH = 2 DG ^b^22'\
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and so it is calculated

^^ = 60^46'.

And therefore

£'^= 10^36'

where
AE = 120^;

and, on the circle about right triangle AEH,
&rc EH = 10°8\

And therefore

angle J5;Aiy=10°8' to2rt.

and, by subtraction,

angle LEA = 144°22' to 2 rt.

= 72°ir.

Therefore, by just so many degrees was the star distant from the ecliptic^s

apogee at the first opposition.

Again, let the drawing of the second opposition be set out. Since it is assumed
Single BFM = 2%0'

= 5°40'to2rt.,

therefore, on the circle about right tri-

angle DFG,
arcDG?= 5°40'

and, as its supplement,

arci^G=174°20'.

And therefore

chord Z)(? = 5^55'

chord /^G = 119^51'

where
hypt. Z)7^=120P.

And so also

DG= 0^S'

and likewise

FG'=2H5'
where

DF= 2H5'

and
ecc. rad. J5D = 60p.

And for the same reasons also

BGN60P,

and, by subtraction,

where

And so also it is calculated

And therefore

where

and, on the circle about right triangle EBHy

EH=onQ'.

hypt. BE= 57n5\

EH = 0^33'

BE =120^:
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and, by addition,
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arc^^ = 0°32'.

angle^B^ = 0°32' to2rt.
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angle BEM = ()°12' to 2 rt.

= 3°6'.

Therefore the star at the second opposition was also 3°6' west of the perigee.

But it was also shown to be 72°11' east of the apogee at the first. Therefore the

apparent distance from the first opposition to the second is calculated to be

the 104°43' of the remainder of the semicircle, in accord with the distance

gotten from the observations.

Then also let the drawing of the third opposition be set out. Since it was
shown

angle Mi^C = 30°36'

= 61°12' to2rt.,

therefore, on the circle about right

triangle DFG
SLTC DG = QV12\

and, as its supplement,

arcFG=118°48'.
And therefore

chord Z)G = 61^6',

chord FG=103Pir
where

hypt. i)F=120P.

And so also

DO =1^24'

and likewise

FG= 2^22'

where
DF = 2H5'

and
ecc. rad. Ci) = 60P

And for the same reasons also

CG = 59^59'

and, by subtraction,

where it is calculated

And so also

And therefore

where
C^=120P;

and, on the circle about right triangle CEH,
arc^F = 5°34'.

And so also

angle£JC/f = 5°34'to2rt.,

CH = 57^37'

EH = 2HS\

hypt.C^ = 57^41'.

EH = 5^50'
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and, by addition, '*:

angle MEC = 66°46' to 2 rt.

= 33°23'.

By just as many degrees was the star east of the perigee, therefore, at the.

third opposition. And it was shown to be 3°6' west of the same perigee at the
second. Consequently, the apparent distance from the second to the tliird

comes to the same result of 36°29', again in accord with things observed.

It is immediately clear that since, at the third opposition, the star was
situated by observation 14°23' within the Ram (at a distance, as was shown,
of 33°23' east of the perigee), the perigee of the eccentricity at that time was
11° within the Fishes, and the apogee exactly opposite 11° within the Virgin.

If we draw the epicycle GHK about centre C, we shall have immediately the
mean longitudinal passage from the

eccentric's apogee L of 210°36', be-

cause we have shown
angle MFC= 30°36';

and we shall have the epicycle's arc

HK, from the perigee H to the star

at K, equal to 2°47', because we
have shown

angle^CF = 5°34'to2rt.
= 2°47'.

Therefore, at the time of the third

opposition—that is, in the year 1

of Antonine, Egyptianwise Athyr
20-21, 5 hours after midnight

—

Jupiter considered with respect to

its mean passages was in longitude

210°36' from the eccentric's apogee

(that is, it was situated 11°36' within the Ram) and in anomaly 182°47' from
G, the epicycle's apogee. - - :.

2. Demonstration of the Size of Jupiter's Epicycle

Again in what follows for the demonstration of the epicycle's size we took
the observation we sighted in the year 2 of Antonine, Egyptianwise Mesore
26-27 before the rising of the sun—that is, very nearly 5 equatorial hours

after midnight, when the sun's mean passage was 16°11' within the Crab and
the second degree of the Ram was culminating in the astrolabe. At that time,

Jupiter, sighted relative to the bright star in the Hyades [Aldebaran], appeared

to be 15%° within the Twins, and it appeared at the same longitude as the

centre of the moon which was more to the south. But at that hour, by cal-

culations already set forth, we find the moon's mean position to be 9° within

the Twins, and in anomaly we find it to be 272°5' from the epicycle's apogee;

and therefore its true passage to be about 14°50' within the Twins, and its ap-

parent passage in Alexandria to be about 15°45'. Therefore Jupiter was in

this way situated 15J4° within the Twins.

Again, since the time from the third opposition to the given observation is

1 Egyptian year and 276 days, and since that amount of time embraces 53°17'

in longitude and 218°31' in anomaly (for there will be no sensible difference
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even if this amount is taken more or less roughly), if we add these to the
demonstrated positions at the third opposition we shall have at the time of the
observation very nearly 263°53' in longitude from the same apogee and 41°18'

in anomaly from the epicycle's apogee.

Then, with these things supposed, let there be laid out again the drawing of

a proof similar to that of Mars, hav-

ing the epicycle's position east of the

eccentric's perigee and the star's just

after the epicycle's apogee in accord

with the mean passages in longitude

and anomaly here laid out.

Since, then, the mean passage in

longitude from the eccentric's apogee

is 263°53', therefore

angle 5FC = 83°53'

= 167°46' to 2 rt.

And so also, on the circle about right

triangle DFM,
arcZ)M=167°46'

and, as its supplement,

arc/^ilf=12°14'.

And therefore

where

And so also

and likewise

where

and

And since

therefore

And likewise, since

and

therefore, by subtraction,

where it is calculated

and therefore

And therefore

chord Z)ikf = 119P19',

chord FM = 12p47'

hypt. Z)F=120p.

Z)ikf= 2p44',

FM=on^'

DF= 2H5'

ecc. rad. BD = m^.

sq. BD—sq. DM = sq. BM,

5M = 59p56'.

FM=LM

EL = 2 DM,

BL = 59p38'

EL = 5^2S',

hypt. BE = 59^52'.

ELmO^dS'

ba&
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where

BE = 120^;

and, on the circle about right triangle BEL,
arc^L = 10°30'.

And so also

angle EBF =10°S0' to 2 rt.

But
angle BFC= 167°46' to 2 rt.

And therefore, by addition,

angle BEC = 178°m' to 2 rt.

Again since the perigee is very nearly 11° within the Fishes and the star ap-
peared along EK 15°45' within the Twins, therefore

angle Z^C = 94°45'

= 189°30'to2rt.,

and, by subtraction,

ang]3^£:Z=iri4'to2rt.
And so also, on the circle about right triangle BEN,

&TcBN = irW,
and

where

And therefore

where

and

And likewise, since

therefore

chord 5i\r= 11^44'

hypt. BE =120^,

BN= 5^50'

BE = 59^52'

ecc. rad. =60p.

arc GZ= 4ri8',

angle GBK==41°18'
= 82°36'to2rt.

But
angle GBH = Sing\e EBF

= 10°30'to2rt.
And therefore, by subtraction,

angle/^5i^ = 72°6'to2rt.
But it was shown also

angle HEK= 11°14' to 2 rt.,

and therefore, by subtraction,

angle BKN = m°52' to 2 rt.

And so also, on the circle about right triangle BKNj
arcBAr = 60°52',

and
chord ^iV= 60^47'

where
hypt. Bii:=120p.



And therefore

where

and

Which it was required to find.
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epic. rad. BK =11^30'

BN = 5^50'

ecc. rad. = 60p.
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3. On the Correction of Jupiter's Periodic Movements

Next, for the periodic movements, we again took one of the ancient observa-

tions very faithfully recorded, according to which it is quite clear that in the

year 45 of Dionysius, Parthenon 10, Jupiter at sunrise occulted the Southern

Ass. Now, this time is the year 83 after Alexander's death, Egyptianwise

Epiphi 17-18 in the morning, at which time we find the sun's mean passage
9°56' wdthin the Virgin. But the star called the Southern Ass of those about

the nebula of the Crab was at the time of our observation 11}^° within the

Crab, but clearly at that observation 7°33', since 3°47' correspond to the 378

years between the observations. And therefore Jupiter at that time (since it

occulted the star) was 7°33' within the Crab. Likewise also, since the apogee

according to us was about 11° within the Virgin, at the observation it must
have been 7°13' within the Virgin. It is clear that the apparent star was
300°20' from the eccentric's apogee at that time, and the mean sun was 2°43'

from the same apogee.

Now, with these things supposed, again let the drawing of the similar proof

for Mars be laid out, only here ac-

cording to the passages given at the

observation, having the epicycle's

position at B before the apogee A
and that of the sun's mean situa-

tion at L a little after the same
apogee. And therefore it also has the

position of the star at H after the

epicycle's apogee G. Like^\dse let

FBG, DB, BH, and EH still be
joined; and let FK be dra\vn per-

pendicular to DB, DM and BN to

EH, and here DX to NB produced
to make the rectangular parallelo-

gram DMNX.
Now since, containing as it does

the remainder of 300°20' from the one circle of the echptic,

angle A^/^= 59°40'

and

angle ^£'L = 2°43',

therefore, by addition,

angle LEH or angle BHE= 62°23'

= 124°46' to 2 rt.

And so also, on the circle about right triangle BHNj
arc 5Ar = 124^46',
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where

And therefore

and likewise

and, by subtraction,

where

and iiiuiii-f:
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hypt. Z)/^=120P.

FK = 2^37'

DK = 0^52'

And therefore also

ecd. rad. BD = QO^.

hypt. BF=59P12'.

And so also
)i ) Of!J niii J

;

ft)od 9V jPX = 5p18'

wheri6 ^ . 1

.

-

J5F=120P;

and, on the circle about right triangle BFK,
&vcFK = 5°4\

And therefore

angleF5Z) = 5°4'to2rt.

and by addition, embracing the regular longitude,

angle AFB = 148°38' to 2 rt.

= 74°19'.

And since also angle GBH combined with angle BFC and the semicircle

(that is, less angle AFB here) gives

angle A£'L = 2°43',

therefore we shall also have angle GBH, which contains the star's passage

from the epicycle's apogee, equal to 77°2'. We have hence shown that, at the

time of the given observation, Jupiter considered according to its mean pas-

sage was in longitude 285°41' from the eccentric's apogee or in mean position

22°54' within the Twins, and in anomaly 77°2' from the epicycle's apogee.

But we had also proved that, at the time of the third opposition, it was
182°47' from the epicycle's apogee. Therefore, in the time between the two
observations (embracing 377 Egyptian years and 128 days less very nearly 1

hour) it added on, with 345 complete circles, 105°45' in anomaly. The surplus

of degrees in anomaly from the mean movements worked out by us comes to

very nearly this amount, because we established the daily movement from
these, dividing the total number of degrees from the circle and surplus by the

total number of days of that time.

4. On the Epoch of Jupiter's Periodic Movements

Now here again, since the time from the year 1 of Nabonassar, Egyptianwise
Thoth 1 at midday, to the given ancient eclipse is 506 Egyptian years and very
nearly 316^^ days, and since that amount of time embraces surpluses of

258° 13' in longitude and 290°58' in anomaly, therefore, if we subtract these

from the proper given positions at the observation, we shall have, at the time
of the epoch the same as for the others, Jupiter's mean longitudinal position
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4°41' within the Balance, and its anomaUstic position 146''41' from the epi-

cycle's apogee. Also for the same reasons the apogee of its eccentricity will be
2°9' within the Virgin.

5. Demonstration of Saturn's Eccentricity and Apogee

And now that it was left at this place to demonstrate the anomalies of Saturn
and its positions, first for the examination of its apogee and eccentricity, we
again, as for the others, took the acronychal oppositions relative to the sun's

mean passage. The first of these we observed with the astrolabe in the year 11

of Hadrian, Egyptianwise, Pachons 7-8 in the evening, 1°13' within the Bal-

ance; and the second in the year 17 of Hadrian likewise, Egyptianwise Epiphi

18; and we calculated the time and place of the true opposition, by observa-

tions on it, to be 4 hours after noon of the 18th, 9°40' within the Archer. Ob-
serving the third opposition in the year 20 of Hadrian again, Egyptianwise

Mesore 24, we likewise calculated the time of the true opposition to have been

at the very noon of the 24th, and its place to have been 14°14' within the Goat.
\

Now, of the two intervals, the one from the first opposition to the second !

embraces 6 Egyptian years, 70 days, and 22 hours, and 68°27' of the star's I

apparent passage; and that from the second to the third, 3 Egyptian years, 35
|

days, and 20 hours, and likewise 34°34'. And 75°43' of mean longitudinal
j

passage are calculated in the rougher way^ for the first interval, and 37°52' for i

the second. With these intervals supposed, we again show what is required by
1

the same theorem that is first on one eccentric in this way.
|

For, not to repeat, let there be laid out the drawing similar to those of the

;

same proof. And since the eccentric's arc

BC is assumed to subtend 34°34' of the

ecliptic, therefore, being at the ecliptic's

centre

angle ^Z)G= angle BDC
= 34°34'

= 69°8' to2rt.

And so also, on the circle about right tri-

angle DEG,
arc£;G= 69°8';

and
chord ^(7 = 68^5'

where
hypt. DE = 120^.

Likewise, since

arcJ5C = 37°52',

therefore, being at the circumference,

angle BEC = 37%2' to 2 rt.

and, by subtraction,

angle^5G = 31°16' to2rt.

And so also, on the circle about right triangle EBGj
SiVcEG = 'Sl°W,

and
chord ^0 = 32^20'

*That is, without correction. For such a small angular distance it would make no difference.

i

i
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And therefore

where it was shown

and
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hypt. BE =120^.

BE = 252HV

EG= QS^5'

DE= 120^.

Again, since the whole arc ABC subtends on the ecliptic the 103°!' all told

of both distances, therefore, being at the ecliptic's centre,

angle ^Z)C =103°r.
And for this reason also, as adjacent to it,

angle .47)£' = 76°59'

= 153°58' to 2 rt.

And so also, on the circle about right triangle DEF,
arc£'i^=153°58'

and
chord £^F = 116P55'

where
hypt. DE = 120^.

And like^vise, since the eccentric's arc ABC totals 113°35', therefore, being at

the circumference,

angle AEC = n3°S5' to 2 rt.

But
angle ADE =153°5S' to 2 rt.

And therefore, by subtraction,

angle FAE = 92°27' to 2 rt.

And so also, on the circle about right triangle AEF,
SiTC EF= 92°27',

and

where

And therefore

where it was shown

and

chord ^F= 86^39'

hypt. AE =-120^.

AE= 161^55'

^F =116^55'

DE =120^.

Again, since the eccentric's arc AB is 75°43', therefore also, being at the
circumference,

angle A£'5 = 75°43' to2rt.
And so also, on the circle about right triangle AEHy

arc A// = 75°43' .ib

and as its supplement

arc£:iy = 104°17'. i ,Ylt^-'

And therefore

chord Ai7 = 73P39', -^ fios.50i ^r ;

chord ^/f = 94^45'
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j

where
]

hypt. AE= 120^, ;

And so also

and likewise i

EH =127^51'

where it was shown i

AE =161^55' :

and 1

2)E= 120P.
,

And it has been shown
BE = 252HV; I

and therefore, by subtraction,

5iy =124^50'
I

where

And
sq. 5^=15,583^22'

|

and likewise
|

sq.Aif = 9,877^3',
j

which, added together, make
sq. A5 = 25,460p25'.

Therefore, in length, i

AB = 159^34'
I

where
DE = 120^

and likewise

A^ = 161^55'.

But also

AB = 73^39'
I

where
ecc. diam. = 120p,

for AB subtends an arc of 75°43'. And therefore : .

'

DE = 55^23'
I

and ;• ,M :

;

AE = 1^HZ'

where
A5 = 73^39'

and
,

ecc. diam. = 120p.

And so also
;

ecc. arc AE^ITV . (,A^ <.- Im/
i

and, by addition, I

arc ^A5C= 190°36', -vsa: ..iqu^ wi .ii Day.
;

and clearly, by subtraction,
|

arc CE= 169°24'. 'noloi^iit bnA
And for this reason also

|

chord CD£mi9P28' I
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where
ecc. diam. = 120p.

Then let the eccentric's centre be taken within the segment EAC since it is

greater than a semicircle, and let it be K.
Through it and D let the eccentric's diam-

eter through both centres LKDM be

drawn. And let KNX be drawn perpen-

dicular to CE and produced.

Since, then, it was shown
C^ = 119^28'

DE = 55^23'

and

where
diam. LM =120^,

therefore we shall also have, by subtrac-

tion,

CZ) = 64P5'.

And so, since

rect. ED, DC = red. LD, DM,
we shall also have

rect. LD,Z)M = 3,549^9'

where

jii':) diam. LM = 120^.

But also

rect. LD, DM+sq. DK= sq. half diam.

= sq. LK.
If, therefore, we subtract 3,549^9' from the square on half the diameter or

3,600p, we shall have left the square on DK as 50^51'. And therefore we shall

have, in length,

1. betw. c.DK= 7p8'

where

ecc. diam. = 120^.

Ag^in^ since

f/ ^^N^ i

half C^ or £^A^ = 59^44'

Tvhere

diam. LM = 120P

and it was shown also

•DjS; = 55^23',

therefore we shall also have, by subtraction,

DN = 4^2V
where

DK = 7pS\

And so also

DAT= 73^11'

where

hypt. DK = 120^;

and, on the circle about right triangle DKN,
arei)JV = 75°10'.,

— t)'4 ij'iuu
'

>'S = '.^C.
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And therefore

angle DKN = 75°10' to 2 rt.

= 37°35'.

And since it is at the eccentric's centre, we shall also have
arcMX = 37°35'.

And
arc CX = half arc CX^ = 84°42'.

And therefore, by subtraction,

arc CL = 57°43'

where CL is the arc from the apogee to the third opposition. But also it is

assumed ^^

arcJ5C= 37°52';

And therefore, by subtraction, eiodfi

arcBL=19°51'
where BL is the arc from the apogee to the second opposition. And likewise,

since it is assumed
arc AB = 75°43',

therefore we shall also have
arcAL = 55°52'

where AL is the arc from the first opposition to the apogee.

Now, since again the epicycle's centre is not borne on this eccentric, but on

the eccentric drawn with a centre bisecting DK and with radius KL, we cal-

culated accordingly, as for the others, the resulting differences of the apparent

distances on the ecliptic, considering the ratios very nearly the same if one

should change the epicycle's passage to the eccentric effecting the zodiacal

anomaly.

For let the drawing of the first opposition for the similar proof be laid out in

a position west of the apogee L. Since,

then, angle NFX of the regular longi-

tudinal passage, (that is, angle DFG) was

shown to be 55°52' or 111°42' to 2 right

angles' 360°, therefore, on the circle about

right triangle DFG,
arcZ)G=lll°42'

and, as its supplement,

arcTO = 68n6'.

And therefore

chord Z)G = 99p20',

chord i^G = 67^20'

where
hypt. Z)F = 120P.

And so also

DG = 2P57'

and likewise

FG=2P
where

1. betw. c. i)F = 3P34'

and
ecc. rad. AD = QOK
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sq. AD- sq. DG = sq. AG,

AG = 59^56'.

FG =GH

EH = 2DG,

A/y = 61^56'

hypt. AE = ^2nZ'.

EH = n^2V

And since

we shall have

And likewise, since

and

therefore, by addition,

where

And for this reason also

And so also

where

hypt. AE =120^)

and, on the circle about right triangle AEH,
arc EH •=A0°5V.

And therefore

angle ^A^ = 10°5r to 2 rt.

Again, since

ecc. rad. FX = QO^,

FH = ^^

and, by addition, clearly

where
EH= 5^54:';

therefore we shall also have
hypt. ^X = 64^16'.

And therefore

EH = 11^2'

where
hypt. £'X = 120P;

and, on the circle about right triangle EHX,
arc EH = 10°SZ',

And so also

angle^X//=10°33'to2rt.
But it was also shown

angle£^A// = 10°5]/to2rt.;

and therefore, by subtraction,

angle A£'X = 0°18' to2rt.
= 0°9'

which is the difference sought.

But at the first opposition the star appeared along straight line AE, situated
1°13' within the Balance. Now, it is clear that, if the epicycle's centre were not

borne on the epicycle AL but on NX, it would be at point X on it, and the star
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would appear along straight line EX, 9 sixtieths west of the position at A, and
it would be situated 1°4' within the Balance.

Again, for the same proof, let the drawing of the second opposition be laid out

east of the apogee.

Since the eccentric's arc NX was shown
to be 19°51', therefore angle NFX and
angle DFG, vertical to it, would each

equal 19°5r, or 39°42' to 2 right angles'

360°. And so also, on the circle about right

triangle DFG,
arcZ)(?= 39°42'

and, as its supplement,

arcre = 140°18'.

And therefore

chord DG = 40^45',

chord FG =112^52'

where
hypt. DF =120^.

And so also

DG=im'
and likewise

FG= 3p21'

where

Z)F= 3p34'

ecc. rad. J5Z) = 60p.

sq.BD-sq. DG = sq. BG,

BG= 59^59'.

FG =GH

and

And since

therefore

And likewise, since

and
EH= 2DG,

therefore, by addition, we shall have

BH = m^20'

where
EH = 2^26';

and therefore also

hypt. 5^ = 63p23'.

And therefore

£'^ = 4p36'

where
hypt. 5£'=120p;

and, on the circle about right triangle BEH,
arc^^ = 4°24'.

And so also

angle£;Bi/ = 4°24' to2rt.

m>
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hypt.^X = 66^45'.

THE ALMAGEST, XI 371

Likewise, since

F^= 6P42'

where
ecc. rad. FX=^m^,

therefore we shall have, by addition,

where it was supposed

and therefore

And so also

where
hypt. £'X=120P;

and, on the circle about right triangle EHX,
SLTC EH = 4:°12\

And therefore

anglej5;X^ = 4°12'to2rt.
But it had already been sho^vn also

angle EBH = 4°2^' to 2 rt.

And therefore, by subtraction,

angle5^X = 0°12'to2rt.
= 0°6'.

Now, it is clear here that, since at the second opposition the star appearing

along EB was situated 9°40' within the Archer, if in turn it appeared along EX
it would be situated 9°46' within the Archer. But it was shown that, at the first

opposition, it was situated likewise 1°4' within the Balance. Hence it is evident

that the apparent distance from the first opposition to the second would amount
to 68°42' on the ecliptic if it were considered with respect to the eccentric NX.
And likewise let the drawing of the third opposition be laid out according to

the same general figure as that of the

second.

Since arc NX was shown to be 57°43',

therefore angle NFX or angle DFG is

67°43', or 115°26' to 2 right angles' 360°.

And so also, on the circle about right tri-

angle DFG,
arcZ)(?=115°26'

and as its supplement
arcFG = 64°34'.

And therefore

chord jDG = 101^27',

chordW = 64P6'

where

hypt. Z)F=120P.

And so also

and likewise

F(?=1P54'
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where

Z)F=3p34'

ecc. rad. CD = 60p.

sq. CD -sq. DG = sq. CG,

CG= 59^56'.

FG=GH

and

And again, since

we shall also have

And likewise, since

and
EH = 2DG,

therefore, by addition, we shall have

CH = Q1^50'

where

and therefore

hypt. C^ = 62p8'.

And therefore

EH = 11^39'

where
hypt. CE =120^;

and, on the circle about right triangle CEH,
SircEH=.ir9\

And so also

angle£'C^ = ll°9' to2rt.

Likewise, since

FH = SHS'
where

ecc. rad. FX = 60p,

therefore, by addition, we shall have

HX = 63HS'

where
EH==Q^2\

and therefore

And therefore

where
hypt. EX =120^;

and, on the circle about right triangle EHX,
a,rc EH =10%9\

And so also

angle^Ziy=10°49'to2rt.

But it was shown
angle£^C/f = ll°9'to2rt.

And therefore, by subtraction,

angleC^X = 0°20'to2rt.
= 0°10'.

hypt. ^Z= 64P5'.

EH=nns'
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And so, since, at the third opposition, the star appearing along EC was situ-

ated 14° 14' within the Goat, it is evident that, if it were on straight line EX, it

would be 14°24' within the Goat, and in turn the apparent distance from the

second opposition to the third, considered relative to the eccentric NX, would
be 34°38'.

Working with these distances in the same theorem, we find the distance be-

tween the centres of the ecliptic and of the eccentric embracing the epicycle's

regular movement (or the distance equal to EF) to be very nearly 6^50' where
the eccentric's diameter is 120^. And, of the same eccentric's arcs, we find that

from the first opposition to the apogee is 57°5'; that from the apogee to the

second opposition is 18°38'; and that from the apogee to the third opposition

is 56°30'.

Here again these quantities have been accurately taken because the differ-

ences of the ecliptic's arcs amount to very nearly the same as the former ones,

by using these arcs, and because the star's apparent distances are found to be in

accord with those observed, as will be clear to us from similar proofs.

For let the figure of the first opposition be laid out for only the eccentricity

bearing the epicycle's centre.

Since, then, angle AFL, subtending as

it does 57°5' of the eccentric, is 57°5', and
it and the vertical angle DFG are each
114° 10' to 2 right angles' 360°, therefore,

on the circle about right triangle DFG,
arci)G = 114°10',

and as its supplement

arcFG = 65°50'.

And therefore

chord i)G=100P44',

;

chord FG = 65^13'

where
hypt. Z)F=120P.

And so also

and likewise

where

Z)G = 2p52'

and

And again, since

we shall also have

And likewise, since

and

1. betw. c. DF= Z^2b'

ecc. rad. ^Z) = 60p.

sq. AD-sq. Z)G = sq. AG,

AG = 59^56'.

FG =GH

EH = 2DG,
therefore, by addition, we shall have

AH 61P47'
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EH=2no\

hypt. BE- = 63^15'.

EH= ^^7'

375

where

and therefore also

And therefore

where
hypt. B£;=120P;

and, on the circle about right triangle BEH,
arc^^ = 3°56'.

And so also

angle^5/^ = 3°56' to2rt.

But it was supposed

angle5FL = 37°16'to2rt.

And therefore, by subtraction,

angle B^L = 33°20' to 2 rt.

= 16°40'.

Therefore at the second opposition the star appeared 16°40' east of the

apogee. But it was shown, at the first opposition, to be 51°47' west of the same
apogee. Hence the apparent distance from the first opposition to the second

comes to a total of 68°27' in accord with the number obtained from the ob-

servations.

Then let the drawing of the third opposition be laid out also. Since angle CFL
was shown to be 56°30', and it and the

vertical angle DFG each 113° to 2 right

angles' 360°, therefore, on the circle about

right triangle DFG,
arc DG= 113°

and as its supplement

arcre = 67°.

And therefore

chord Z)(?=100P4',

chord i^(? = 66^14'

where
hypt. DF= 120^.

And so also

DG = 2^5V
and likewise

FG = 1P53'

where
DF= 3^25'

and

And since again

we shall also have

ecc. rad. CZ) = 60p.

sq. CD- sq. Z)G = sq. CG,

CG = 59^56'.
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FG=GH
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And likewise, since

and
EH = 2DG,

therefore we shall also have, by addition,

Ci/ = 61^49'

where
EH = bH2\

and therefore also

hypt. C£' = 62p5'.

And therefore

EH = linO'

where
hypt. C^=120p;

and, on the circle about right triangle CEH,
&YC EH = 10°32\

And so also

angle^C/f = 10°32'to2rt.

But it is supposed
angleCF^ = 113°to2rt.

And therefore, by subtraction,

angle CEL =102°2S' to 2 rt.

= 51°14'.

Therefore by just so many degrees, at the third opposition, did the star

appear east of the apogee. But it was also shown to be 16°40' east of the apogee

at the second opposition. And so the apparent distance from the second op-

position to the third is the difference of 34°34', again in accord with the number

obtained from the observations.

It is immediately evident also that, since the star was 51°14' east of the

apogee, as was shown, and 14°14' within the Goat, the apogee of its eccen-

tricity at that time was 23° within the Scorpion, and its perigee just opposite

23° within the Bull.

Likewise, if we draw epicycle GH about centre C, then we shall have the

epicycle's mean longitudinal passage

from the eccentric's apogee as the 56°

30' just proved; and the epicycle's arc

HK as 5° 16', because it has been shown
angle^Ci^=10°32'to2rt.

And so the supplementary arc GH from

the epicycle's apogee to the star is left

to be 174°44'. Therefore, at the time of

the third opposition—that is, in the

year 20 of Hadrian, Egyptianwise Me-
sore 24 at midday—Saturn considered

with respect to its mean passages was
56°30' in longitude from the eccentric's

apogee or 19°30' within the Goat, and
174°44' in anomaly from the epicycle's

apogee. Which it was required to find.
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6. Demonstration of t?ie Size of Saturn's Epicycle

And then again for showing the epicycle's size we took an observation we
made in the year 2 of Antonine, Egyptianwise Mechir 6-7, 4 equatorial hours
before midnight, when the last degree of the Ram was culminating in the

astrolabe, with the mean sun 28°41' within the Archer. At that time Saturn,

sighted relative to the bright star of the Hyades [Aldebaran], appeared to be
9^5° within the Water Bearer and was very nearly 3^° east of the moon's
centre. For it was just that far from its northern horn. But at that hour the

moon, according to its mean passage, was 8°55' within the Water Bearer, and
in anomaly was 174° 15' from the epicycle's apogee. Therefore its true passage

must have been 9°40' within the Water Bearer, and its apparent passage in

Alexandria 8°34'. Consequently, since it was very nearly }^° east of its centre

Saturn must have been 9^5° ^vithin the Water Bearer. And it was 76°4' from
the eccentric's same apogee because in that amount of time it did not change
appreciably.

Since the time from the third opposition to this observation is 2 Egyptian
years, 167 days, and 8 hours, and since again Saturn, in that amount of time,

moves approximately in longitude 30°3' and in anomaly 134°24', it follows that

if we add these to the position given at the third opposition we shall have,

for the time of the given observation, in longitude 86°33' from the eccentric's

apogee and in anomaly 309°8' from the epicycle's apogee.

Now, with these things supposed, let the drawing of the similar proof be
laid out, having the epicycle's posi-

tion to the east of the eccentric's

apogee, and the star's position be-

fore the epicycle's apogee according

to the passages supposed.

Since, then, it is supposed
angle AFB or

angle Z)FM = 86°33'

= 173°6' to 2 rt.,

therefore, on the circle about right

triangle DFM,
arc DM =173%'

and, as its supplement,

arci^M= 6°54'.

And therefore

chord i)M = 119P47',

chord i^Af = 7Pl3'

where

And so also

and likewise

where

hypt. Z)F= 120p.

DM = 3^25'

FM= 0n2'

1. betw. c. Z)i^= 3p25'
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and

ecc. rad. BZ) = 60p.

sq. BD- sq. DM = sq. BM,

BM = 59^54'.

FM =LM,

hypt. ^^ = 60^29'.

J5;L= 13^33'

And since

we shall also have

And likewise, since

and

EL = 2 DM,
therefore also we shall have, by addition,

BL = m^^'

where

and therefore also

And therefore

where

hypt. 5^=120p;
and, on the circle about right triangle BEL,

arc£'L=12°58'.

And so also

angle£?Bi^=12°58'to2rt.

And it is also supposed

angle AFB = 173°6' to 2 rt.

And therefore, by subtraction,

angle AEB = 160°8' to 2 rt.

But also, as the angle containing the star's apparent distance from the apogee,

angle AEK = 7Q%'
= 152°8' to 2 rt.

And therefore we shall have, by subtraction,

angleirEB = 8°0'to2rt.

And so also, on the circle about right triangle BEN,
arc5iV = 8°,

and
chord 5iV = 8P22'

where

hypt. 5^ = 120P.

And therefore

5iV = 4Pl3'

where

5^= 60^29'

and
ecc. rad. =60p.

Again, since the star was 309°8' from the epicycle's apogee G, therefore, by
subtraction,
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arcGi!:= 50°52'.

And therefore

angle GBK = 50°52'

= 10r44' to 2 rt. ^

But \
angle £-5^ = angle GBH = 12°5S' to 2 rt.

And therefore, by subtraction,

angle/fBK = 88°46'to2rt.

where it was shown

anglei^£'5 = 8°to2rt.
And therefore, by subtraction, we shall have

angle BKN = 80°46' to 2 rt.

And so also, on the circle about right triangle BKN,
SLTC BN = S0°4Q'

and
chord 5iV = 77^45'

where

hypt. BK= 120^.

And therefore we shall have
epic. rad. BKNGJ^p

where it was shown

BN =^m'
and

ecc. rad. = 60^.

We have concluded that Saturn's apogee at these dates near the beginning

of Antonine's reign was 23° within the Scorpion. Where the radius of the

eccentric bearing the epicycle is 60^, there the line between the centres of the

ecliptic and of the eccentric effecting the regular movement comes to 6p50',

and the epicycle's radius to 6^30'. Which it was required to find.

7. On the Correction of Saturn's Periodic Movements

Now that it is left to show the correction of the periodic movements, we
took for this again one of the faithfully recorded ancient observations, accord-

ing to which it is clear that in the year 82 of the Chaldeans, Xanthicus 5, in

the evening, Saturn was 2 digits below the Virgin's southern shoulder. This

date is the year 519 of Nabonassar, Egyptianwise Tybi 14 in the evening, at

which time we find the mean sun 6° 10' within the Fishes. But the fixed star

of the Virgin's northern shoulder at the time of our observation was 133^°

within the Virgin. At the time of the given observation, since very nearly

S%° of the fixed star's movement correspond to the intervening 366 years, it

was clearly 93^° within the Virgin; and also Saturn, since it was south of the

fixed star by 2 digits. Likewise, since its apogee v/as shown in our time to be
nearly 23° within the Scorpion, at that time it must have been 19^° Avithin

the Scorpion. By means of these things it is concluded that at the given time
the apparent star was 290° 10' along the ecliptic from the apogee at that time,

and the mean sun was 106°50' from the same apogee.

With these things supposed, again let there be set out the drawing for a
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similar proof, having the epi-

cycle's position west of the ec-

centric's apogee and the sun's

west of the perigee and parallel

to it the line from the epicycle's

centre to the star.

Now, since Saturn appeared
west of the apogee by the 69°50'

failing one complete circle, there-

fore, being at the ecliptic's centre,

angle AEH = m°50'

= 139°40'to2rt.
But also the angle AEL of the

solar distance is assumed to be
106°50' or 213°40' to 2 right

angles' 360°. And therefore, by
addition,

angle HEL or angle BHE= S53°20' to 2 rt.

because BH is parallel to EL, And by subtraction

angle BHN = 6°40' to 2 rt.

And so also, on the circle about right triangle BHN,
arc5iV= 6°40',

and

where

And therefore

where

Likewise, since

and

chord Bi\^ = 6P58'

hypt. 5i7 = 120P.

J5i\r= 0P23'

epic. rad. B^ = 6p30'.

angle ^^J7 = 139°40' to 2 rt.

angle EDM = 40°20' to 2 rt.

therefore also, on the circle about right triangle DEM,
arci)M = 139°40',

and

where

And therefore

where

and

and, by addition,

where

chord Dilf =112^39'

hypt. Z)J5;=120P.

DM=XN= Zn2'

1. betw. c. Z)£^= 3p25'

ecc. rad. 5D = 60p;

5iVX = 3p35'

hypt. BZ) = 60P.
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BX = 7nO'
And therefore

where
BD = 120^;

and, on the circle about right triangle BDX,
arc5X = 6°52'.

And so also

angleBi)X = 6°52'to2rt.,

and as its complement
angle BDM = 17S°S' to 2 rt.,

and likewise by addition

angle BDE = 213°28' to 2 rt.,

and as its supplement
angle BDA = 146°32' to 2 rt.

And so also, on the circle about right triangle DFKj
Sivc FK = UQ°S2'

and, as its supplement,

And therefore

where

And therefore
^

and likewise

where

and

and, by subtraction,

where

and therefore

And so also

where

Sire DK = 33°2S\

chord Fi^ = 114P55',

chord i)K = 34P33'

hypt.DF=120^.

FK=znr

1. betw. c. Z)F= 3p25'

ecc. rad. BD = QO^;

BK= 59n'

FK = 3nr,

hypt. J5F = 59P6'.

FK = Q^W

hypt. BF =120^;

and, on the circle about right triangle BFK,
arcF/v = 6°22'.

And therefore

angle FBK = 6°22' to 2 rt.

But
angle ADB = 146°32' to 2 rt.

And therefore, by addition, we shall have
angle AFB = 152%4.' to 2 rt.

= 76°2r,

the angle which embraces the regular longitudinal passage.

Therefore, at the time of the given observation, Saturn, according to its

mean longitudinal passage, was 283°33' from the apogee, or situated 2°53'
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within the Virgin. Since, moreover, the sun's mean passage is supposed 106^

50', if we add to this the 360° of one circle and from the resulting 466°50'

subtract the 283°33' in longitude, we shall have, for that same time, the

183°17' of anomaly from the epicycle's apogee.

At the time of the given observation, which was in the year 519 of Nabonas-
sar, Tybi 14 in the evening, Saturn was shown to be 183°17' from the epi-

cycle's apogee, and at the time of the third opposition, which was in the year

883 of Nabonassar, Mesore 24 at midday, it was 174°44'; therefore it is evident

that in the time between the two observations, which embraces 364 Egyptian
years and 219^^ days, Saturn has moved 351°27' above 351 complete circles

of anomaly. And again the surplus from the mean movements worked out by
us comes to very nearly this much. For the daily mean movement was es-

tablished by dividing the total number of degrees resulting from the number
of circles and the surplus by the total number of days of the time.

8. On the Epoch of Saturn's Periodic Movements

But since also the time from the year 1 of Nabonassar, Thoth 1, at midday
to the given ancient observation is 518 Egyptian years and 1333^ days, and
since this amount of time embraces surpluses of 216°9' in longitude and 149° 15'

in anomaly, if we subtract these from the given positions at the observations,

we shall have, again for this time of the epoch, Saturn's mean longitudinal

position 26°44' within the Goat, its anomahstic position 34°2' from the epi-

cycle's apogee, and therefore the apogee of its eccentricity about 14° 10' within

the Scorpion. Which it was required to find.

9. How THE True Passages are Gotten Geometrically from
the Periodic Movements

By means of the same things it will be clear to us that conversely, if the peri-

odic arcs of the eccentric embracing the regular movement and of the epicycle

are given, then also the stars' apparent passages are easily obtained by geome-

try.

For if, in the simple drawing of the eccentric and epicycle, we join FBH and

EBG, then, given the mean longi-

tudinal passage (that is, angle AFB) a

angle AEB, and angle EBF or angle

GBH are also given according to

both hypotheses, from things al-

ready shown. Furthermore, the ratio

of the straight line BE to the epicy-

cle's radius is given.

Let the star be supposed, for in-

stance, at point K on the epicycle,

and EK and BK be joined. And let

arc HK be given. Now, if we no lon-

ger (as in the converse proof) draw

a straight line from the epicycle's

centre B perpendicular to EK but

rather from the star at K perpendic-

ular to EB (as here KL) then the
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whole angle GBK is given, and therefore also the ratio of KL and LB to BK and

EB; and, accordingly, the ratio of the whole EBL to LK. And so also, given the

angle LEK, we get the angle AEK containing the star's apparent distance from

the apogee.

10. Treatment of the Construction of Tables for the Anomalies

Yet in order that we may not always calculate the apparent passages geo-

metrically (although this way alone accurately obtains what is required, but is

too difficult for ease in researches), we have constructed tables as convenient

and as nearly accurate as possible, for each of the five stars, and containing their

particular anomalies combined in such a way that, when the periodic movements
from the proper apogees are given, w^e may readily calculate from them the ap-

parent passages for any time.

Each of these tables we have arranged again in 45 rows, for symmetry's sake,

and in 8 columns. Of these columns, the first two contain the numbers of the

mean passages, as in the case of the sun and the moon, with the 180° from the

apogee arranged downwards in the first and the remaining 180° of the semicircle

arranged upwards in the second, so that the number 180 has been put in the last

row in both, and their increase for the first 15 rows downwards is by intervals of

6° and for the remaining 30 under them by intervals of 3°. For the differences of

the sections of anomaly with respect to each other are less appreciable at the

apogees, but they change more rapidly at the perigees.

Of the next two columns, the third contains the addition-subtractions result-

ing for the corresponding number of mean longitudinal passage through the

greatest eccentricity, yet taken simply as if the epicycle's centre were borne on
the eccentric embracing the regular movement. The fourth column contains the

differences of the addition-subtractions resulting from the fact that the epicy-

cle's centre is not borne on that circle but on another. And the way in which
each of these two is obtained geometrically, at the same time and separately, can
be readily understood through the many theorems already propounded by us.

It w^as fitting that at this point in this treatise such an analysis of the zodiacal

anomaly be displayed and therefore set forth in two columns ; but, for actual use,

one column combined from the addition-subtraction of them both would suffice.

Of the next three columns, each contains the addition-subtractions due to the

epicycle, again taken simply, with the apogees and perigees considered relative

to the distance from our eye. For the method of this kind of proof can be easily

understood by us with the help of theorems already set out. The middle one of

these three columns, or the sixth from the first, contains the addition-subtrac-

tions calculated according to the ratios of the mean distances. But the fifth con-

tains, for the same sections, the differences of the addition-subtractions at the
greatest distance with respect to those at the mean; and the seventh contains

the differences of the addition-subtractions at the least distance with respect to

those at the mean.
For we have shown that, where the epicycle's radius is 6p30' in the case of

Saturn (for it would be well finally to begin from the top down), 11p30' for Jupi-

ter, 39p30' for Mars, 43p10' for Venus, and 22p30' for Mercury, there the mean
distance of all is 60p—that is, the distance considered with respect to the radius
of the eccentric bearing the epicycle; and the greatest distance with respect to

the ecliptic's centre is for Saturn 63p25', for Jupiter 62p45', for Mars 66p, for
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Venus 61P15', and for Mercury 69p; and likewise the least distance is for Saturn
56P35', for Jupiter 57p15', for Mars 54^, for Venus 58p45', and for Mercury
55P34'.

We have arranged the eighth and last column for obtaining the corresponding
parts of the difference, set out when the stars' epicycles are neither at the mean,
greatest, or least distances, but in the passages between. We have arranged the
calculation of this correction for each distance between, only with respect to the
greatest addition-subtractions at the tangents from our eye to the epicycle,

since there is no appreciable deviation in the proportion of the differences for the
other sections of the epicycle relative to those for the greatest addition-sub-
tractions.

To make what is here said still clearer, and to have the method of proportions
stand out in evidence, let there be laid out the

straight line ABCD through the centres of the eclip-

tic and of the eccentric embracing the regular move-
ment of the epicycle. Let C be supposed the ecliptic's

centre, and B the centre of the epicycle's regular

movement. With BEF produced, let the epicycle FG
be drawn about centre E; and let straight line CG be
drawn from C tangent to it, letting CE and the per-

pendicular EG be joined. For an example, let the epi-

cycle's centre for each of the five stars be supposed
30° in regular movement from the apogee of eccen-

tricity.

Now (not to draw out the calculations by proving

the same things again) it was shown by many theo-

rems preceding this, both for the hypothesis of Mer-
cury and the rest, that, when angle ABE is given, the ratio of CE to the epicy-

cle's radius or GE is also given; and, when angle ABE is assumed to be 30°, by
calculations for each case, the ratio becomes 63^2' to 6^30' for Saturn, 62p26' to
11P30' for Jupiter, 65p24' to 39p30' for Mars, 61p26' to 43p10' for Venus, and
66p35' to 22p30' for Mercury. Therefore we shall have angle ECG which contains

the greatest addition-subtraction due to the epicycle at that time: 5°553/2' for

Saturn, 10°363^' for Jupiter, 37°9' for Mars, 44°56K' for Venus, and 19°45' for

Mercury.

According to the ratios just expounded, the greatest addition-subtractions at

the mean distances, become 6°13', irs\ 41°10', 46°, and 22°2', in the order of

the stars just given, to avoid repetition. At the greatest distances they become
5°53', 10°34', 36°45', 44°48', and 19°2^ and at least distances they become 6°36',

11°35', 47°1', 47°17', and 23°53'. Those at the greatest distances hence differ

from those at the mean by 0°20', 0°29', 4°25', 1°12', and 3°; and those at the

least differ from them by 0°23', 0°32', 5°5V, 1°17', and 1°51'.

Now, the addition-subtractions of the distances sought are less than those of

the mean distances and differ from them by 0°17H', 0°26J^', 4°!', l°3W, and
2° 17'. These are, for Saturn, 52 and 30' sixtieths of the given whole differences

between those at the mean distances and those at the greatest; for Jupiter, 54

and 50' sixtieths; for Mars, 54 and 34'; for Venus 52 and 55'; and for Mercury,

45 and 40'. And therefore in the eighth colimin in each table we have placed just

that number of sixtieths in the row containing the number 30 of periodic longi-
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tude. And in the case of distances having addition-subtractions greater than

those at the mean distances, we hkewise analysed their differences into sixtieths

again, but relative to whole differences with those at the least distances and no
longer with those at the greatest. In the same way we calculated, for the other

positions at intervals of 6° mean longitude, the resulting sixtieths of the whole

differences, and we put them beside the proper numbers. For, as we said, the

proportion of the differences is sensibly the same, even if the passages of the,

stars are not at the epicycle's greatest addition-subtractions, but at other parts of

it. And here is the exposition presented in the following five tables [pp. 386-390].

12. On Calculating the Longitudes of the Five Planets

Now, whenever we wish to know the apparent passages of each of the stars,

from their periodic movements in longitude and anomaly, by means of the

foregoing tables, we shall make the calculation, one and the same for the five

stars, in this way:
Calculating, from the tables of mean movement, the regular positions of

longitude and anomaly above whole circles produced in the time required, we
first carry the degrees from the eccentric's apogee at that time to the mean
longitudinal passage, to the table of anomaly proper to the star. If the longi-

tudinal number set out is in the first column, we subtract from the degrees of

longitude the quantities in the third column of the truly determined longitude

corresponding to the number, along with the addition-subtraction of sixtieths

in the fourth column; and we add them to the degrees of anomaly. But if the

longitudinal number is in the second column, we add them to the longitudinal

and subtract them from the anomalistic, so that we may have both passages

truly determined.

Then we carry the number of degrees from the anomaly's apogee, analysed

out, again to the first two tables, and we record the corresponding addition-

subtraction of the mean distance in the sixth column. Likewise carrying the

original number of regular longitude, brought over, to the same numbers, if

it is in the first rows more apogee than that of the mean distance (which be-

comes clear from the sixtieths in the eighth column), then, whatever number
of sixtieths in the eighth column correspond to it, we take just that many of

the difference, corresponding to the recorded mean addition-subtraction, in

the fifth column of the greatest distance, and we subtract the result from what
we recorded. But if the number of the aforesaid longitude is in the lower rows
more perigee than that at the mean distance, then likewise, whatever number
of sixtieths correspond to it in the eighth column, we take just that many of

the difference, corresponding to the recorded mean addition-subtraction, in

the seventh column of the least distance, and we add the results to what we
recorded.

The total number of degrees of the addition-subtraction so determined we
add to the degrees of longitude, truly determined, if the truly determined
anomalistic number is in the first column; and Ave subtract them from the

longitudinal degrees, if it is in the second column. And counting the resulting

tiumber of degrees from the star's apogee at that time, we come to its ap-

parent passage.
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11. Tables for the Anomalies

SATURN, Apogee, 14°10' within the Scorpion

1
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11. Tables for the Anomalies
JUPITER, Apogee, 2°9' within the Virgin

1
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11. Tables for the Anomalies

MARS, Apogee, 16°40' within the Crab

1
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11. Tables for the Anomalies
VENUS, Apogee, 16°10' within the Bull

1
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11. Tables for the Anomalies
MERCURY, Apogee, mO' within the Balance

1



BOOK TWELVE

1. On the Preliminaries to the Regressions

Now that these things have been demonstrated, it would follow that the

greatest and least regressions for each of the five planets be examined and that,

from the given hypotheses, their sizes be shown as much in accord as possible

with those gotten from observations.

For the understanding of this, the other mathematicians and Apollonius of

Perga first demonstrate, as in the case of the one anomaly relative to the sun,

that if it is taken care of according to the epicyclic hypothesis (with the epi-

cycle making its longitudinal passage eastward about the circle concentric

with the ecliptic and with the star on the epicycle making its anomalistic

passage about its centre eastward from the apogee), and if a straight line is

drawn from our eye cutting the epicycle in such a way that the half of its

segment intercepted within the epicycle has to the straight line from our eye

to its intersection at the epicycle's perigee the ratio which the speed of the

epicycle has to the speed of the star, then the point produced by the straight

line so drawn on the epicycle's perigeal arc divides the progressions and re-

gressions so that the star at the point itself makes the appearance of a station.

If the anomaly relative to the sun is taken care of by the hypothesis of ec-

centricity (this can be done only in the case of the three stars capable of any
elongation from the sun), with the eccentric's centre carried eastward about
the ecliptic's centre at a speed equal to the sun's and with the star moving on
the eccentric about its centre westward at a speed equal to the anomalistic

passage, and if a straight line is drawn to the eccentric circle through the

ecliptic's centre (that is, through our eye), in such a way that one-half of the

whole line has to the lesser of the segments produced by our eye the ratio

which the eccentric's speed has to the star's speed, then the star at the point

at which the straight line cuts the eccentric's perigeal arc will make the aj>-

pearance of stations.

Editorial Note. This second theory for the three planets capable of any elongation from
the sun is not mentioned anywhere else in the Almagest. It is of greater importance
than it might at first seem. For it is almost equivalent to the conversion theorem by
which one passes from the Ptolemaic theory to the Copernican theory of the outer

planets. The ratio of the radius of the circle the eccentric's centre moves on to the
eccentric^s radius is the same as that of the epicycle's radius to the radius of the deferent

in the epicyclic theory. This is apparent from the theorem which follows in the text.

Since this equivalence is so important we shall proceed to give its proof, and then
show the immediate resemblance to the conversion theorem. We shall ignore the anomaly
of the equant and deferent in this.

Let us consider the epicyclic theory first. Suppose the planet first at A, and then at C.
Then angle AEB is the angle of longitude, and angle DBC the angle of anomaly. And
angle AEC is the angle of apparent distance between the two positions of the planet.

391
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Now

angle AEC = angle AEB = angle BEC
angle AEB = angle CBD — angle BCE

since

angle CBD = angle BCE + angle BEC.
Let us next consider the eccentric hypothesis. Let

K'E', the radius of the circle on which the eccentric's

centre moves, be equal to the epicycle's radius ; and

let A'K', the eccentric's radius, be equal to the de-

ferent's radius. Let the planet be first at A' and
then at C. Now,
according to the

hypothesis, angle

A'E'D' is equal to

the angle of the

mean sun's mo-
tion, angle C'B'D' is equal to the angle of anomaly,

and angle A'E'C is the angle of apparent distance.

^^*
angle A'E'C = angle

A'E'D' — angle B'C'E'.

And, since angle of mean sun's movement minus the

angle of anomaly is equal to the angle of longitude,

therefore

angle of longitude = angle A'E'D' — angle

C'E'B' — angle B'C'E'.

^®^^®
angle A'E'C = angle A'E'D' — angle CE'B'

= angle of longitude + angle C'B'D' — angle CE'B',

But because triangle E'B'C is congruent with triangleEBC in the epicycUc hypothesis,

therefore
^^^^^ q,^,^, ^ angle BCE,

aiid angle A'E'C = angle AEC,
because angle AEB represents the angle of longitude in the epicyclic hypothesis. Hence

the angle of apparent distance is the same in both hypotheses.

The step from this last hypothesis to the Copernican is fairly immediate. The centre

of the planet's eccentric moves eastward about the earth at the rate of the mean sun.

Suppose, then, that the earth moves about the centre of the planet's eccentric at the

same rate: nothing will be changed in the appearances. And then the centre of the

planet's eccentric would be the mean sun. Then suppose the planet to move about the

eccentric's centre at the rate of the longitudinal movement. We can now demonstrate

the equivalence of these last two hypotheses.

Thus suppose the earth first at E and the planet first at

A; then the earth at D moving about K at the rate of the

mean sun and the planet at C moving about K at the

mean longitudinal rate of the planet. Thus angle EKD is

the movement of the mean sun, angle AKC the longi-

tudinal movement of the planet, and angle ARC the ap-

parent distance between the two positions of the planet.

^^^
angle EKD — angle XKC = angle AKC,

But since angle EKD is the mean sun's movement and

angle AKC the longitudinal movement, and since the

sun's mean movement minus the anomalistic movement

is equal to the longitudinal, therefore angle XKC is the
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angle of anomaly. Hence angle CKD equals C'B'E' of the hypothesis of the stationary

earth, since in both cases these angles are 2 right angles minus the anomalistic angle.

Hence the two triangles CKD and C'B'E' are congruent and

g^^ angle CDK = angle C'E'B'.

angle ARC = angle AKC + angle DCK
= angle AKC + angle CKX — angle CDK

And, since angle AKC is the angle of longitude and angle CKX that of anomaly, there-

fore angle ARC = angle A'E'C
of the former hypothesis. And so in both hypotheses the apparent distances are the

same, and they are equivalent for saving the appearances.

The equant and deferent of the Ptolemaic hypothesis is taken care of in the Copernican

by making the planet's orbit eccentric to the mean sun and putting the planet on a small

epicycle. The proportions are given without explanation by Copernicus in Book V of

The Revolutions of the Celestial Spheres. Their equivalence will be explamed in Appendix
B to this book.

The passage from the Ptolemaic to Copernican hypothesis for Venus and Mercury is

immediately evident. Hence it is not too daring to say that this hypothesis of eccentricity

for the other planets indicates how the Greeks handled their heliocentric theories, no
different from the manner of Copernicus. It is not a vague statement Ptolemy is making
when he says in Book I of this treatise that the heliocentric theory is simpler for saving

astronomical appearances. R. C. T.

Nevertheless we also shall set out briefly and more carefully the required

point, using a common proof combined from both hypotheses for showing the

accord and similarity in their ratios.

Let there be the epicycle ABCD about centre E, and let AEC be its diameter
dra^vn to F, the ecliptic's centre or our eye. With arcs

CG and CH cut off equal on either side of the perigee C,

let FGB and FHD be dra^Mi from F through points G
and H. And let DG and BH be joined, cutting each other

at point K which will clearly fall on the diameter AC.
We say first that

AF :CF::AK: CK.
For let AD and DC be joined. And through C parallel

to AD let LCM be drawn, clearly at right angles to DC,
since angle ADC is also right. Now since

angle CDG = angle CDH,
therefore

CL = CM.
And therefore

But

and

AD :CL::AD: CM.

AD :CM::AF: CF,

AD :CL::AK: CK.
And therefore

AF:CF:: AK : CK.
Therefore, if we conceive the epicycle ABCD as the eccentric in the hypo-

thesis of eccentricity, the point K will be the ecliptic's centre and the diameter
AC will be divided by it in the same ratio of the epicyclic hypothesis, since

we showed that, for the epicycle, whatever ratio the greatest distance AF has
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to the least distance CF, that ratio, for the eccentric, the greatest distance AK
has to the least distance CK.
And we say that also

DF :FH::BK: HK.
For in a similar drawing let there be joined the straight line BND clearly at

right angles to diameter AC; and from H let HX be a

drawn parallel to it.

Since, then,

BN=DN,
therefore

But

and

BN :HX::DN: HX.

DN:HX::DF: FH,

BN :HX::BK: HK.
And therefore

DFiFH ::BK: HK.
And componendo

DF+FH :FH::BH: HK,
and dividendo, with the perpendiculars EO and EP
drawn,

FO.FH: : HP : HK.
And further, separando,

HO:FH::KP: HK.
If therefore, in the epicyclic hypothesis, DF has been so drawn that

HO : FH : : epicycle's speed : star's speed,

then, in the hypothesis of eccentricity, KP will have to HK the same ratio.

And the reason for not having used here, for the stations, the separated ratio

(that is, the ratio of KP to HK) but the unseparated ratio (that is, the ratio of

HP to HK) is that the epicycle's speed has to the star's speed the ratio which
the longitudinal passage alone has to the anomalistic; but the eccentric's speed

has to the star's the ratio which the sun's mean passage (that is, the star's longi-

tudinal and anomalistic passages combined) has to the anomalistic. And so, for

example, in the case of Mars, the ratio of the epicycle's speed to the star's speed

is very nearly 42 to 37. For we demonstrated the ratio of the longitudinal pas-

sage to the anomalistic to be very nearly that. And, therefore, HO to FH is in

that ratio. But the eccentric's speed to

the star's speed is that of the sum 79 to

37 (that is, of the combined HP to HK)
since the separated ratio of KP to HK
was the same as the ratio of HO to FH
that is, as the ratio of 42 to 37.

Let us consider the things up to this

point as preliminary theorems. It is left

to show that, when the straight lines

taken in either hypothesis are divided in

this ratio, then the points G and H will

embrace the appearances of stations, and

the arc GCH is necessarily regressive and

the rest progressive. And Apollonius first
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takes this little lemma that, if, in the triangle ABC having BC greater than AC,

CD is cut off not less than AC, then

CD : BD >angle : ABC angle BCA.
And he proves it in this way. For, he says, let the parallelogram ADCE be

completed, and let AB and CE produced meet at point F. Since AE \^ not less

than AC, the circle drawn about centre A and with radius AE will pass either

through C or beyond C. Then let the circle GEC be drawn through C.

And since
, . t.„ , ^^

trgl. AEFy^QQt. AEG,
and

therefore

But

and

therefore

But

trgl. AEC<sect. AEC,

trgl. AEF : trgl. AJ57C>sect. AEG : sect. AEC.

sect. AEG : sect. AEC : : angle EAF : angle EAC,^

trgl. AEF : trgl. AEC : : base ^F : base CE;

EF : C£7>angle EAF : angle ^AC.

and

Therefore

EF:CE::CD: BD,

angle £^AF = angle ^5C,
angle jEJAC= angle ACB.

CD : J5D >angle ABC : angle ACB.
And it is evident that the ratio will be much

greater if CD or AE is not supposed equal to AC,
but greater.

Now, with this first understood, let there be the

epicycle ABCD about centre E and diameter AEC.
And let the diameter be extended to point F our eye

in such a way that

CE : CF>epicycle^s speed : star's speed.

Therefore it is possible to draw through straight line

FGB in such a way that

half BG : FG : : epicycle's speed : star's speed.

^

If, because of things already proved, we take arc AD
equal to arc AB and join DHG, then point H in the

hypothesis of eccentricity will be conceived as our

eye and
half DG : HG : : eccentric's speed : star's speed.

Then we say that the star at point G, in either hy-

pothesis, will effect the appearance of a station; and,

whatever arc we take on either side of G, we shall find

the arc taken towards the apogee progressive and
that towards the perigee regressive.

For first let there be cut off an arc at random KG
iPor BG takes on every magnitude between CA and nothing, and FG increases from FC

to the length of the tangent from F to the epicycle. Therefore the ratio of half BG to FG can

be any ratio less than CE to CF. This can be proved on Euclidean principles similar to, and
yet different from, those of Dedekind.
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towards the apogee. And let FKL and KHM be drawn through; and let BK
and DK, and also EK and EG, be joined. Since, then, in triangle BKF,

BG>BK,
therefore

And so also

BG : i^G>angle GFK : angle GBK.

half BG : FG>Sing\e GFK : 2 angle GBK,
>angle GFK : angle GEK.

half BG : FG : : epicycle's speed : star's speed;

But

therefore

angle GFK : angle (r£'K< epicycle's speed : star's speed.

Therefore the angle, having to angle GEK the same ratio as the epicycle's speed

to the star's speed, is greater than angle GFK. Then let it be angle GFN.
Since, then, while the star moves through the epicycle's arc KG, the epicycle's

centre has made a passage in the contrary direction equal to the distance from
FG to FN, it is evident that in the same time the epicycle's arc KG has carried

the star westward through an angle at our eye GFK less than that through
which the epicycle has moved it eastward—that is, angle GFN. And so the star

has progressed through angle KFN.
Likewise also, if we reason it out with the eccentric circle, since

BG : FG>SiJig\e GFK : angle GBK,
therefore componendo

BF : FG>angle BKL : angle GBK.
But

and

BF:FG::DH:GH,

angle BKL = angle DKM,^
angle GBK = angle GDK.

Therefore

DH : GH >angle DKM : angle GDK.
And so also componendo

DG : GH >angle GHK : angle GDK;
and therefore dividendo

half DG : Gi7>angle GHK : 2 angle GDK,
>angle GHK : angle GEK.

But
half DG : GH : : eccentric's speed : star's speed;

therefore

angle GHK : angle GEK <eGcentric*s speed : star's speed.

Therefore the angle, having to angle GEK the same ratio as the eccentric's speed

to the star's speed, is greater than angle GHK. Then again let it be angle GHN.
Since, then, in the same time, the star itself describing arc GK has traveled

westward angle GEK, and is carried eastward by the eccentric's movement
through angle GHN which is greater than angle GHK, it is evident that the

star will thus appear to progress through KHN.
^For arc LB is equal to arc DM, since, in the eccentric theory, the star moves on the ec-

centric according to the anomahstic speed—that is, as the star moves on the epicycle in the

epicyclic theory.
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It can be seen at once that by the same means the contrary will also be

shown, if in the same drawing we suppose

half KL : FK : : epicycle's speed : star's speed,

so that

half KM : HK : : eccentric's speed : star's speed,

if we conceive arc GK as having been cut off in the

direction of the perigee from straight line FL. For,

with LG joined and producing triangle LFG in which

FK is cut off greater than FG,

KL : FX<angle GFK : angle GLK.
And so also = i>^

half KL : FK<angle GFK : 2 angle GLK
<angle GFK : angle GEK,

conversely to what was shown before. By the same
means the contrary can be concluded that

angle GEK : angle GFA'< star's speed :

epicycle's speed,

and
angle GEK : angle Gi7i^< star's speed :

eccentric's speed.

Ajid so, since an angle greater than angle GEK would
have the same ratio, therefore the regressive shift

would turn out greater than the progressive.

For those distances where CE does not have to CF
a ratio greater than the ratio of the epicycle's speed to the star's speed, it is

evident that it will not be possible to draw another line through in the same
ratio, nor will the star appear to pause or to regress. For since, in triangle

EKF, the straight hne CE is not cut off less than EK, therefore

angle CFK : angle CEK<CE : CF.

But
CE : CiP>epicycle's speed : star's speed;

therefore

angle CFK : angle C^i^<epicycle's

speed : star's speed.

And so, since we have shown the star to

progress wherever this happens, we shall

find no arc of the epicycle and eccentric

for which it will appear to regress.

2. Demonstration of Saturn's
Regressions

With these things so, we shall finally

set out the calculation of the regressions

for each of the stars in accordance with

the hypotheses already demonstrated, be-

ginning with Saturn in this way.

Let the circle bearing the epicycle's

centre be the circle AB about diameter

ACB, on which let the ecliptic's centre
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or our eye be supposed. And with the epicycle DEFG drawn about centre A,
let the straight line CFE be dra\vn through in such a way that, if AH is drawn
perpendicular to it, then

half EF or FH :CF : : epicycle's speed : star's speed.

And first let the epicycle be supposed in the position of the mean distance so

that the periodic movements of longitude and anomaly are very nearly the

same as those considered with respect to the ecliptic's centre.

Now since, in the case of Saturn, we showed
epic. rad. AZ) = 63^p

where the mean distance AC equals 60^,

so that, by addition,

Ci) = 66^30',

and, by subtraction,

CG= 53^30',

and
rect. CD, CG= 3,557^45',

and
rect. CD, CG = rect. CE, CF,

therefore we shall also have
rect. CE, CF = 3,557^45'.

Again, since, according to the mean passages,

star's speed or 0^= 28^25' 46"

where
epicycle's speed or FH = 1p,

so that, by addition,

C£?= 30p25'46''

and
rect. CE, CF = 865^5^32",

therefore, if we apply [divide] 3,557p45' to [by] 865p5'32", take the square

root 2pr40'' of the 4p6'45'' resulting from the application, and multiply it

by the number 1p of FH and the number 28p25'46" of CF, then we shall have
FH = 2n'AQ"

and
CF= 57p38'55"

where
rect. CE, CF= 3,557p45'.

Then, since with AF joined,

FH =2n'W
where

but

where
AF=120p,

therefore also, on the circle about right triangle AFH,
arcFi/ = 36°2n5'',

and

i4F = 6p30',

F// = 37p26'9"

angle FA^ = 36°2ri5" to 2 rt.

m8°10'38".



THE ALMAGEST, XII 399

Again, since by addition

CF^ = 59P40'35''

where
hypt. CG^=60P,

and
CF^ = 119P2nO^

where
hypt. CGA = 120P,

therefore also, on the circle about right triangle ACHy
angle CA^= 168°5'39'' to 2 rt.

= 84°2'50".

And therefore we shall also have, by subtraction, from a right angle,

angle ACi/ = 5°5ri0'',

and, by subtraction of angle FAH,
angle FAG = 65°52'12".

Since, then, at the first station, the star appears along CF and, at the acron-

ychal opposition, along CG, it is clear that, if the epicycle's centre were not

movmg eastward, the 65°52'12" of arc FG would embrace the 5°57'10'' of

angle ACF in regression. But since, according to the given ratio of the epi-

cycle's speed to the star's speed, very nearly 2° 19' of longitude corresponds to

the required 65°52'12" of anomaly, from one of the stations to the opposition

we shall thus have by subtraction 3°38'10" and the 69 days in which the star

moves very nearly 2° 19' of periodic longitude; and we shall have the whole

regression of 7°16'20'' and 138 days.

And next we shall examine with the same means the quantities about the

greatest distance ; that is, when the acronychal opposition midway the stations

puts the epicycle's centre at the eccentric's apogee and when each of the stations

is clearly at a distance somewhere near the 2° 19' demonstrated for the mean
distance, from the opposition or the apogee of the longitude truly determined.^

At this position the straight line AC oi the distance for that time is taken as in-

distinguishable from the greatest, because of theorems already given by us ; and
an addition-subtraction of very nearly 0°6'30" is taken as corresponding to 1°

of longitude. And so the longitude truly determined to the anomaly truly de-

termined—that is, the epicycle's apparent speed at that time to the star's ap-

parent speeds is in the ratio of 0°53'30" to 28°32'16".

Now, with the same drawing set out, since, being no different from the great-

est distance,

AC = 63^25'

^To find the longitude truly determined—that is, the change of the epicycle's centre for a
particular part of the ecUptic—Ptolemy here uses the same method as for the moon in Book
VI, Chap. 4. Going to the Tables of Anomaly in Book XI, we find that for the first 6° in mean
longitude there is, in the third column, an addition-subtraction of 0°37' due to the epicycle's cen-

tre being moved regularly with respect to an equant not concentric with the ecHptic. This addi-
tion-subtraction is taken as if the equant and deferent were the same. But in the fourth
column we find an addition of 0°2' due to their not being the same. Hence there is a difference

of 0°39' for 6° of the mean longitude, or a difference of Q°^]4' for each 1° of mean longitude.

Therefore, while the epicycle's centre makes a mean movement of 1°, at this part of the
echptic it makes an apparent movement of only 0°53^'.

^The anomaly truly determined or star's apparent speed on the epicycle is the star's speed
taken over a certain distance relative to the epicycle's apparent apogee and perigee rather
than its regular apogee and perigee. In planetary theory, the apparent apogee is that defined
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where
ecc. rad. AZ) = 6p30';

and since for that reason, by addition,

CD = 69^55'

and, by subtraction,

CG= 56^55'

and
rect. CE, CF = rect. CD, CG

= 3,979P25'25";

and since

star's speed or CF = 28^32^16''

where it is supposed

epicycle's speed or /^^ = 0^53^30"

and, by addition,

C^ = 30P19'16"

and
rect. CE, CF = 865p17'50''

therefore, if again we apply [divide] 3,979p25'25'' to [by] 865p17'50", and if we
multiply the square root 2p8'40" of the 4^35^56'' resulting from the application

by the 0p53'30'' of straight line FH and the 28p32a6'' of CF each separately,

then we shall have
i^jy=lP54'44",

^C = 63^25',

CF=^invbr,
and, by addition,

Ci/= 63P6'36-

where

And therefore
AF^mO'.
FF = 35P18'9"

with respect to the ecHptic's centre or the earth; the regular apogee is that defined with

respect to the equant's centre.

If, now, we wish to get the star's speed from

a station preceding the perigee to an acronychal

opposition at the greatest distance, consider the

figure where E is the ecHptic's centre, D the

equant's centre, and F the apogee of eccentricity.

Furthermore, A is the epicycle's regular perigee

and B its apparent perigee. Now consider the

star moving on the epicycle toward A from the

side opposite B, while the epicycle's centre C
moves toward F. But as C moves towards F,

the apparent apogee B moves towards the regular

apogee A. Hence the star moves faster toward B
than it does toward A. But its regular anomalis-

tic movement is with respect to A, and therefore

we add the difference of angle ACB to the regular

anomalistic movement for the period of longitudi-

nal movement from C to F, or, as we found above

for Saturn, an average of 0°63/^' for each 1* of

mean longitude and for each 0°53H' oi longi-

tude truly determined.

About the least distance, the difference of ap-

parent anomaly is subtractive for the same
reasons.
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hypt.AF=120^;
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C^ = 119^25'! 1"

where

hypt. AC =120^.

And therefore, on the circle about right triangle AFH,
arci^^ = 34°13'4^;

and, on the circle about right triangle ACH,
arc Ci/ = 168°43'38".

And therefore

and

angle FA^

angle CAiy^

34°13'4" to 2 rt.

17°6'32";

168°43'38" to 2 rt.

= 84°2r49".

And so, by subtraction, we would have
angle AC/f = 5°38'll''

as the angle from one of the stations to the opposition, if the epicycle did not
lag behind the regression; and, by subtraction, we would have

angle FAG = 67n5'17''

as the apparent passage on the epicycle for that distance. Since to these angles,

according to the ratios of the speeds at the apogee, there corresponds 2°6'6" of

truly determined longitude, we shall have, by subtraction, half of the whole re-

gression as 3°32'5'' and 70J/^ days in which the star very nearly moves the peri-

odic 2°21'25'' corresponding to the 2°6'6" of truly determined longitude re-

quired; and we shall have the whole regression as 7°4'10" and 140^ days.

Again, through similar means and with the same drawing, we shall examine
the quantities about the least distance,

when the acronychal opposition midway
the stations is at the eccentric's perigee

and each of the stations is somewhere near
the given longitudinal distance from the
opposition or perigee. And AC, the dis-

tance at that time, is taken in this position

as not differing from the least distance,

and the addition-subtraction correspond-
ing to 1° of longitude is taken as very near-

ly 0°7'20''. And so here the epicycle's ap-
parent speed to the star's apparent speed
is in the ratio of r7'20" to 28°18'26", and
therefore

CF= 28P18'26"

where

F/f = lP7'20^

and by addition

C^ = 30P33'6''.

and
rect. C^,CF= 864P49'50'
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Now since also, not differing from the least distance, f.i?ii

- AC= 56p35'
where

epic. rad. AD = QpSO';

and therefore by addition

and by subtraction

CG= 50^5'

and
rect. CE, CF= rect. CD, CG

= 3,159p25'25'',

therefore, if in the same way we apply [divide] 3,159p25'25" to [by] 864p49'58"

and, taking the square root 1p54'42" of the 3p39'12" resulting from the applica-

tion, multiply by the 1p7'20" of the straight line FH and the 28p18'26" of CF,
each separately, then we shall have

FF= 2p8'43",

,, ,,.,. Ci^= 54P6'22",
and by addition

^-^

C/^ = 56P15'5''

where
epic. rad. AF = 6p30'

and, as the distance at that time,

And therefore
*lo /^Zf = 39P36'18"

where
hypt. /fF=120P;

l(fM. /ff

and
-

. ii .jitH^

C^=119P17'46" .',.;...

where
hypt. AC=120P.

And therefore, on the circle about right triangle AFH,
arcFi/ = 38°32'34";

and, on the circle about right triangle ACH,

, J ,
arc Ci/ = 167°34'54".

And so also

angle FAiy = 38°32'34'' to 2 rt.

= 19°16'17";

angle CAH = 167°34'54'' to 2 rt.

= 83°47'27".
\

~^? And therefore, by subtraction, we shall have
angle ^C^ = 6°12'33''

as the angle of regression, due to the star's speed, from one of the stations to

the opposition; and, by subtraction, we shall have
angle /^AG = 64°3riO" /

as the angle of the apparent passage on the epicycle at the same distance.

Since to this, according to the ratio of the speeds at the perigee, there cor-

responds the 2°33'28'' of the longitude truly determined, we shall have half

the whole regression of 3°39'5" and 68 days in which the star very nearly

makes a mean movement of 2° 16^45" corresponding to the given 2°33'28" of

the longitude truly determined; and we shall have the whole regression of

7°18'10'' and 136 days.
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3. Demonstration of Jupiter's Regressions

In the case of Jupiter, according to the calculations for the mean distance,

and
FH :CF ::1^ '. 10p51'29",

CEiCFi: 12p5r29" : 10P5r29",

and
rect. CE, CF=139p37'39";

and again

AC : AD : :
60P

:
11P30',

and
CDiCG:: 7m0' : 48^30',

and >'T"

rect. CD, CG = 3,4(j7H5\

And the square root 4P59'r' of the 24^
50'9'' resulting from the application, mul-

tiplied by the given ratio of FH and CF,
makes

FH = 4^59'1\

CF = 5^^Q%V,
'^'

and by addition > ^'

C/f = 59^5^45",

relative to the given quantities of AC and AF. ' fi

And therefore

FH = 52^0'10''

where

and

where

And

hypt. AF=120P;

C/f=118Pir30"

hypt. AC=120P.

arcF^ = 51°2r41",

arcCi/ = 160°4'55".

angle FAi/= 25°40'50'',

angle CA/f = 80°2'28".

erft Hf*

bftfi

In-'.

And accordingly also

• r)jnaoi.'''.-ii i utjbr', '• j ,

And, by subtraction,

angle WA=9°57'32"
as the angle of regression due to the star's speed; and

angle FAG = 54°2r38''

as the angle of the apparent anomaly. Since to this, according to the given ratio,

there corresponds 5°r24" of longitudinal passage, half of the regression is 4°56'8''

and very nearly 603^ days; and the whole regression is 9°52'16" and 121 days.

But the distance at an interval of 5° from the apogee and perigee is hardly

less than the greatest and hardly greater than the least.

According to the calculations near the greatest distance, the addition-

subtraction of trtie determination is found to be 0°5'6". And therefore

FH :CF:: 0p54'50"
: 10p56'39'',

and
CE : CF : : 12^^619" : 10^56^39",
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and

, ,
rect. C^, CF= 139P46'42''.

And agam
AC:AZ)::62p45':11p30',

and
CDiCG:: 74^15' : 51^15',

and
rect. CD, CG= 3,805p18'45".

And the square root 5p13'4" of the 27p13'26" resulting from the application,

multiplied by the given ratio of FH and CF, makes
FH = ^HQ'Q'\

CF = 57^Q'W,
and, by addition,

CF = 61P52'25",

relative to the given quantities of ^C and AF.
And therefore also I

Ffl'= 49P45'23"
i

where
'

f

and

where

and

And consequently

And, by subtraction,

hypt. ^F= 120P;

hypt. AC= 120P.

arcFF= 48°59'34",

arc Ci7 =160°49'36".

angle FA^ = 24°29'47^

angle C^^ = 80°24'48".

angle FCA = 9°35'12" naiiw

as the angle of regression due to the star's speed; and
angle i^AG = 55°55'l"

as the angle of apparent anomaly. Since to this, according to the apogeal

ratios, there corresponds 4°40'35''' of longitude truly determined and 5°6'35''

of periodic longitude, half of the regression is 4°54'37" and very nearly 613^
days, and the whole regression is 9°49'14'' and 123 days.

According to the calculations near the least distance, the addition-subtrac-

tion of true determination is found to be 0°5%'. And therefore

FH :CF:: 1^5'W : 10^45^49'',
and

CE '.CF:: 12p57'9"
: 10p45'49",

and

, ^ . rect. C^, CF=139p24'56^.
And agam

AC:AZ)::57p15':11p30',
and

CD:CG:: 68^45' : 45^45',

and
rect. CD, CG= 3,145p18'45".

And the square root 4p45'0" of the 22p33'39'' resulting from the application,

multiplied by the given ratio of FH and CF, makes
FH = 5ni'55'',

CF==bW3S\
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and, by addition,

C^ = 56P19'33^

relative to the given quantities of AC and AF.
And therefore also

F^ = 54P14'47"

hypt. AF =120^;

Ci7 =118p3'46"

hypt. AC =120^,

arcFi/ = 53°45'4'',

arc Ci7 =159°22'40''.

angle FA/^ = 26°52'32",

angle a4Zf = 79°4r20''.
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where

and

where

And

And consequently also

And, by subtraction,

angle i^CA = 10°18'40''

as the angle of regression due to the star's speed; and
angle FAG = 52°48'48''

as the angle of the apparent anomaly. Since to this, according to the ratios at

the perigee, there corresponds 5°21'20" of longitude truly determined and
4°54'20" of periodic longitude, half of the regression comes to 4°57'20'' and very
nearly 59 days; and the whole regression comes to 9°54'40" and 118 days.

4. Demonstration of Mars' Regressions

Again, in the case of Mars, according to the calculations for the mean distance

and

and

FH : CF : : IP : 0p52'51",

CE :CF :: 2p52'5r' : 0p52'51",

rect. CE, CF = 2^S2'15''.

And again

AC : AG : : 60^ : 39p30',

and
CD : CG : : 99^30' : 20p30',

and
rect. CD, CG= 2,039^45'.

And the square root 28p2r8" of the 803p
50'50'^ resulting from the application,

multiplied by the given ratio of FH and
CF, makes

F^ = 28p2r8",

CF = 24po8'25^,

and, by addition,

C^ = o3Pl9'33'',

relative to the given quantities of AC and
AF.
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And therefore also

where

and

where

And

And consequently also

And, by subtraction,

PTOLEMY

FH= SQ^S'0''

hypt. AF=120p;

C^=106p39'6''

hypt. AC =120^.

arc FH =9VWSV,
arc CH =125°2Q'10'\

angle FAi7 = 45°52'17'',

angle C^/f = 62°43'5".

buy

XliflsUi

angle FC^=27°16'55"
as the angle of regression due to the star's speed; and

angle i^AG=16°50'48"

as the angle of the anomaly. Since to this, according to the given ratio,

there corresponds 19°7'33" of longitudinal passage, half of the regression is

8°9'22" and very nearly 363^ days; and the whole regression is 16°18'44'' and

73 days.

But the distance, at the interval of the stations from the apogee and perigee,

is less than the greatest and greater than the least by very nearly 20 sixtieths.

And according to the calculations near the greatest distance, the addition-

subtraction of true determination is found to be 0°103^' in proportion to 1°. And
therefore

FH :CF::0H9'W :1^S'1V\

and

and

And again

and

and

)d) fli ,11.

CE'.CF :: 2p42'3r' : lP3'ir',

rect. CE,CF = 2^bV%\

AC:AG:\ 65^40' : 39^30',

CDiCG:: 105^10' : 26^10',

\
rect. CD, CG = 2,751^5VW\

And the square root 31p3'41'' of the 964p48'47'' resulting from the application,

multiplied by the given ratio of FH and CF, makes
F^ = 25P42'43",

CT= 32P42'34",

and, by addition,

CH = 58^25'17'\

relative to the given quantities of -4C and AF.
And therefore also

Fi/= 78P6'44"

where
hypt. AF =120^;



and

where

And

And consequently

THE ALMAGEST, XII

Cfl^=106P45'36"

hypt. AC=120P.

arcF/^= 81°13'8^

arcC^=125°39'46".
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f angle i^^/r = 40°36'34",

angle CA^ = 62°49'53''.

And, by subtraction,

angle /^CA=27°107''

as the angle of regression due to the star's speed ; and
angle FAG= 22°13'19''

as the angle of the apparent anomaly. Since to this, according to the apogee's

ratios, there corresponds 17°13'21" of longitude truly determined and 20°58'21''

of periodic longitude, half of the regression comes to 9°56'46'' and very nearly 40
days; and the whole regression comes to 19°53'32'' and 80 days.

According to the calculations near the least distance, the addition-subtrac-

tion of true determination is found to be 0°12?^'.

fii^gij biiA

FH :CF : :
1P12'40"

: 0p40'11",

C^ : CF : : 3P5'3r' :
0P40'11^

rect. CE, CF= 2H'U'\

AC: AG:: 54^20' : 39^30',

CD:CG:: 93^50' : 14^50',

And therefore

and\^ x^^
axvi

And again
^^

and

and !

rect. CD, CG=l,39lP51'40".
"'^

And the square root 25p55'38'' of the 672p12' resulting from the application,

multiplied by the ratio of FH and CF, makes
F^ = 31P24'3",

CT=17P2r51",
and by addition

C^ = 48p45'54", ."8cl4-S"')

relative to the given quantities of AC and AF. ^iiii //

And therefore

Fiy= 95P23'42"

where

hypt. AF =120^;
and

C^ =107^427''

where

hypt. AC=120P.
And

arcF^=105°18'10",
arcC^ = 127°40'22''.
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And consequently

PTOLEMY

angle /?'Aiy = 52°39'5^

angle CA^ = 63°5011^

And, by subtraction,

angle FCA=26°9'49"

as the angle of regression due to the star's speed; and
angle FAG= in I'G''

as the angle of the apparent anomaly. Since to this, according to the ratios

at the perigee, there corresponds 20°33'42'' of longitude truly determined

and 16°52'52'' of periodic longitude, half of the regression comes to 5°367"

and very nearly 323^ days; and the whole regression comes to 11°12'14'' and

64H days.

5. Demonstration of Venus' Regressions

Again, in the case of Venus, according to calculations near the mean distance,

FH :CF ::l^: 0P37'3r,

and
CE :CF :: 2p37'31" : 0p37'31",

and
rect. CE, CT = 1P38'30^.

And again

AC: AG:: 60^ : 43^10',

and
CD :CG:: 103^10' : 16^50',

and
rect. CD, CG =1J3Q^3S'20\

And the square root 32p31'29" of the

105p50'6" resulting from the appHcation,

multiplied by the given ratio of FH and

CF, makes
FH = 32^Sr29'\

CF = 20p20'11'',

and, by addition,

C^ = 52p5r40^
relative to the given quantities of AC and
AF.
And therefore also

F/f = 90^24^58'',

where

and

where

And

hypt. AF = 120p;

C^=105p43'20''

hypt. AC =120p.

arcF/^ = 97°47'0'',

arcCi^=123°31'49".

And consequently also bii.

angle FAiJ = 48°53'30",

angle CAF = 6r45'54''.
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And, by subtraction,

angle FCA= 28° 14'6"

as the angle of regression due to the star's speed; and
angle FAG =12°52'24"

as the angle of the anomaly. Since to this, according to the given mean ratio,

there corresponds 20°35'19'' of the longitudinal passage, half of the regression

comes to 7°38'47'' and very nearly 20+3^+J^ days; and the whole regression

comes to 15°17'34" and 413^ days.

And the distance at the interval of the stations from the apogee and perigee

is less than the greatest and greater than the least, by very nearly 5 sixtieths

of the mean distance.

According to the calculations near the greatest distance, the addition-

subtraction of true determination is found to be Q°2}/^' . And therefore

FH :CF :: 0^57^40''
:
0P39'5r',

CE'.CF ::2^So'lV' : 0p39'51",
and

rect. CE, CF =1H3'V.
And again

AC :AG:: 61^10' : 43^10',
and

CD :CG:: 104^20' : 18^0',

and
rect. CD, CG= 1,878^0'.

And the square root 33p3'53" of the 1,093p16'23'' resulting from the appHca-
tion, multiplied by the given ratio of FH and CF, makes

FH = SIH6'4:V,

CF= 21^57'SS'\

and, by addition,

C/f = 53P44'22",

relative to the given quantities of AC and AF.
And therefore also

Fi^ = 88^20^34''

where

and

where

And

And consequently

And, by subtraction,

angle FCA=28°3r46''

as the angle of regression due to the star's speed ; and
angle FA(?=14°3'47''

as the angle of the apparent anomaly. Since to this, according to the ratios at
the apogee, there corresponds 20°19'3" of longitude truly determined and 21°9'

hypt. AF=120P;

C/f = 105P25'44''

hypt. AC = 120P.

arcF/f = 94°48'54^

arcCF=122°56'27".

angle FAi/ = 47°24'27",

angle CAiy = 61°28'14''.
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3" of periodic longitude, half of the regression comes to 8°12'43'' and very nearly
213^ days; and the whole regression comes to 16°25'26'' and 43 days.

According to the calculations near the least distance, the addition-subtraction
of true determination is found to be 0°2i/^^

And therefore

FH :CF::lP2'20'' :0p35'11'',

and

and

And again

and

and

CE :CF :: 2p39'51"
: 0p35'11",

rect. CE, CF=1^SS'W\

AC :AD: : 58^50' : 43^10',

CDiCG:: 102p0'
: 15^40',

rect. CD, CG= 1,598^0'.

And the square root 3lP58'58''of the 1,022p547'' resulting from the application,
multiplied by the given ratio of FH and CF, makes

F^ = 33P13'36'',

CF=18P45'16",

and, by addition,

Ci7 = 5lP58'52^

relative to the supposed quantities oi AC and AF.

And therefore also

where

and

FF= 92p22'3'''

hypt.A^ = 120P;.-^j^^^,^^,p

noiiibbfi

nolenedi bo/
CH = 10Qn'2S''

where ctf>il

hypt. AC=120P.

And

//

arci^/f = 100°39'34^

arc CH = 124°8'22''. o.axiv/

angle FAH = 50°19'47", briA

angle <7A^ = 62°4'11".

And consequently

And, by subtraction,

angle FCA = 27°55'49'' x.^imu>

as the angle of regression due to the star's speed; and
angle FA (? = 11°44'24''

as the angle of the apparent anomaly. Since to this, according to the ratios at

the perigee, there corresponds 20°53'30" of longitude truly determined and
20°4'30'' of periodic longitude, half of the regression consequently comes to
7°2'19'' and very nearly 203^ days; and the whole regression comes to 14°4'38''''

and 40% days. ilyuvrr iO olj^n;. ofli aB
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6. Demonstration of Mercury's Regressions

And again, in the case of Mercury, according to the calculations near the

mean distance,

FH :CF::1^ : S^Q'S'',

and
CE:CF :: 5p9'8''

: 3p9'8",

and
rect. CE,CF=16n4'27'',

And again

AC :AG:: 60^ : 223^p,

and
CD'.CG: : 82^30' : 37^30',

and
rect. CACG = 3,093^45'.

And the square root 13p487'' of the 190p
29'31'' resulting from the application,

multiplied by the give ratio of FH and CF,
makes

FH=izns'i\
CF = 43^30^24",

and, by addition,

CF = 57P18'31^

relative to the supposed quantities of AC and AF.
And therefore also

F/f = 73P36'37"

where

and

where

And

And consequently

hypt. AF = 120P;

CF=114pSr2''

hypt. AC = 120P.

arcFf^ = 75°40'28",

arc Ci/ =145°32'52''.

angle FAi7 = 37°50'14",

angle CA/f= 72''46'26''.

1».'UJ

nA

And, by subtraction,

angle /^a4 = 17°13'34''

as the angle of regression due to the star's speed; and
angle FAG = 34°56'12"

as the angle of anomaly. Since to this, according to the given ratio, there corre-

sponds ll°4'o9" of longitudinal passage, half of the regression is left to be
6°8'35" and very nearly 1134 days; and the whole regression is left to be 12°17'

10" and 221^ days.

According to the calculations near the greatest distance, that is, when the

longitude truly determined is about 11° from the apogee (to which there corre-



CE :CF :: 5p6'48"
: 3^1 r28'',

rect. C£^,CiP= 16p19'2^

AC: AG:: 68^36' : 22^30',

CD:CG: : 91^6' : 46p6'.
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spends very nearly 113^° of regular longitude), the addition-subtraction of true
determination is found to be very nearly 0°2}^' in proportion to 1°. And there-

fore

FH :CF :: O^bTW : 3^1 r28'',

and

and

And again

and

and

rect. CD, C(? = 4,199p42'36''.

And the square root 16p2'35" of the 257^22^44'' resulting from the application,

multiplied by the given ratio of FH and CF, makes
FH = \b^2b'^'\

CF= 5lPir43",

and, by addition,

CH=m^m'br,
relative to the supposed quantities of AC and AF,
And therefore also

Fiy = 82Pl4'8''

where
hypt. AF=120p;

and
Ciy = 116p31'36''

where

hypt. AC = 120^.

And
arcFiy = 86°31'4^

arc Ci7 =152°27'56".

And consequently

angle FAT/ = 43°15'32",

angle CA/f = 76°13'58".

And, by subtraction,

angle FCA = 13°46'2"

as the angle of regression due to the star's speed; and
angle FAG = 32°52'26"

as the angle of apparent anomaly. And since to this, according to the ratios

at the apogee, there corresponds 9°48'51" of longitude truly determined, and
10°16'51" of periodic longitude, half of the regression is left to be 3°57'11"

and very nearly 103^ days; and the whole regression to be 7°54'22'' and 21 days.

According to the calculations near the least distances, which are at the

intervals of 120° in periodic longitude from the apogee, the addition-sub-

traction of true determination for the rate 11° either side of the perigees is

found to be very nearly (fiyi.'. And therefore

FH:CF:: l^rSO" : 3^7^38^,



AC: AG:: 55^42' : 22^30',

CD:CG:: 78^12' : 33^12',
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and
CE:CF :: 5^10^38''

:
3^7^38'',

and
rect. C^,CF= 16P11'25".

And again, very nearly,

and

and
rect. CD, CG = 2,59Qn4:'2V.

And the square root 12p39'48" of the 160p21'29'' resulting from the applica-

tion, multiplied by the given ratio of FH and CF separately, makes
FF = 12P58'47'',

FC= 39p36'4",

and by addition

C^= 52p34'51",

relative to the supposed quantities of ^C and AF.
And therefore also

F^ = 69P13'31"

where

and

where

And

And consequently

hypt. A/^=120P;

C/^ = 113P16'48"

hypt. AC =120^.

arcFiy = 70°27'44",

arcC^ = 141°28'14".

angle FA^ = 35°13'52^

angle CAi? = 70°447".

And, by subtraction,

angle FCA = 19°15'53"

as the angle of regression due to the star's speed ; and
angle FAG = 35°30'15"

as the angle of the apparent anomaly. Since to this, according to the given

ratios, there corresponds 11°39'30'' of longitude truly determined, and 11°

21'30'' of periodic longitude, half of the regression is left to be 7°36'23" and
very nearly llj^ days; and the whole regression to be 15°12'46" and 23 days.

The quantities which have been shown are in each case very nearly in ac-

cord with those taken from the appearances.

And we got the rates of longitudinal passage about the greatest and least

distances in this way: for example, in the case of those about the greatest

distance of Mars we showed the epicycle's apparent arc from one of the sta-

tions to the opposition (that is, the arc considered with respect to the eclip-

tic's centre) to be 22°13'19". The approximately 21°10' of periodic longitude

corresponding to these in the ratio of 1^ to lP3'ir', although they are not
exact because the speeds given at the stations do not remain unchanged
throughout the whole regressions, yet do not differ enough to make the cor-
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responding addition-subtraction differ appreciably from very nearly 3°45'.

And we subtracted these from the 22°13'19'' of the epicycle, since at the great-

est distances the apparent passages on the epicycle are greater than the peri-

odic, and we found the corresponding periodic passage of anomaly from one
of the stations to the opposition to be 18°28'19''. Since, by the ratio of the

mean movements, 20°58'21'' of periodic longitude correspond to them, we
used these as exact instead of the 21°10'. Subtracting from them the 3°45' of

addition-subtraction which remained almost the same here (for at the greatest

distances the apparent passages in longitude are less than the periodic) we
found the apparent passage in longitude for the given interval to be 17°13'21",

7. Construction OF A iABLE FOR THE Stations^ Iff,;- r,f„,

And again, in order that we may be able easily to see at what sections of

the epicycle each of the stars makes the appearance of stations for the dis-

tances between the mean distance and the greatest and least distances, we
arrange this table of 31 rows and 12 columns. The first two columns contain

the numbers of periodic longitude at intervals of 6° according to the develop-

ments of the other tables. And the ten columns following contain, for each
of the five stars, the intervals of anomaly truly determined from the epicycles'

apparent apogees—the first one in each case containing those of the first

stations and the second those of the second. We took the quantities of these

from what was demonstrated above for the mean, least, and greatest dis-

tances, and from those differences in the distances between which we have
already explained for the comparison by sixtieths in the eighth column of the

Tables of Anomalies, Book XI, chap. 11. The epicycles' distances, relative

to which the difference of the stations is most especially considered, are there

demonstrated for each passage of periodic longitude with the quantity of

greatest anomalistic difference.

Since the regressions shown about the apogees and perigees do not contain

the stations resulting when the epicycles' centres are at the apogees and peri-

gees but only when they are a certain distance away, for each star we first of

all got from these quantities the quantities corresponding to the apogees and
perigees in this way.

Now, in the case of Saturn and Jupiter—since the epicycles' distances at

the apogees and perigees differ hardly at all from those at the given intervals

from them—we placed, in the proper rows, the anomalistic numbers from the

epicycles' apparent apogees, obtained in these cases; that is, those of the

apogees in the rows containing the number 360, and those of the perigees in

the rows containing the number 180. In the case of Saturn the distance from
the epicycle's perigee, at the apogee of eccentricity, was shown to be very

nearly 67°15', and at the perigee 64°31'; in the case of Jupiter, the distance

at the apogee 55°55', and at the perigee 52°49'. For convenience we arranged

the numbers from the epicycles' apogees corresponding to these in the sub-

sequent four columns along the proper rows: along the row containing the

apogee's number of 360°, in the third column, the 112°45' of Saturn's first

station; in the fourth, the 247°15' of its second station; likewise, in the fifth,

the 124°5' of Jupiter's first station; and, in the sixth, the 235°55' of its second

station. And along the row containing the perigee's number of 180°, according

to the same order, 115°29' and 244°3r; and likewise 127°11' and 232°49'.
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In the case of Mars, we showed that, whenever the epicycle's centre is 20°58'

of periodic movement from the eccentric's apogee, the star makes its stations at

a distance of 22° 13' from the epicycle's apparent perigee. But the passage at the

mean distance contains 16°51', so that there is a difference of 5°22'. And where

the mean distance is 60^, the greatest is 66", and the difference relative to the

mean is 6p. But at the given angular distance from the apogee, it is 65p40', and
the difference relative to the mean 5^40'. Now, multiplying the 6^ by the 5°22',

and applying [dividing] the result to [by] the 5^40', we found the distance at the

apogee over the mean distance to be very nearly 5°41'. And so the angular dis-

tance from the epicycle's apparent perigee comes to 22°32', and the angular dis-

tance of the first station from the apogee comes to 157°28' which we place in the

seventh column in the row of 360° ; and of the second station to 202°32' which we
place in the eighth column in the same row.

Likewise, when the epicycle's centre is 16°53' in mean movement from the

perigee, the star makes its stations at a distance of 11°11' from the epicycle's

apparent perigee, so that the difference relative to the mean distance comes to
5°40'. But of the linear distances, the least is 54p according to the difference of

6p relative to the mean, and that of the given angular distance from the eccen-

tric's perigee 54p20'; and the difference relative to the mean 5^40'. Therefore we
shall have the whole difference at the perigee to be 6°, and the passage from the

epicycle's apparent perigee 10°51'; and the passage of the first station from the

apogee 169°9', and of the second, 190°51', which we place in the 180° row in the

proper columns.

In the case of Venus, we showed that, when the epicycle's centre is 21°9' in

periodic longitude from the apogee, the star makes its stations 14°4' from the

epicycle's apparent perigee. But the passage at the mean distance contains 12°

52', so that there is a difference of 1°12'. Where the mean distance is 60^, the

greatest is 61^15' and the difference relative to the mean 1p15'. But at the given

angular distance from the apogee, the distance is 61p10' and the difference rela-

tive to the mean IPIO'. And again, multiplying 1p15' by 1°12' and applying [di-

viding] the result to [by] IPIO', we found the difference at the apogee over the

mean distance to be 1°17'. And so the angular distance from the epicycle's ap-

parent perigee comes to 14°9', and the angular distance of the first station from
the apogee comes to 165°5r which we place in the ninth column in the row of

360°; and of the second station to 194°9', which we place in the tenth column
along the same row.

And Hkewise, when the epicycle is very nearly 20° according to regular longi-

tudinal passage from the eccentric's perigee, the star makes its stations at a dis-

tance of 11°44' from the epicycle's apparent perigee, so that the difference rela-

tive to the mean distance comes to 1°8'. Of the linear distances, the least is

58p45' where the mean is 60p, and the difference between them 1p15'; but that of

the given angular distance from the eccentric's perigee 58p50', and its difference

relative to the mean l^W. And nultiplying the IpIo' by the 1°8' and applying
[dividing] the result to [by] IpIO', we found the difference at the apogee over the

mean distance to be 1p13'. Therefore we found the passage from the epicycle's

apparent perigee to be 11°39', and the passage of the first station from the apo-
gee to be 168°21', and of the second station 191°39', which we place in the same
columns by the number 180°.

In the case of Mercury, we demonstrated that, when the epicycle is 10° 17' in
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periodic longitude from the eccentric's apogee, the star makes its stations 32°52'

from the epicycle's apparent perigee. But the passage at the mean distance con-

tains 34°56', so that there is a difference of 2°4'. Where the mean distance is 60^,

the greatest is 69^ and the difference between them 9p
; but at the given angular

distance from the apogee, it is 68p36' and the difference relative to the mean
8p36'. And in the same way as before, multiplying the 9^ b}^ 2°4' and applying
[dividing] the result to [by] 8p36', we found the difference at the apogee over the

mean distance to be very nearly 2p10'. And so the angular distance from the epi-

cycle's apparent perigee comes to 32°46', and the angular distance of the first

station from the apogee comes to 147° 14' which we place in the eleventh colunm
beside the number of 360°; and, of the second station, to 212°46', which we place

in the twelfth column along the same row.

And likew^ise, when the epicycle is 11°22' in periodic movement from the peri-

gee, then the star makes its stations 35°30' from the epicycle's apparent perigee

so that the difference relative to the mean distance is 0°34'. Of the linear dis-

tances, the least is 55p34' where the mean is 60p, and their difference is 4p26'; but

at the given angular distance from the eccentric's perigee is very nearly 55p42',

and the difference relative to the mean 4p18'. Again multiplying the 4p26' by
0°34' and applying [dividing] the result to [by] the 4p18', we found the difference

at the perigee relative to the mean to be 0p35'. Therefore we found the passage

from the epicycle's apparent perigee to be 35°31', and the perigee of the first

station from the apogee to be 144°29', and, of the second, 215°31', which we
place in the same columns; yet not beside the number 180° in longitude but be-

side 120° and 240°, since the perigees of Mercury's eccentricity have been dem-
onstrated to be at those places.

Now with these things first set forth, the differences of the intervening pass-

ages are established according to the same methods.

For, as an example, let it be required to find the corresponding positions of the

apparent anomaly for the first stations when the mean longitudinal passage is

30° from the apogee. In this position, where the mean distance is in every case

60p, the epicycle's distance is established, by means already formulated, to be
63p2' for Saturn, 62p26' for Jupiter, 65p24' for Mars, 61p6' for Venus, and 66p35'

for Mercury. And so, relative to the mean, the differences in each case are (in

the same order, to avoid repetition) 3p2', 2p26', 5p24', PO', and 6p35'. But the

differences between the mean and apogeal distances (for in every case the given

numbers of the distances are greater than the mean) are 3p25', 2p45', 6p0', PIS',

and 9p0'. Now, since the whole differences of the degrees of apparent anomaly at

the apogees, relative to the mean distances, come to 1°23', 1°33', 5°41', 1°17',

and 2° 10', in the same order, therefore, multiplying each of them by the differ-

ence between the distance at that time and the mean, proper to each star (for

example, 1°23' by 3p2'), and applying [dividing] the result to [by] the difference

of the greatest distance (for instance 3p25'), we shall have, for each case at the

given longitudinal passage, the excess of the degrees of anomaly over those for

the mean distance: 1°14', 1°22', 5°7', 1°8', and 1°35'. But, for the mean distances,

the intervals from the epicycle's apparent apogee are 114°8', 135°38', 163°9',

167°8', and 145°4'; and the intervals for the greatest distances are less than

these in all cases except Mercury where it is more. And so, for the other cases,

subtracting the differences found for the given distances from intervals at the

mean distances, but adding them in the case of Mercury, we shall have, corre-
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spending to 30° of periodic longitude in the columns of the first stations, the de-

grees of apparent anomaly from the epicycle's apogee: 112°54' for Saturn, 124°

16' for Jupiter, 158°2' for Mars, 166° for Venus, and 146°39' for Mercury. We
fill in the columns of the second stations immediately by placing the differences

between the numbers of the first stations and 360° in tlie same rows in the col-

umns of the second stations: in the case of the given longitude, 247°6', 235°44',

201°58', 194°0', and 213°21'.

It is easily understood that, even if we do not choose to set out the degrees of

anomaly considered with respect to the epicycle's apparent apogee, but, for

greater convenience, those not truly determined considered relative to the peri-

odic, we can immediately establish such a table by taking the total addition-
subtraction in the Tables of Anomaly corresponding to each number of periodic

longitude and subtracting it from the degrees of apparent anomaly found for

those up to 180° from the eccentric's apogee and adding it for those beyond 180°.

And here is the outlay of the table:
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9. Demonstration of Venus' and Mercury's Greatest
Elongations from the Sun

Now that we have arranged things having to do with the regressions, it

would be reasonable next to demonstrate for each dodecatemory the greatest

elongations from the sun of Venus and Mercury as established from the given

hypotheses. We have the expositions of these with respect to the sun's ap-

parent passage, with the stars at the beginnings of the dodecatemories, and
with their apogees in position with respect to the tropic and equinoctial points

for our times—that is, with Venus' 25° within the Bull and Mercury's 10°

within the Balance. There will be a change in the greatest elongations be-

cause of the movement of the apogees and this can be easily corrected by the

same methods as before; otherwise it will remain without any appreciable

difference for a long time. And that the manner of our methods may be easily

understood, it is necessary to show first, as an example, the greatest morning
and evening elongations of Venus when it is in the spring equinox and at the

beginning of the Ram.
Then let there be through the apogee of eccentricity A the straight line

ABODE. And on it let B be supposed the centre of

regular movement, C the centre of the eccentric bear-

ing the epicycle, and D the ecliptic's centre. And, with
the eccentric's radius CF drawn through, let the epi-

cycle GH be described about F; and let DH be drawn
tangent to its morning and western parts. And let BFG
and FH be joined; and let CK, CL, and BM be drawn
as perpendiculars.

Now, since DA is 25° within the Bull, and DH at the

beginning of the Ram, therefore

angle Ai)^ = 55°

= 110° to 2 rt. .i.u

and its complement
anglei)CK = 70° to2rt.

And so also, on the circle about right triangle CDK,
arc CK = 110°,

and
chord CK = ^Sn%'

where

And therefore

where

and

and, by subtraction,

where it is supposed

And therefore

hypt. C/) = 120p.

CK =HL = in'

CD=inb'

epic. rad. FH= ^Zn^'

FL = 42^9'

ecc. rad. CF= 60p.

c.r.,

^J3fb n

yrd ,9io"i9i9fii b/iA

9fi^ n
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FL = 84^18'

where
hypt. CF=120P;

and, on the circle about right triangle CFL,
arcFL = 89°16'.

And so also

angle FCL = 89°16' to 2 rt.

And
anglei)Ci^ = 70° to2rt.,

and angle LCK is right. Therefore, by addition,

angle FCZ) = 339°16' to 2 rt.,

and, by subtraction,

angle ^CF= 20°44' to 2 rt.

And so also, on the circle about right triangle BCM,
arc jBM = 20°44'

and as its supplement

And therefore

arcCM=159°16'.

chord 5M = 21^35',

chord CM = 118p2'

hypt. BC =120^.

BC=m5'

ecc. rad. CF= QO^,

BM=om\

hypt. BF = 58^46'.

BM = 0^27'

where

And so also, where

and

there also

and, by subtraction,

And therefore also

And therefore

where
BF= 120^;

and, on the circle about right triangle BFM,
arcBM = 0p26'.

And so also

angleBi^C = 0°26' to2rt.

But it was shown that

angleACF = 20°44' to2rt.

And therefore, by addition, as the angle of regular longitudinal passage,

angle.45F = 21°10' to2rt.
= 10°35'.

The sun's mean passage will therefore be 10°35' westward from the apogee A
and its position, of course, 14°25' within the Bull; while the true sun will be
15°14' within the Bull. And so the star, when it is at the beginning of the
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Ram, will have a greatest western elongation from the true sun of 45° 14'.

Again, let the following drawing be laid out: the tangent drawn to the

evening and eastern parts of the epicycle and
the star likewise supposed at the beginning of

the Ram.
By means of things already demonstrated

and with angle ADH remaining the same,

angleZ)CK = 70° to2rt.,

and
chord CK = LH = in'

where
ecc.TSid.CF = QO^

and
epic. rad. FH = i3nO'.

FL=unr,

FL = 88^22'

And so, by addition,

And it is clear that

where
hypt. CF = 120^;

and, on the circle about right triangle CFL,
arcFL = 94°51'.

And so also

angle FCL = M°5V to 2 rt.,

and as its complement
angleFCK = 85°9' to2rt.,

and, by addition,

angle FCi) = angle BCM =155°9' to 2 rt.

And therefore, on the circle about right triangle BCM^
arc5ilf = 155X

and as its supplement

And therefore

where

And so also, where

there also

and, by addition,

and therefore also

And therefore

where

arcCil/ = 24°51'.

chord 5ilf = 117^11',

chord Cilf = 25^49'

hypt. 5C= 120^.

BC=in5\

BM=im\

FM = 60nQ';

hypt. BF= dOn7\

BM = 2^25'

BF= 120^;
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and, on the circle about right triangle BFM, >w jfe-^lr-

. , , arcBM= 2°19'. rb ^nb
And so also

angle BFM =2°W to 2 rt.

And since it has been shown

therefore
^^^^^ ^^^ "" ^^^°^' ^^ ^ ^^''

angle BCF = 204°5r to 2 rt.

And therefore, by addition, as the angle of the regular longitudinal passage,

angle ABF = 207°10' to 2 rt.

= 103°35'. / r

The sun^s mean passage \vall therefore be 11°25' within the Water Bearer, and
its true passage 13°38'. And so the star, when likewise it is at tJie beginning of

the Ram, will have a greatest eastern elongation from the true sun of 46°22'.

And for Mercury, let it be supposed as an evening star at the beginning of the

Scorpion and as a morning star at the beginning of the Bull; because, with refer-

ence to the demonstrations of its heliacal risings on the ecliptic which will follow,

it is easier to find the star's greatest elongations from the true sun in these posi-

tions. Now, according to Mercury's hypothesis, when the star's apparent pass-

age is given, the mean longitudinal passage is not obtained, because the straight

line CF does not always remain the same with and equal to the eccentric's radius

as in the hypothesis of the others. But when the regular longitudinal passage is

given, the apparent is shown. Therefore, supposing there are two longitudinal

positions for each dodecatemory which can carry the star at the beginning of the

dodecatemory in question, and calculating the greatest elongations resulting in

the passages obtained, in this way we find the greatest elongation for the begin-

ning of the dodecatemory, as will be easily understood through the means set

forth. And this will be done first for the greatest east^ri^ elongation at the be-

ginning of the Scorpion.
'

'.

.'^''' .^' ' ^ "' ^".

For let there be the diameter ABCD thi-ough the apogee A. And on it let C be

supposed the ecliptic's centre and B the centre of the epicycle's

regular movement. First let the epicycle's centre be conceived

at the apogee itself, so that the sun's mean longitudinal passage

is 10° within the Balance, and its true one 8°. And with epicy-

cle FG described about A, let CG be drawn from C tangent to

it at the eastern parts; and let the perpendicular AG be joined.

Now, since it has been shown by means already formulated

that

epic. rad. A(t = 223^p rd

where, as the greatest distance,

AC = 69P, '^

therefore ;ai''0=UO
AG= 39^8'

where •

'^

hypt. AC=120P.
And so, on the circle about right triangle ACGy

arc AC(? = 38°4',

and
angleACG= 38°4'to2rt.

= 19°2'.

'j\')jj//

,r--»r-fii
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And ^C is 10° within the Balance. Therefore the star will be 29°2' within the

Balance when it is at its greatest elongation of 21°2' from the true sun.

Again, let the mean longitude be supposed 3° from the apogee so that the

mean sun is 13° within the Balance, and the true sun 11°4'. And
with BE continued through, let epicycle FG be described about

centre E. With CG drawn tangent in the same way, let EC and
EG be joined. Since, in this position (that is, when it is sup-

posed

angle^B£; = 3°)

it is shown by means already formulated that, as the angle of

difference of eccentricity,

angle ACE' = 2°52',

and, as the epicycle's distance at that time,

CE= 68^58'

where
epic. rad. EG= 22^^Q';

therefore

JB;G= 39p9'

where <

•

hypt. C^=120p.
^^.--A^' And so, on the circle about right triangle CEG,
\

I -^ \

arc£'G = 38°5',

and \J^-"^^
,J

angleJ5;CG = 38°5'to2rt.
= 19°3';

and therefore, by addition,

angle AC(? = 21°25'.

Therefore, when the star is 1°55' within the Scorpion, it will have a greatest

elongation from the true sun of 20°2r. But it was shown that, when it is 29°2'

within the Balance, it will have a greatest elongation of 21°2' from the true sun.

Since, then, the difference between the positions is 2°53', and the difference of

the greatest elongations 0°11' so that very nearly 0°4' correspond to the 0°58'

from the first position to the beginning of the Scorpion, we subtract these from

the 21°2' and thus have for the beginning of the Scorpion the greatest eastern

elongation from the true sun of 20°58'.

And next, for the greatest western elongation at the beginning of the Bull,

first let the mean longitudinal passage be 39° east of

the perigee so that the mean sun is 19° within the

Bull, and the true 19°38'. Let a similar drawing be

laid out with the epicycle in a position east of the

perigee and the tangent drawn to the western parts

of the epicycle.

Now sixice, at. this passage (that is, when it is sup-

posed .''SS eifi fnoi : o/Ii io '

, angle Z)5F= 39°) ^ 't

it is shown by means already formulated that.

angle Z)C^ = 40°57',

l^dia^ the distance at that time

sdi lo rjidfiinigo*) :»dl b^)2|n CjS = 55^59'
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epic. rad. EG = 22^30',

EG = 48n4'

hypt. Ci5;=120p;

and, on the circle about right triangle CEG,
arc^G = 47°24'.

And so also

angle^CG= 47°24'to2rt.
= 23°42',

and, by subtraction,

angle GCD = 17°15'.

And therefore when Mercury is 27° 15' within the Ram, it will have a greatest

western elongation from the true sun of 22°23'.

Again, let the mean longitude be supposed 42° from the perigee in the same
direction, so that the sun's mean position is 22° within

the Bull, and its true 22°31'.

Now since, for this same passage (that is, when it is

supposed
angle i)J5/^ = 42°)

it is shown that

angle Z)C^ = 44°4',

and, as the distance at that time,

C^ = 55^50'

where
epic. rad. £'G= 22^30';

therefore

EG= ^Sn9'

where
hypt. CE =120^;

and, on the circle about right triangle ECG,
SLTC EG = 47°S0'.

And so also

angle£;CG= 47°30'to2rt.
= 23°45',

and, by subtraction,

angle GC2) = 20°19'.

Therefore, when the Mercury is 0°19' within the Bull, it will have a greatest

western elongation from the true sun of 22°12'. But it was shown that, when it

is 27°15' within the Ram, it will have a similar greatest elongation of 22°23'.

Now, since again the difference of the positions is 3°4', and of the greatest elon-

gations 0°11' (so that very nearly 0°10' correspond to the 2°45' from the first

position to the beginning of the Bull), we subtract these from the 22°23', and

we have for the beginning of the Bull the greatest western elongation from the

true sun of 22° 13'. Which things it was required to find.

For the other dodecatemories, calculating in the same way the greatest west-

ern and eastern elongations of both stars, we arranged a table of them in 12

rows and 5 columns. In the first column we arranged the beginnings of the
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dodecatemories beginning with the Ram. And in the next four we placed the

greatest elongations from the true sun as calculated: the second containing the

w^estern elongations of Venus and the third the eastern; and again the fourth

the western elongations of Mercury and the fifth the eastern. And here is the

table:

10. Greatest Elongations with Respect
TO THE True Sun

Beginnings

of

the Signs
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BOOK THIRTEEN

lO .01

1. On the Hypotheses for the Latitudinal Passages
OF the Five Planets

Two matters are still left for the treatise on the five planets: (1) their latitudinal

passage with respect to the ecliptic, and (2) the business of the distances of the

heliacal risings and settings. The latitudinal distance of each of them must be
first cleared up here, since from this there result noteworthy differences in the

risings and settings. Therefore we shall again present first whatever we suppose
as common to the obliquities of their circles.

Now, because each planet appears to effect a double latitudinal difference just

like the longitudinal anomaly—one due to the eccentric circle relative to parts

of the ecliptic, and the other due to the epicycle relative to the sun—in each

case we suppose the eccentric inclined to the ecliptic's plane and the epicycle

to the eccentric's plane, although (as we said) there is no noteworthy change re-

sulting from this in the longitudinal passage or in the demonstrations of the

anomalies for such obliquities as we shall show in what follows. And because,

through observations made on each of them, the stars appear in the plane of the

ecliptic when the number of truly determined longitude and of truly determined

anomaly are each very nearly a quadrant (the one from the eccentric's northern

or southern limit, and the other from its own apogee) we suppose the inclina-

tions of the eccentrics about the ecliptic's centre, as in the case of the moon,
and relative to the diameters through the northern or southern limits; and
we suppose those of the epicycles relative to their diameters directed to

the ecliptic's centre and along which the apparent apogees and perigees are

observed.

And again, in the case of the three planets Saturn, Jupiter, and Mars, we ob-

served that, when their longitudinal passages are near the eccentric's apogee,

then they always appear the farthest north of the ecliptic and farther north at

the passages in the epicycle's perigees than at those in their apogees; but when
their longitudinal passages are at the eccentric's perigee, on the contrary they

appear farther south than the ecliptic. In the case of Saturn and Jupiter, we ob-

served that the eccentric's northernmost limits are near the beginning of the

dodecatemory of the Balance, but in the case of Mars near the end of Cancer

and almost at its apogee. And so we concluded from these things that the points

of the eccentrics at these parts of the ecliptic are inclined towards the north,

whereas the points diametrically opposite are equally inclined to the south;

and that the perigees of the epicycles are always inclined in the direction of the

eccentrics' inclination, while the diameters at right angles to those through their

apogees always remain parallel to the plane of the ecliptic.

In the case of Venus and Mercury, we observed that, when their longitudinal

passages are at the eccentric's apogees or perigees, the movements at the epi-

cycle's perigees do not differ latitudinally from those at the apogees, but are

426
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alike either north or south of the ecliptic : in the case of Venus always north

;

and in the case of Mercury, on the contrary, always south. But the passages

at the greatest elongations differ most from each other (that is, the western

from the eastern) and from those at the epicycle's apogees and perigees (that

is, the difference with respect to the eccentric), while the greatest eastern and

evening elongation, in the case of Venus, is north at the eccentric's apogee

and south at its perigee; and in the case of Mercury, on the contrary, south

at the apogee and north at the perigee. But when their passages of truly de-

termined longitude are at the nodes, then the quadrant distances on each

epicycle from the apogees or perigees are both in the plane of the ecliptic, and

the passages at the perigees differ most from those at the apogees, and, in the

case of Venus, make the inclination for the node in the subtractive semicircle

southward and for the opposite one northward. But, in the case of Mercury,

again the contrary: for the node in the subtractive semicircle northward and

for the opposite southward. And so we concluded from this that the eccentrics

move their obliquities and make their returns with the periods of the epi-

cycles, being in the same plane with the ecliptic when the epicycles are at the

nodes, and, when it is around the apogees and perigees, throwing the epicycle

the farthest north in the case of Venus and the farthest south in the case of

Mercury. And we concluded that the two epicycles effect differences by in-

clining their diameters through the apparent apogees the most at the ec-

centric's nodes, and slanting the diameters perpendicular to these the most
at the eccentrics' perigees and apogees (for let us distinguish this inclination

by that name), thus contrariwise putting the first diameters in the eccentric's

plane at its apogees and perigees, and the second in the ecliptic's plane at the

nodes. ^

^These appearances of latitudinal variation can be understood in the heliocentric theory.

Kepler, in the Commentaries on Mars (Part V, Chapters 67 and 68) and again in the Epitome

of Copernican Astronomy (Book VI, Parts 2 and 3) gives good accounts of the transformation

from the Ptolemaic appearances and theory to his own theory which will be that of Newton
in the Principia. The latitudinal variations are caused by the incUnation of the plane of each
planet's orbit to that of the earth with the sun as centre. These inclinations, according to

Kepler, are fixed, Newton deduces their fixity except for very sUght perturbations in the

Principles, Book I, Section II, Proposition I.

It is now obvious that for the outer planets there wiU be greatest variations in latitude at

opposite points on the echptic and no variation at the quadrants representing the nodes.

Furthermore, this variation or inclination will appear greater the nearer the earth and the

planet, and therefore when the planet is at the perigee of its epicycle in Ptolemaic theory.

In the case of the lower planets, Venus and Mercury, it is evident that, since its Ptolemaic
epicycle represents its Copernican orbit about the sun, there will be two opposite points on
the ecHptic where the greatest difference in latitude will be at the greatest elongations and
none at the apogee and perigee. And at the quadrants relative to these two points, on the

contrary', the greatest difference in latitude will be at the perigee and apogee of the epic3'cle.

The fact that the planet at the apogee and perigee of the epicycle in the case of the first two
points has a small latitudinal deviation on the same side of the ecUptic is explained by re-

ferring the Une of the nodes to the true sun, according to Kepler. This is an argument for the

Keplerian dynamical theory of the sun as the centre of the universe. Thus is explained the

Ptolemaic inclination of the eccentric which serves to throw the latitude more one side than
the other.
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2. On the Manner of the Movement of the Obliquities and
Slantings According to the Hypotheses

The general conclusion of the hypotheses is, then, that the eccentric circles

of the five planets are inclined to the ecliptic's plane about the ecliptic's

centre: without movement in the case of the three, Saturn, Jupiter, and Mars,
so that diametrically opposite passages of the epicycles are borne in contrary

latitudinal directions; but in the case of Venus and Mercury, changing simul-

taneously with the epicycles towards the same latitude, always towards the

north for Venus and always towards the south for Mercury; and that those

diameters of the epicycles through their apparent apogees, starting some-
where in the eccentric's plane, are carried aside by little circles lying beside

the perigeal limits, sa}^, proportionate in size to the latitudinal deviation, per-

pendicular to the eccentrics' planes, and having their centres on them. These
little circles are revolved regularly and in accord with the longitudinal passages

starting from an intersection of the planes with the epicycles (say towards
the north) and at the same time carrying the epicycles' planes in the first

quadrant's turn to the northernmost limit, of course, then back again to the

eccentric's plane; and in the third quadrant's turn to the southernmost limit;

and, finally, at the return to the starting point. The beginning and return of

this circuit are established—for Saturn, Jupiter, and Mars—from the inter-

section at the ascending node; in the case of Venus, from the eccentric's peri-

gee; and in the case of Mercury, from the eccentric's apogee.

In the case of the three stars, the diameters perpendicular to these first

diameters remain, as we said, always parallel to the ecliptic's plane or have an
inappreciable slant to it. But in the case of Mercury and Venus, starting again

from some point in the ecliptic's plane, they are carried aside by little circles

lying beside, say, their eastern limits, again proportionate in size to the lati-

tudinal deviation, perpendicular to the ecliptic's plane, and having their

centres on diameters parallel to the ecliptic's plane. These little circles are re-

volved at the same speed as the others starting from an intersection of the

planes and the epicycles again northwards (let us say), carrying the eastern

extremities of these diameters in the same order as before. And again for these

stars, the beginning and return of the similar circuit are established, for Venus,

from the node in the additive semicircle, and, for Mercury, from the node

in the subtractive semicircle.

Now, concerning these little circles by which the oscillations of the epi-

cycles are effected, it is necessary to assume that they are bisected by the

planes about which we say the swayings of the obliquities take place; for

only in this way can equal latitudinal passages be established on either side

of them. Yet they do not have their revolutions with respect to regular move-

ment effected about the proper centre, but about another which has the same

eccentricity for the little circle as the star's longitudinal eccentricity for the

ecliptic. For the returns on the ecliptic and the Httle circle are supposed iso-

chronous and the quarterly passages on each apparently agree. But if the little

circle's revolutions take place about its proper centre, that which is required

can in no way come about, since the passages for the little circle travel each

quadrant in equal time, but the epicycle's passages with respect to the ecliptic

do not because of the eccentricity assumed in each case. But if they take place
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about a centre similar in position to that of the eccentric, and of the quadrants,

the returns of the obhquities will traverse corresponding parts of the ecliptic

and of the little circle in equal times.

Let no one, seeing the difficulty of our devices, find troublesome such hypo-

theses. For it is not proper to apply human things to divine things nor to get

beliefs concerning such great things from such dissimilar examples. For what
is more unlike than those which are always alike \\dth respect to those which

never are, and than those which are impeded by anything with those which

are not even impeded by themselves? But it is proper to try and fit as far as

possible the simpler hypotheses to the movements in the heavens; and if this

does not succeed, then any hypotheses possible. Once all the appearances are

saved by the consequences of the hypotheses, why should it seem strange that

such complications can come about in the movements of heavenly things?

For there is no impeding nature in them, but one proper to the yielding and
giving way to movements according to the nature of each planet, even if they

are contrary, so that they can all penetrate and shine through absolutely all

the fluid media; and this free action takes place not only about the particular

circles, but also about the spheres themselves and the axes of revolution. We
see the complication and sequence in their different movements difficult and
hard to come by for the freedom of the movements in the likely stories con-

structed by us, but in the heavenly thing never anywhere impeded by this

mixture. Or rather it is not proper to judge the simplicity of heavenly things

by those which seem so wdth us, when here not even to all of us does the same
thing seem likewise simple. For in this way not one of the heavenly occurrences

w^ould seem simple to those studying them, not even the unchangeableness

of the first motion, since always to be the same is not difficult here with us

but impossible. We should instead judge their simplicity from the unchange-
ableness of the natures in the heavens and their movements. For thus they

would all appear simple, more than those things which seem so here with us,

since no difficulty or trouble could be conjectured concerning their periods.

3. On the Size of Each of the Obliquities and Slantings

Now, from these things, one could calculate the general position and order

of the circles of obliquity. In the case of Venus and Mercury, the apparent
passages at the given positions of latitude render easily calculable for each
star the particular quantities of the arcs which the obliquities cut off on the
great circle dra^vn through the inclined circle's poles at right angles to the
ecliptic, and according to which the latitudinal passages are considered. For
when their longitudinal movements are at the eccentrics' apogees and perigees,

then, as we declared from nearby observations of the addition resulting for

us, the stars, as they pass through the epicycle's perigees and apogees, appear
either north or south of the ecliptic by an equal amount, Venus always being
north by }4°, and Mercury always south by 34°, so that from this the ob-
liquities of each of the eccentrics are just about those amounts. But at the
greatest elongations from the sun they both appear in mean terms about 5°

north or south of the opposite greatest elongations. For, when it effects this

latitudinal opposition at the eccentric's apogee, Venus appears very little

less than 5°, and, when at the eccentric's perigee, very little more than 5°;

and Mercury by at most 3^° more or less. Ajid so the slantings of the epicycle
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from one side or the other of the eccentric planes subtend, in mean terms,

about 23^° of the circle at right angles to the ecliptic, from which are taken
the quantities of the angles resulting from the epicycles' slant to the eccen-

trics' planes. This will be clear from later demonstrations about them in what
follows, not to interrupt at present what we have to say in common about
the five planets.

. But when the movements of truly determined longitude are at the nodes
and mean distances, then, as Venus makes its passage about the epicycle's

apogee, it appears 1° north and south of the ecliptic, and, about the epicycle's

perigee, very nearly 63^°; so that from this it is concluded the epicycle's ob-

liquity cuts off 23^° on the circle drawn through its poles in the way we have
described. For as a result of the epicyclic anomaly at the mean distances we
find that many degrees subtend, for the epicycle's apogee, an angle at the eye

of 1°2', and, for the epicycle's perigee, an angle of 6°22'. And, as Mercury
makes its passage about the epicycle's apogee, one would calculate from its

heliacal risings that it is very nearly 1J^° north and south of the ecliptic, and,

about the epicycle's perigee, very nearly 4°; so that from this the obliquity

is established as 63^^°. For again, as a result of the epicyclic anomaly at the

distances of the greatest obliquities (that is, when the truly determined longi-

tude is a quadrant's distance from the apogee), we find just that many de-

grees subtend, for the epicycle's apogee, an angle at the eye of 1°46', and, for

the epicycle's perigee, an angle of 4°5'.

., In the case of the others—Saturn, Jupiter, and Mars—one could not im-

mediately apprehend the quantities of the obliquities which are both always

mixed together, that effected by the eccentric with that effected by the epi-

cycle. But from the latitudinal passages again observed at the perigees and

apogees of the eccentrics and epicycles, we separate out each of the two ob-

liquities in this way:
In the plane at right angles to the plane of the ecliptic, let AB he its inter-

section with the ecliptic's plane, and CD its inter-

section with the eccentric's plane. And let point E be

the ecliptic's centre. About the eccentric's apogee C
and perigee D on the intersection of the planes, let

there be, drawn in the plane of reference the equal

circles FGHK and LMNX through the poles of the

epicycles. And on these circles let the epicycles'

planes be inclined at lines GCK and MDX with equal

angles—of course, at C and D. Let also straight lines

be drawn from the ecliptic's centre E where the eye

is to the epicycles' apogees and perigees: EG and EM
to the epogees, and EK and EX to the perigees ; for

the points K and X embrace, of course, the passages

of acronychal opposition, and G and M the synodic

passages.

Now, in the case of Mars, we took the latitudinal

passages about the acronychal oppositions established at the eccentric's apo-

gee (that is, those about the point K of the epicycle) and those at the eccen-

tric's perigee (that is, those about the point X of the epicycle), because their

difference is quite sensible. In the oppositions about the apogee it is 43^°
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north of the ecliptic, and in the oppositions about the perigee very nearly 7°

south of the ecliptic, so that

Single AEK = 4}4°,

a,ng\e BEX = 7°.

Now, with these things supposed, we find the angle contained by the ec-

centric's obliquity (that is, angle AEC) and that contained by the epicycle's

(that is, angle GCF) in this way. For since, from what we have demonstrated
concerning the anomalies of Mars, it is easily seen that, of those angles sub-

tended by equal arcs about the epicycle's perigeal parts, those about the

passages at the eccentric's apogee have to those about the passages at the

perigee the ratio which very nearly 5 has to 9^, and since arcs HK and NX
are equal, therefore

angle CEK : angle DEX : : 5 : 9.

And so, since angles AEK and BEX are given, and the ratio of angle CEK to

angle DEX is given, and
angle A£'C = angle BED,

therefore, if whatever part the difference of the whole quantities is of the

difference of the terms of the ratio, we take just that part of the terms of the

ratio, and then shall have the quantity in the proper ratio. For this is shown
by a short arithmetical lemma.^ Since the quantities are 4:}/^ and 7 and their

difference 2%, and the ratio is 5 to 9 and their difference 4, and 2% is two-
thirds of 4, therefore, taking two-thirds of 5 and 9, we shall have

angle C^i^ = 3M°,
angleZ)£^X = 6°,

and accordingly, by subtraction, as the angles of the eccentric's obliquity,

angle AEC = angle BED = 1°.

And from these we shall have as the arc of the epicycle's obliquity

arc iyi^ = 234°,

because, according to the Tables of Anomaly, the quantities found for angles

CEK and DEX embrace just that many degrees.

And in the case of Saturn and Jupiter—since we find the passages about the

apogeal sections of the eccentrics sensibly no different from those about the peri-

geal sections just opposite—we calculated what was required, in another way,
from the comparison of those about the epicycles' apogees with those about
their perigees. As we could easily see from particular observations, in the pass-

ages about the heliacal risings and settings, Saturn was at most very nearly 2^

north and south, and Jupiter 1°; and in the passages about the acronychal oppo-
sitions, Saturn about 3°, Jupiter about 2°. Now, since it is evident from their

*For the distances to the star in those two positions would be as (60— 393^+6) to (60 —
393^— 6) or as very nearly 9 to 5. Now, the arcs being small and equal can be considered as
perpendiculars to the Unes representing the distances from the eye to the star. Then, since for

small angles the angles are as their sines, the angles are as 5 to 9 very nearly. The same prin-
ciple is used for Saturn and Jupiter in the next few pages; but since their epicycles are rela-

tively small and their eccentricities also, it is necessary to make the comparison between the
epicycle's apogee and perigee.

*For we have
(7° — angle BED) : (4^" — angle BED) : : 9 : 5, <»i.t

separando

(7^ — ^Vs^) : (^}i° — angle BED) : : (9 — 5) : 5
or convertendo

(7' — ^H'') : (7° — angle BED) : : (9 — 5) : 9.
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anomaly that, of the angles subtended at the eye by equal arcs about the peri-

geal and apogeal parts of the epicycle, those formed by arcs about the apogees
have to those formed by arcs about the perigees, in the case of Saturn, the ratio

of 18 to 23, and, in the case of Jupiter, of 29 to 43, and since FG and HK are
equal arcs of the epicycle, therefore, in the case of Saturn,

angle FEG : angle FEK : : 18 : 23;

in the case of Jupiter

angle FEG : angle FEK : : 29 : 43.

But angle GEK is the difference between the two latitudinal passages for both
stars and is a remainder of 1°. Therefore, if the 1° is divided according to these
ratios, we shall have, in the case of Saturn,

angle FEG= 0°2Q';

and, in the case of Jupiter,

angle FEG = 0°24:\

And we shall have, in the case of Saturn,

angle F^J^ = 0°34';

and, in the case of Jupiter,

a.ngle FEK = 0°36\

And so, by subtraction, there will remain, as the angle of the eccentric's obliqui-

ty for Saturn,

angle A£'C= 2°26';

and, for Jupiter,

angle ^£;C = r24'.

For convenience we use, instead of these quantities, 23^° and 13^°. And im-
mediately it is concluded that, as the arc of the epicycle's obliquity, for Saturn,

arci7iiC = 4K°;
and, for Jupiter,

arci7Z = 23/^°.

For, again, just this number of degrees in each case embrace very nearly, accord-

ing to the Tables of Anomaly, the quantities found for angles FEG and FEK.
Which things it was required to find.

4. Construction of Tables for Particular Latitudinal Passages

By these means we have now established the general quantities of the epicy-

cles' and eccentrics' greatest obliquities. But that we may also be able to work
out easily at any time the latitudinal passages of the particular distances, we
constructed five tables for the five planets, each having as many rows as the

Tables of Anomaly and five columns. The first two columns contain the same
numbers as in those. The third columns contain the latitudinal deviations from
the ecliptic corresponding to sections of the epicycles with the epicycles at their

point of greatest obliquity: in the case of Venus and Mercury, at the nodes of

the eccentrics, and, for the other three stars, at the northern limits of the eccen-

trics. In the case of these latter, the fourth columns contain the similar addi-

tions about the eccentrics' southern limits. At the same time the greatest devia-

tion of the eccentrics is calculated for these three stars. And, in the case of Venus
and Mercury, we worked out the sections, again through one theorem in this

way:
In the plane at right angles to the ecliptic's plane, let ABC be its intersection
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with the ecliptic's plane, and DBE its intersection with

the epicycle's plane. Let A be the ecliptic's centre, B
the epicycle's, and let AB be the distance about the

greatest obliquities of the epicycles. With epicycle

DFEG drawn about B, let diameter FBG be joined per-

pendicular to DE. And let the epicycle's plane be sup-

posed perpendicular to the plane of reference, so that,

of the straight lines drawn perpendicular to DE, only

FG lies in the ecliptic's plane and all the rest are paral-

lel to it.

Given the ratio of ^B to BE and the quantity of the

obUquity (that is, angle ABE), let it be required to find

the stars' latitudinal passages when, for example, they

are 45° from E the epicycle's perigee. For we wish to

demonstrate at the same time, by means of these incli-

nations, the differences resulting in the longitudinal

passages. But these differences must be the greatest

about the passages between the perigee E and F and G
because they turn out to be the same as those effected

without the obliquity.

Then let arc EH be taken as 45°. Let HK be drawn perpendicular to BE,
and KL and HM to the ecliptic's plane. And let HB, LM, AM, and AH be
joined.

Now, it would be immediately evident that the quadrilateral LKHM is a rec-

tangular parallelogram because of KH^s being parallel to the ecliptic's plane;

and that angle LAM embraces the longitudinal addition-subtraction and angle

HAM the latitudinal passage, while angles ALM and AMH are right angles

because of AM's falling in the ecliptic's plane. It is now necessary to show how
great the required passages are for each of these stars, and first for Venus.
Now, since

arc£;^ = 45°,

being at the epicycle's centre,

angle £'5i7 = 45°

= 90°to2rt.
And so, on the circle about right triangle BHK,

SiTcBK = SiTcHK = 90°.
And therefore

where

And so also

where

chord 52^ = chord HK = S^^52'

hypt. B^ = 120P.

BK =HK = S0^S2'

epic. rad. BH^^SnO'
and, as mean distance,

AB = 60^;

for at this distance occurs the epicycle's greatest obliquity.

Again, since it is supposed that, as the angle of obliquity,

a^ngle ABE = 2°S0'

= 5°to2rt.,
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therefore, on the circle about right triangle BLK,

arc KL = 5°,

and, as its supplement.

And therefore

arc5L=175°.

chord 2^L = 5^14',

chord J5L = 119^53'

hypt. BK= 120^.

hypt. BK= 30^32',

AB = QO^,

KL = 1^20\

BL = 30^30',

^L = 29^30'.

LM =HK = 30^32'.

hypt. AM = 42^27'.

hypt. Aikf = 120P,

^

where

And so also, where

and

there

and, by subtraction,

And

And so it is concluded that

And therefore, where

there

LM = 86P19';

and, as the angle of longitudinal addition-subtraction for that time,

angleLAM = 92°0' to2rt.
= 46°0'.

And likewise, since

HM=KL = 1^20'

where

AM = 42^27',

and the squares on them added together give the square on AHj therefore in

length

A^ = 42P29'.

And

where

hypt. A^ = 120P;

and, as the angle of latitudinal deviation,

angle HAM = S°36' to 2 rt.

= 1°48'.

And we place this in the third column of Venus' table in the row containing the

number 135°.

For measuring the resulting difference of the longitudinal addition-subtrac-
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tion, let a similar drawing be laid out having the

epicycle not inclined.

Since we demonstrated that

BK =HK = 30^32'

where r^r,

so that, by subtraction,

AK = 29^28';

and since

sq. AK-\-sq. HK = sq. AH,
therefore, in length,

AH = ^2^2Q'.

And therefore '^aA

HK = S6^2V
where

hypt. AH =120^;

and, as the angle of longitudinal addition-sub-

traction,

angle HAK = 92°3' to 2 rt.

= 46°2'

But with the obliquity it was shown to be 46°.

Therefore the longitudinal addition-subtraction, because of the epicycle's obliq-

uity, is less by 0°2'. Which it was required to find.

Again, to show the passages of Mercury, let there be laid out a drawing similar

to the one before this, with the supposition that

arc^/f= 45°;

so that again

BK =HK = Si^22'

where
hypt. BH =120^.

And therefore

BK=HK= 15^5^'

where
epic. rad. BH = 22^30'

and, as the distance at the greatest obliquities,

AB = 5QH0';

for we have demonstrated all these things before.

Again, since, as the angle of the epicycle's ob-

liquity, it is supposed

Single ABE = 6°15'

= 12°30' to 2 rt.,

therefore, on the circle about right triangle BKLj
arc i^L =12°30'

and, as its supplement,

arcBL=167°30'.

And therefore

chord KL =13^4',

chord J5L = 119^17'

8£ bflfi
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where

hypt. J5ii:=120P.

And so also, where it was shown

and it is supposed

there also

AB = 56^40',

BL = 15P49'

AL = 40^51'.

LM =KH = 15^b5\

sq. AL+sq. LM= sq. AM,

AM = 43^50'

Likf =15^55'.

LM = 43^34'

and, by subtraction,

And

And since

we shall have in length

where

And therefore

where

hypt. Ailf=120^•

and, as the angle of longitudinal addition-subtraction,

angle LAM = 42°34' to 2 rt.

= 21°17'.

And likewise, since

where

AM = 43^50',

and since the squares on both of them added together give the square on AH, we
shall also have in length

Afi^ = 43^52'.

And therefore

where

hypt. A/f=120P;

and as the angle of latitudinal deviation

angle/fAM= 4°32'to2rt.
= 2n6'.

And again we shall place this in the third column of Mercury's table in the same
row—that is, in the row containing the number of 135°.

Again, for the comparison of the addition-subtraction, let the drawing be laid

out without the obliquity.

And since it was shown that, where
AB = 56P40',
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there

HK==BK= 15^55'

and, by subtraction, clearly

and since

sq. AK+sq. HK= sq. AH,
therefore we shall have in length

AH = ^3H5' rf-idv/

where

And therefore

w^here

hypt. AH =120^;

and as the angle of longitudinal addition-sub-

traction,

angle KAH = 42°40' to 2 rt.

= 21°20'.

But it was shown to be 21°17' with the ob-

Hquity. Therefore, in this case, the longitudinal

addition-subtraction, because of the epicycle^s obliquity, is less by 0°3'. Which
was to be found.

Now, for these two stars we worked out the latitudinal passages at the great-

est obliquities by taking them when the eccentric is in the same plane with the

ecliptic. But, for the other three stars, we used another geometrical theorem
since the epicycles' greatest obliquities come about at the eccentrics' greatest

obliquities, and it would be helpful to have the latitudinal passages combined
from both obliquities calculated out together.

For again, in the plane at right angles to the ecliptic's, let AB be its inter-

section mth the ecliptic's plane, AC its intersec-

tion with the eccentric's plane, and DCE its in-

tersection with the epicycle's plane. Let A be

supposed the ecliptic's centre, and C the epicy-

cle's. About C let the epicycle DFEG be drawn
again so that, of the straight lines drawn perpen-

dicular to DE, the diameter FCG is in the eccen-

tric's plane and parallel to the ecliptic's, and all

the rest are parallel to both these planes. Like-

wise let arc EH be supposed cut off at 45°. And
wdth HK drawn perpendicular from the star's

point H, and KB and HL from the points H and
K perpendicular to the ecliptic's plane, let BL
and AL be joined.

It is required to find the longitudinal addition-

subtraction contained by angle BAL, and the

latitudinal passage contained by angle HAL.
Then let KM be drawn from K perpendicular

to AC, and let CH and AKhe joined. And again,

because of things already showTi, let it be sup-
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posed that

CK^HK= M^b2' ^
where

hypt. Ci7=120p.
Then, first in the case of Saturn, since it has been demonstrated that the epi-

cycle's radius is 6^30' where the mean distance is 60^, therefore

CiC= /^i^ = 4^36' \

where
1

hypt. CF= 6p30'. '

And since it is supposed that, as the angle of the epicycle's obliquity,

angle AC^ = 4°30'

^p^.qp.t- =9°to2rt., .

therefore, on the circle about right triangle CKMy \ 5

.arcKM = 9°, \ J

and, as its supplement, 1 \c, eljj

arcCilf= 171°.

Therefore

chord i^M = 9^25',

chord Cikf =119^38'

where
hypt. Ci^ = 120P. ii^iyjd ,iiuiJ

And therefore .1

- .^ KM = 0°22', 7^089rii

CM = 4^35'

where
Ci^ = 4P36'.

But, for the greatest obliquity in the apogeal semicircle, from theorems

already worked out for the anomalies, it is calculated that, as the distance

about the beginning of the Balance,

AC= 62^10',

so that, by subtraction,

where
KM = 0^22';

and therefore ^ , /

•-;>:; N. / iiypt. ak= 57^35'.

And therefore

where IL-^^
'^ M / hypt. Aiv = 120P;

and
angleKAM = 0°44'to2rt.

But it is supposed that, as the angle of the eccentric's obliquity,

angle^AC=2°30'
= 5°to2rt.

Therefore by addition

angleBAi^= 5°44'to2rt.

And so also, on the circle about right triangle BAK,
arc BK = 5°44', lisiU sj^
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arc.4B = 174°16'.

chord BK = 6^0',

chord .15 = 119^51'

hypt. AK = 120^.

BK = 2P53',

^5 = 57^31',

and, as its supplement,

And therefore

where

And so also, where

there

and

And since

sq. AB+sq. BL= sq. AL,
therefore we shall have in length

AL = 57p42'.

And likewise, since

HL =BK= 2^53\

and
sq. AL+sq. LH = sq. AHj

therefore we shall have in length

AH= 57HQ\
And so also

L^ = 5P59'

where ^

hypt. AF=120p;
and, as the angle of latitudinal deviation,

angle/^AL = 5°44'to2rt.
= 2°52'.

And we place this in the third column of Saturn's table alongside of 135°.

For the greatest obliquity in the perigeal semicircle, since, as the distance

at the beginning of the Ram,
AC = 57H0'

where it was shown
KM = 0^22'; iuin

and likewise

CM = 4^35',

and therefore, by subtraction,

AM = 53^5';

and because it is hardly at all greater than AM, f^^t!^^

hypt. AK = 53^5',

therefore

KM = Op 50'

where .°58I ebhad eld o> '^Ht rrr j*fdt '>i>.'^ff'

luH-aoUibh& Ir hypt. Ai^=120P;
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and

angle KAM = 0°4S' to 2 rt.

And it is supposed
Single BAC= 5° to 2 rt.

And therefore, by addition,

angleBAK = 5°48' to2rt.
And so also, on the circle about right triangle BAK,

arc5i^= 5°48',

and, as its supplement,

arc AB = 174°12'.

And therefore

chord BK = QH',

chord ylB = 119^51'

hypt. AK =120^

BK= 2H1\
AB = 5Sn'

^X= 53p5'. ilbflA

where

And so also

where

And since

sq. AB-\-sq. BL = sq. AL
and it was shown that of the same parts

5L = 4P36',

therefore we shall have in length

AL = 53^13'.

And therefore

5L= 10^23'

where
hypt. ^L = 120P;

and, as the angle of the longitudinal addition-subtraction,

angle5AL = 9°56' to2rt.
= 4°58'.

Again, since

HL=BK=2HV
where

AL = 53^13',

and the squares on both added together give the square on AH, therefore

we shall have in length

AH = 53n7\
And therefore

where
hypt. Ai7=120P;

and, as the angle of latitudinal deviation,

angle/fAL = 5°46' to2rt.
= 2°53'.

And we place this in the fourth column of the table beside 135°.

Then, to make the comparison of the longitudinal addition-subtraction for
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the perigeal obliquity, again let the figure be
drawn as having no obUquity.

And since, where, as the distance at that time,

AC = 57H0',

there it is supposed

and, by subtraction,

AK= 53H\ i

and since

sq. AK+sq. HK = sq. AH,
therefore we shall have in length

AH = 53nQ\
And so also

HK= 10^22'

where
hypt. AH = 120^;

and, as the angle of longitudinal addition-sub-

traction,

angle//'AK = 9°o4' to2rt.
= 4°57'.

But with the obliquities it was sho^Mi to be 4°58'.

Therefore the longitudinal addition-subtraction, because of both obliquities,

is greater by 0°1'. Which was to be found.

Again, let there be first laid out the drawing with the obliquities, containing

the ratios we have already demonstrated for Ju-

piter, so that

where
epic. rad. C^=11p30'.

Now since, as the angle of the epicycle's ob-

liquity, it is supposed that

angle AC^ = 2°30'

= 5° to2rt.,

therefore, on the circle about right triangle CKM,
SiTcKM = 5°,

and, as its supplement,

arc CM = 175^
And therefore

chord /Of = 5^14',

chord CM = 119^53'

where
hypt. Ci^=120P. .^i^xi,.

And so also, where

CJ^ = 8p8'

and, as the distance about the beginning of the Balance,

AC = 62^30',

there also

KM = 0^21%

CM= 8^8',

CK=^HK = S^S'
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and, by subtraction,

AM = 54p22';

and therefore, since it is hardly at all greater than AM,
hypt. AK = M^22'.

And therefore

where A
hypt. AK = 120^) / \

and
angle KAM = 0°44' to 2 rt.

But it is also supposed that, as the angle of the eccentric^s obliquity,

angle BAC=1°30'
= 3°to2rt.

And therefore, by addition,

angleB^i^ = 3°44' to2rt.
And so also, on the circle about right triangle BAK,

&TcBK = S°U\
and, as its supplement,

arc^5 = 176°16'.

And therefore

chord 5iC = 3p54',

chord ^B = 119^56'
where

hypt. AK= 120^.
And so also

A5 = 54^20'
where

^K = 54p22'. ^

And by what has been already demonstrated

BL = S^S\

Since the squares on ^B and BL added together give the square on AL, we
shall have in length tiupii

AL = 54P56'.

And likewise, since

and the squares on AL and HL together give the square, on AH, we shall have
AH = 54P58'. rnnrn^jlqqn^-

And so also

FL = 3p52'

where o
hypt. A/f = 120P;

and, as the angle of latitudinal deviation, ^-i^i'

angle HAL = 3°42' to 2 rt.
'^

=1°51'. ttA

This we place in the third column of Jupiter's table beside 135°.

Likewise, since again as the distance at the beginning of the Ram
AC = 57P30',

Cikf = 8p8' i.c.i*i i^i^iij

where it was shown
KM = 0P21',

^\\
08 ^lOJi

91^(1
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so that, by subtraction, and since it is hardly at all greater than AKj
AM =AK = 49^22'.

And therefore also

KM = 0^5r
where

\ hypt. Ai^= 120P;

TtVO

angle i^Ailf = 0°49' to 2 rt..

and

and, by addition,

angleBAK = 3°49' to2rt.

And so also, on the circle about right triangle AKB,
arc5iC = 3°49',

and, as its supplement,

arc AB = 176°11'.

And therefore

»nH

ti^, sw xtkijlHi^iii

chord J5Z = 3^59',

chord Aj5 = 119^56'

hypt. AK = 120^.

BK=1^S9',
AB = 49^20'

AK= 49^22'.

:uJ iO JlJiiU.

where

And so also

where

And therefore, since

J5L = 8p8',

and the squares on AB and BL added together make the square on AL, there-

fore we shall have in length

AL= 50pO'.

And so also

BL = 19^31' _,... -,

where : = \\0 .Bbt _..^^
[

/^^^
hypt. AL=120p; o/' ^ /

and, as the angle of longitudinal addition-subtraction, / "^

angle BAL=1S°W to 2 rt.

= 9°22'.
.

.

Again, since •ftdtn*^ },f^<^

/

where
*'

^.^

AL= 50P, \"^ -\-,

and the squares on them added together give the square oA AHy therefore we
shall have in length

AH = b0^2', \\
jj I

And therefore ^ >

where
hypt. AH ==120^;

and as the angle of latitudinal distance

angle/fAL = 3°46'to2rt.
,^o; =r53'.

\
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This we place in the fourth column of the table beside 135°.

For the comparison of the longitudinal addition-subtractions, let the drawing
be laid out without the obliquities. >rli bai

Since, at the given distance, where

there by addition

AC = 57^30'

and, by subtraction,

AK = 49^22';

and since

sq.AK+sq.HK=-sq.AH,
therefore we shall have in length

AH = 50^2'.

And so also

^Z = 19^30'

where

hypt. A^ = 120p;

and, as the angle of longitudinal addition-sub-

traction,

angle HAK = 1S%2' to 2 rt.

= 9°2r.

But with the obUquities it was shown to be 9°22'.

Therefore, again, the longitudinal addition-sub-

traction, because of both obliquities, is more by 0°1'. Which it was required

to find.

Next for the ratios of Mars, first let the drawing of the obUquities be laid out,

and again let it be concluded that

CK =HK = 27^56'

where
epic. rad. CH = S9^30\

Now, since as the angle of the epicycle^s ob-

liquity it is supposed that

angle AC^ = 2°15'

= 4°30'to2rt.,

therefore, on the circle about right

triangle CMK,
arcKM = 4°30' rr .U.

and, as its supplement,

arcCM=175°30'.
And therefore

chord KM = 4P43',

chord CM = 119P54' '

where
hypt. CK=120^. ,^

And so, where
CK = 27^56', ydia&ban

and as greatest distance

AC = 66P,
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CM = 27P54',

AM = 38^6';

hypt. A/iC = 38P7'.

KM = 3^28'

hypt. Ai^=120P;

445

there also

and, by subtraction,

and therefore also

And therefore

where

and
angle RAM = 3^9' to 2 rt.

But it is supposed that, as the angle of the eccentric's obliquity,

angle ^AC= 1°

= 2°to2rt.

And therefore, by addition,

angleBAii:= 5n9' to2rt.
And so also, on the circle about right triangle BAK,

arc BK=5°W
and, as its supplement,

arcA5 = 174°41'.

And therefore

chord BK = 5^34',

chord A J5 = 119^52'

hypt. AK = 120^.

AK = SS^7\

BK=1H6\

AB = 38^5\

J5L = 27^56'.

sq. AB+sq. BL = sq. AL,

AL = 47n4'.

where

And so also, where

there also

and

But

And since

we shall have in length

And since of like parts

and

sq. AL+sq. HL = sq. AH,
therefore we shall have in length

A/f= 47Pl6'.

And so also

HL = 4^29'

Diyii'/."
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where

hypt. AH= 120^;

and as the angle of latitudinal distance

angle i/AL = 4°18' to 2 rt.

= 2°9'.

This we place in the third column of Mars' table beside 135'

Likewise, for the obliquities at the least distance, since

AC = 54P,

CM = 27P54'

Ailf = 26P6'

hypt.Ai^ = 2a<-*'^^'^'^^'^^^"

hypt. AK = 120P;
.' ^f^^j^ ^^f^ ,

where it was shown

so that, by subtraction,

and it is calculated that

therefore

where

and
angle KAM = 4°49' to 2 rt.

. tnamolqqua hii -

And for that reason, by addition,

angle5AZ = 6°49'to2rt.

And so also, on the circle about right triangle ABK,
arc5i^ = 6°49'

and, as its supplement, el'jilv/

arcAJ5 = 173°ll'.

And therefore

chord 5i^ = 7p8',

chord A5 = 119^47' .! .; f

where
hypt. AK=120p.

And so also

and
AB = 26H' •^'nH>. LnA

where
AK = 2Qp7\ '-'^ '^'' ''>'^''^ Ur.n^ ttt

And again, of like parts,

J5L = 27p56'.

And since

sq. AB+sq. BL = sq. AL,

we shall have in length fg ^^ aiobiadj
AL = 38^12'.

And so also

BL = 87^45'
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where

hypt. AL = 120^;

and, as the angle of longitudinal addition-subtraction,

angle J5^L = 94° to2rt.
= 47°.

Likewise, since

HL = 1^33'

where

^L = 38P12',

and since the squares on them added together give the square on AH, therefore

we shall have in length

AH=ssn^\
And so also

H^
120P;

HL = 4Pb2'

where

hypt. AH
and as the angle of latitudinal distance

angle HAL = 4:''W to 2 rt.

= 2°20'.

This we place in the fourth column of the table beside the 135°.

And now again, for the comparison of the longitudinal addition-subtractions,

if we lay out the drawing without the obliquities, then, at the least distance

where the difference is necessarily most sensible,

AC iCKorHK:: 54^ : 27^56';

so that for this reason, by subtraction,

AK = 2QH'
and it is calculated

hypt AH -=3Sn2\
And therefore also, again,

HK = S7H5'
where

hypt. A^=120p;
and, as the angle of longitudinal addition-sub-

traction,

Off 845 -lijli angle HAK= 9^° to 2 rt. )fft lol
= 47°.

But from calculations with the obliquities it was
shown to be just that much. Therefore, in the case

of Mars, the longitudinal addition-subtraction

does not differ as a result of the obliquities of the

circles. Which was to be found.

The fourth columns of the two tables of Venus
and Mercury will contain the latitudinal passages
embraced by the greatest slantings of the epicycles

which occur at the eccentrics' apogees and perigees. But these passages have
been worked out by us independently and separate from the difference due to
the eccentrics' obliquities. Otherwise we should need more tables and a difficult

calculus, since the evening and morning passages will be unequal and never at
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the same parts of the ecliptic ; and besides, since the obHquity of the eccentrics
varies, the differences in the decreases for the greatest obUquities would not
agree with those in the decreases for the greatest slantings. But with the differ-

ence separated out, each case can be more easily handled as will be clear from
what we are going to add.

Let AB be the intersection of the ecliptic's plane and the epicycle's plane,
point A being supposed the ecliptic's centre and B
the epicycle's centre. And let epicycle CDEFG be
draw^n about B slanting to the ecliptic's plane

—

that is, so that the straight lines drawn in them
perpendicular to the intersection CG make equal

all the angles resulting at the points CG. Let AE
be produced tangent to the epicycle, and AFD
cutting it at random. And let DH, EK, and FL
be drawn from points D, E, and F perpendicular

to CG; and DM, EN, and FX perpendicular to

the ecliptic's plane. And let HM^ KN, and LX
be joined; and also AN and AXM. For AXM is

one straight line, since the three points are in two
planes—that of the ecliptic and that through AFD
at right angles to the ecliptic's.

Now, it is evident that, for the given slanting,

angles HAM and KAN contain the longitudinal

addition-subtractions of the stars, and angles

DAM and EAN the latitudinal addition-sub-

tractions.

It is first necessary to show that the latitudinal

passage (angle EAN) formed at the tangent is

greater than any others, just like the longitudinal

addition-subtraction.

For, since angle EAK is greater than any others,

EK:AE>DH'.AD
>FL : AF.

But
EKiEN ::DH :DM ::FL: FX.

For the triangles thus formed are all equiangular as we said, and the angles

at M, N, and X are right. And, therefore,
I

EN:AE>DM :AD '

>FX : AF.
And, again, the angles DMA, ENA, and FXA are right angles; therefore

angle ^AiV>angle DAM
and greater than all the others formed in the same way.

It is immediately evident that, of the differences resulting in the longi-

tudinal addition-subtractions from the slanting, the greatest is effected in

the greatest passages at E, since they are contained by the angles subtending

the differences of HD, KE, and LF over HM, KN, and LX. Since the same
ratio holds for each, it follows, relative to the differences, that the difference

between EK and KN has a greater ratio to EA than those of any others to

lines similar to AD. It is immediately clear also that, whatever ratio the

•v
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greatest longitudinal addition-subtraction has to the greatest latitudinal

passage, that ratio the longitudinal addition-subtractions in each case have
to the latitudinal passages for all sections of the epicycle, since as EK is to

EN so are all lines like FL and DH to those like FX and DM. Which it was
required to show.

Now, with these things worked out, let us see first how great an angle is

contained, for each of the stars, by the slant of the planes, if we suppose, ac-

cording to postulates already assumed at the beginning, that about midway
between the greatest and least distance each of them is at the most 5° north

and south of the opposite passage on the epicycle. For Venus appears to make
a deviation at the eccentric's perigee and apogee of hardly more or less than
5°, and Mercury of 3^° more and less than 5°.

Now, again, let ABC be the intersection of the ecliptic and the epicycle.

With the epicycle drawn about point B aslant the

ecliptic's plane as we have described, let AD he
joined tangent to the epicycle from the ecliptic's

centre A. From D let DF be drawn perpendicular

to CBE, and DG perpendicular to the ecliptic's

plane. And let BD, FG, and AG be joined.

And let angle DAG, containing half of the given

latitudinal deviation, be supposed to be 23/^° for

either of the stars. And let it be required to find

the slant of the two planes—that is, the size of

angle DFG.
Now, in the case of Venus, since where

epic. rad. =43p10',

there

and

therefore

And since

greatest dist. = 61p15',

least dist. = 58^45'

mean dist. = 60^,

AB :BD :: 60^ : 43^10'.

And likewise, since

we shall have

sq. AB—sq. BD = sq. AD,
we shall have in length

AD = 4:1H0\

AB:AD::BD: DF,

DF = 29^5S\

Again, since it is supposed that

angle Z)AG = 2°30'

= 5°to2rt.,

therefore, on the circle about right triangle ADG,
arcZ)G = 5°

and

chord Z)G= 5P14'
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t^rhere

And therefore

where

But it was shown

And so also

where

and, as the angle of slant,

PTOLEMY

hypt. AD = 120^.

DG= 1^50'

AD = 41^40'.

Z)F = 29^58'.

DG= 7^20'

hypt. i)F = 120P;

anglei)FG= 7°to2rt.
= 3°30'.

But since the excess of angle DAF over angle GAF contains the resulting dif-

ference of longitudinal addition-subtraction, it must be calculated directly from
their size. For since it was shown that

hypt. AD = 31^40'

and

where

and since

DF= 29^58'

DG=1P50';

\
^

And
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where "r—••v,^

And therefore

where

But also it was shown

And so also

where

and as the angle of slant
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And, in the case of Mercury, since where

epic. rad.=22P30',

there it was shown
greatest dist. = 69^,

least dist. = 57^,

and
mean dist. = 63^,

therefore

AB :BD:: 63^ : 22p30'.

And since

sq. AB—sq. BD = sq. AD,
we shall have also in length

AD = 58^51'

.

And likewise, since

AB :AD::BD: DF,
therefore of the same parts

DF = 2in',

Again, since it is supposed that

anglei)AG = 5° to2rt.,

therefore, on the circle about right triangle ADG,
arcZ)G = 5°;

and
chord 2)a= 5Pl4'

hypt. AD = 120^.

Z)(?= 2p34'

AD = 58^51'.

DF = 2in\

Z)G =14^40'

hypt. DF = 120^;

angleZ)FG=14° to2rt.
' ' =7°

Likewise, for the comparison of the angles of addition-subtraction, since again

it was shown

I//
hypt. AZ) = 58^51'

and

DF=2in' .:<:!'• I -oa
where yioiiv^

D(?= 2p34',

and since han

sq. AD-sq. Z)(r= sq. AG,
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sq.DF-sq. DG = sq. FG,

therefore we shall have in length

AG= 58^47',

FG= 20^53'.

And so also

where

and

FG= 42^38'

hypt. AG= 120P;

//

/

angle FAG = 4.r3S' to 2 rt.

= 20°49'.

And in the same way, since

DF = 42^50'

where
hypt. AD = 120P,

therefore we shall have
angle DAF= 4r50' to 2 rt.

= 20°55'.

Therefore the longitudinal addition-subtraction, as the result of the slant,

is less by 0°6'. Which it was required to find.

Following this, let us see if, when we suppose these to be the sizes of the

slants, we find the latitudinal passages at the

greatest and least distances consistent with those

gotten by observations.

Again, with the same drawing, let Venus' great-

est distance be supposed first—that is, let

AB :BD:: 61^15' : 43^10',

so that, since

sq. AB -sq. BD — sq. AD,
therefore it is concluded

AD = 43^27'.

But
AB:AD::BD : DF;

and therefore

DF = 30^37'.

Again, since it is supposed that, as the angle

of slant,

angleZ)FG = 7° to2rt.

and that

Z)G = 7p20'

where

therefore

where
Z)F = 30^37'

and
AZ> = 43^27'.

Z)F=120p,

Z)G=1P52'

r^H ba&
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And so also

Z)G = 5p9'

where
hypt. AD = 120^;

and, as the angle of greatest latitudinal deviation,

anglei)^G = 4°54' to2rt.
= 2°27'.

And at the least distance, since it is supposed that

AB = 5SH5'

where
epic. rad.BZ) = 43^10',

and since

sq. AB—sq. BD = sq. AD,
therefore we shall have in length

AD = 39^51'.

And likewise, since

AB : AD ::BD: DF,

therefore

DF = 29n7\
But it is supposed that

DFiDG:: 120^ :
7^20'.

And therefore

where

and

And so also

where
hypt. AD = 120^;

and as the angle of greatest latitudinal deviation

yd fv-T anglei)AG = 5°8' to2rt.

;, =2°34'.

Therefore the latitudinal deviation is insensibly less at the apogee, and in-

sensibly more at the perigee, than the deviation of 23^° assumed in mean
terms. For at the greatest distance it is less by 0°3', and at the least distance

more by 0°4', which obviously cannot be gotten by observations.

Again, let the greatest distance of Mercury be supposed—that is, let

AB :BD : : 69^ : 22^30',

so that by the same means as above it is concluded that of the same parts

AZ) = 65P14'

and
DF= 2in6\

But here we have, as the supposed angle of slant,

anglei)W=14° to2rt.,

and therefore we have

DG^UHO'

DG= 1H7'

Z)jP= 29^17'

AD = 39^51'.

DG= 5p22'
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And therefore

hypt. DF =120^.

where

and

And so also

DG = 2^36'

Z)F = 21P16'

AZ) = 65^14'.

DG= 4:H7'

where
hypt. AD = 120^;

and, as the angle of greatest latitudinal deviation,

angle DAG = 4°3^' to 2 rt.
.,i ^i e

= 2°17'.

At the least distance it is supposed that

AB :BD:: 57^ : 22^30'.

And since because of the same slant it is supposed
that

DF :DG:: 120^ : 14^40',

therefore

DG= 2^32'

where

// yiui^iyrij

(mJI

^loteisdi ]

and

And so also

where

and

DF= 20H0'

AD = 52^22\

DG=5HS'

hypt. AD = 120^;

m Ob bj!

angle DA(?= 5°32' to 2 rt.

= 2°46'.

Therefore the latitudinal deviation at the apogee differs at the least by
0°13' and at the perigee at the most by 0°16' from the deviation of 23^° as-

sumed in mean terms. In place of these we shall use, for the mean correction

in the calculus, the sensible 3^° difference of the observations.

With these things demonstrated—and because, as the greatest longitudinal

addition-subtractions are to the greatest latitudinal passages, so are the par-

ticular longitudinal addition-subtractions for the other sections of the epicycle

to the particular latitudinal passages—the filling in of the latitudinal passages

due to slanting, in these fourth columns of Venus' and Mercury's tables, is

immediately available to us, although these passages, as we said, are cal-

culated with only the slanting of the epicycles and from the mean addition.

Because of greater ease in the calculus which will be given, the difference for

Mercury, due to the eccentrics' obliquity at the apogee and perigee, will pro-

vide the correction.

Since, according to the given mean terms, the greatest latitudinal passage

of both stars on either side of the ecliptic was shown to be 2°30', due to slant-
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ing; since the greatest longitudinal addition-subtraction for Venus is 46° and
for Mercury very nearly 22°; and since we have given in their Tables of Anom-
aly the addition-subtractions corresponding to the particular sections of the

epicycles, it follows that whatever part these latter are of the greatest longi-

tudinal addition-subtractions as wholes, we take that part of the 2°30' for

each star, placing the result in the fourth columns of the Tables of Latitude

beside the same numbers.

We have the fifth columns for truly determining, by the method of cor-

responding sixtieths, the latitudinal deviations in the other passages of the

eccentrics. For since, as we said, the obliquities and slantings of the epicycles

make their return of increase and decrease proportionately with the eccentric

return, by the interposition of little circles, and the quantities of all the ob-

liquities and slantings are not very different from that of the moon's oblique

circle, and since the particular deviations for obliquities of such amounts are

very nearly proportional and we have those of the moon all worked out
geometrically, we multiplied each of the entries there by twelve (because the

greatest addition there is 5° and here we are considering it as 60°). The results

we have placed beside the proper numbers in each of the fifth columns. The
tabulated exposition follows:
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5. Exposition of the Tables of Latitude

SATURN'S OBLIQUITIES
1

Numbers
from
Apogee

6 354

12 348

18 342

24 336

30 330

36 324

42 318

48 312

54 306

60 300

66 294

72 288

78 282

84 276

90 270

93 267

96 264

99 261

102 258

105 255

108 252

111 249

114 246

117 243

120 240

123 237

126 234

129 231

132 228

135 225

138 222

141 219

144 216

147 213

150 210

153 207

156 204

159 201

162 198

165 195

168 192

171 189

174

177

186

183

180 180

3
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Table 5
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Continued

457
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6. Calculus op the Latitudinal Deviation of the Five Planets

With these things so estabhshed, we shall work out the latitudinal calculus of

the five planets in this way.

In the case of the three stars, Saturn, Jupiter, and Mars, we carry the truly

determined longitude to the numbers of the proper table, that of Mars as it is,

Jupiter's with a subtraction of 20°, and Saturn's with an addition of 50°. We
record the sixtieths in the fifth columns of latitude corresponding to it, and like-

wise we carry the truly determined number of anomaly to the same numbers. If

the truly determined longitude is in the first 15 rows, we multiply the corre-

sponding latitudinal difference in the third column by the given number of six-

tieths; but if it is in the rows following, we multiply that in the fourth column.

We shall have the star north of the ecliptic by the number of degrees resulting

from these operations if we have taken the latitudinal difference from the third

column; but south of it by that much if we have taken it from the fourth column.

But in the case of Venus and Mercury, we first carry the truly determined

number of anomaly to the numbers of the proper table, and we record separately

the corresponding numbers in the third and fourth columns of latitude^those

in three of the columns as they are, but those in the fourth column of Mercury

with a subtraction of 10° if the truly determined longitude is in the first 15 rows,

and with an addition of 10° if below. Then, for Venus, we always add 90° to the

truly determined longitude, and for Mercury 270°, subtracting a circle if we can.

The result we carry to the same numbers ; and whatever number of sixtieths in

the fifth column correspond to these numbers, just so many do we take of the

numbers recorded from the third column. When the longitude with the given

addition is in the first 15 rows, we shall set out the result as south, if the truly

determined number of anomaly is in the first 15 rows, but as north if it is in

those that follow. And when this number of longitude falls in the rows below the

first 15, we shall set out the result as north if the number of anomaly is in the

first 15 rows, but as south if it is in those that follow.

Next we carry the truly determined longitude to the same numbers: in the

case of Venus, simply as it is, but in the case of Mercury, with an addition of

180°. Whatever number of sixtieths lie beside it in the fifth column, just so many
do we take of the numbers recorded from the fourth column. And when, as we
said, the longitude we carried over falls in the first 15 rows, we shall set out the

result as north if the truly determined number of anomaly is among those up to

180°, but as south if above 180°. When this longitude falls below these 15 rows,

we shall set back the result as south if the anomalistic number is among those up

to 180°, but as north if above.

Finally taking, of these sixtieths found from the second carrying over the

longitude, the same part as they were of 60, we shall set forth, for Venus, 3^ of

the result always to the north, and for Mercury, J^ of the result always to the

south. Thus, from the mixture of the three settings forth, we get their apparent

latitudinal passage with respect to the ecliptic.

7. On the Heliacal Risings and Settings of the Five Planets

Now that we have worked through the latitudinal deviation of the five stars,

we have left the filling out of those things which must be considered concerning

their heliacal risings and settings. For, just as we described them in detail in the



:<^

THE ALMAGEST, XIII 459

treatise on the fixed stars, it turns out that their elongations on the ecHptic with

respect to the sun are differently unequal in the case of their risings and settings

for many causes. The first of these is due to the inequality in their magnitudes;

the second to the dissimilarity of the ecliptic's inclinations to the horizon's ; and

the third to their latitudinal passages.

For if, again, we consider the sections of great circles {AB of the horizon and

CD of the ecliptic); if we suppose the

point E their intersection either eastern or

western, and points C and A lying on the

meridian, and D the sun's centre; and if

we draw through it and the horizon's pole

section DBF of a great circle, and suppose

the star to rise or set on the horizon AEB
(clearly at E when on the ecliptic; at G
when north of the ecliptic ; and at U when
south of it), and draw from G and R the

perpendiculars GK and f/L, then again we
shall have arc BD, as always, equal to the arc of the sun's distance below the

earth when the star will first be seen or disappear. For at equal distances below

the earth, along the great circle so drawn, the sun's rays give the same light. But
since first this distance is established later on to be unequal for the different un-

equal stars, necessarily, even if all the other things are the same, the ecliptic arcs

subtending the right angle subtending the right angle (that is, the distances

similar to ED) are different, evidently less for the larger stars, and greater for

the smaller.

Likewise, if BD is the same for the same star, and BED the angle of inclina-

tion of the ecliptic is unequal either from the differences of the dodecatemories

or from those of the latitudes, again the arc ED will differ and will be greater

when the given angle is decreased, and smaller when it is increased. And like-

wise even if the inclination is first presupposed the same, but the star not on the

ecliptic but north at G or south at /f , then it will no longer appear or disappear

first when it is arc DE away; but, when it is north of the ecliptic, DK w411 be

less, and when south, DEL will be greater.

Therefore it is necessary for the examination of particular cases that general

sizes of the arcs BD be first given, for each of the five planets, from carefully

observed risings. Such w^ould be those in summer about the Crab because of the

lightness and clearness of the air at that season, and because of the mean value

of the ecliptic's inclination to the horizon. Then we find by this examination

of the morning observations that, at the beginning of the Crab, Saturn rises

generally when it is 14° from the true sun; Jupiter likewise when it is 12^^°

away; and the evening Mercury when it is 113^° away.

With these things supposed, let the figure of the preceding drawing be laid out

since there is no difference in the case of arcs of this size if, for facility in cal-

culation, we take the ratios of the chords (for they are sensibly no different).

And let point E of intersection of the ecliptic and the horizon be the rising

point in the foregoing appearances at the beginning of the Crab for the three

morning planets Saturn, Jupiter, and Mars; and the setting point, of course,

for the evening planets Venus and Mercury. And let the latitude be taken

as the parallel through Phoenicia where the longest day is 143^ equatorial
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hours, since especially at and near this parallel the most and trustworthy ob-

servations have been made, those of the Chaldeans on it, and those of Greece
and Egypt near it.

Since, then, from the previous demonstration concerning angles [ii, 13], when
the beginning of the Crab rises in the

given latitude, we find

angle ^£"2) = 103° to 2 rt.,

and therefore the ratio of the sides about

the right angles is very nearly 94 to 75 to

the hypotenuse's 120; and since by means
of the latitudinal theory, when the three

lone stars rise near the beginning of the

Crab (that is, are passing near the apogees

of the epicycle so as never to be farther

from the apogee than a dodecatemory),

we find Saturn and Jupiter practically on the ecliptic, but Mars nearly 3^**

north; therefore DE will be the elongation of Saturn and Jupiter from the

sun along the ecliptic, but DK that of Mars because of its being farther north by
the 12' of arc KG,
And since

KG:KE::U: 75,

therefore

KE •=0''10\

And it is assumed in the case of Mars
Z)K = 143^^

so that altogether

Z)E = 14°40'.

In the case of Saturn, it is 14°; and of Jupiter, 12^°. And so, since again

DE'.DB:: 120 : 94,

we shall have arc DB of the great circle drawn through the poles of the horizon

equal to 11° in the case of Saturn, 10° in the case of Jupiter, and very nearly

11}^° in the case of Mars.

Likewise in the case of Venus and Mercury—since, when the beginning of the

Crab sets, it makes the same angle and inclination with the horizon as the fore-

going, and it is supposed that about this part the evening Venus rises 5^^° from

the true sun and Mercury 113^°—the true sun will be situated at their risings

243^° within the Twins in the case of Venus, 18}^° in the case of Mercury; the

mean sun, 25° in the case of Venus, and very nearly 19° in the case of Mercury.

Therefore, the mean longitudinal movement of these stars was that number of

degrees. When with this longitude they appear at the beginning of the Crab,

Venus is found to be about 14° from the epicycle's apogee, and Mercury about
32°. This is shown by the theorems already expounded on the anomaly. Conse-

quently, in these passages, Venus is found 1° north of the ecliptic and Mercury
very nearly 1%°, which of course is KG. And so, since

KG :EK: -.9^:75 ::1:H,
or very nearly

KG:EK::l%:l}4y
in the case of Venus we shall have
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in the case of Mercury

And it is supposed, in the case of Venus,

DK = 5%°
where DK is the elongation of either planet from the sun; and in the case of

Mercury

Therefore we shall have altogether

in the case of Venus; and in the case of Mercury
DKE=12%\

And so, since again

ED :BD :: 120 :^^:\ 6% : 5,

or very nearly

ED : BD : : 12 % : 10,

we shall have the arc BD, the value of the general distance as 5° in the case of

Venus, and 10° in the case of Mercury. Which it was required to find.

8. That the Particularities of the Heliacal Risings and Settings
OF Venus and Mercury Agree with the Hypotheses

We can thus understand that even the extraordinary things concerning the

heliacal risings and settings of Venus and Mercury are consequent upon these

hypotheses; that is, that in the case of Venus the time from the evening setting

to the morning rising about the beginning of the Fishes is about 2 days, but
about the beginning of the Virgin 16 days; and that in the case of Mercury the

evening risings are eclipsed when it should appear at the beginning of the Scor-

pion; and the morning risings when it should appear at the beginning of the

Bull. And first the case of Venus.

For let a drawing of the apparitions similar to the preceding one be laid out.

Let point E be first supposed near the beginning

of the Fishes where Venus, when at the perigee

of its epicycle, is north of the ecliptic by very
nearly 6J^°. Let it also be supposed [to represent]

the figure of the evening setting where angle BED
in the given latitude totals 154° to 2 right angles'

360°, with the greater side of those about the

right angle as 117 to the hypotenuse's 120, and
the lesser side very nearly 27. Therefore, where
the arc DB of the general distance is 5°, there

DE = 5°S\

But since the star is 63^° north of the ecliptic or

arc KG, and ^j ^

117: 27:: 63/^: 13^
very nearly, therefore

K^=1M^
and, by subtraction,

XZ) = 3°38'

which is the elongation of the star eastward from the sun, in its evening setting.

Again, in a similar drawing, since in the morning rising
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angle^£;D = 69° to2rt.,

therefore the lesser of the sides about the right

angle is 68 to the hypotenuse's 120, and the

greater is 99. And
68° : 120° : :

5°
: 8°49',

68°
: 99° : : 63^° :

9°13';

therefore we shall have ^ •

Z)^ = 8°49',

and the difference due to latitude

i^£' = 9°13';

and, by subtraction, eastward of the sun,

DK = 0°2^\ fT^/-?r

And at the evening setting it was likewise eastward 3°38'. Therefore it has

moved, in the time from the evening setting to the morning rising, less than

the sun's movement—that is, less than its proper longitudinal passage, be-

cause of the epicyclic retrogression of 3°14'. Since, then, the star moves west-

ward by so many degrees, as is easily seen from the Table of Anomaly, when
it has moved 1^^° at the perigee of the epicycle, and passes through these

in mean motion in very nearly 2 days, it is evident that just so much time

would be taken for that distance in conformity with the appearances.

Again, in a similar drawing, let the point E be supposed at the beginning

of the Virgin where Venus, when at the

epicycle's perigee, appears very nearly

63/^° south of the ecliptic. And let the

evening setting be first proposed when
angle5£:i) = 69° to2rt.,

and the lesser of the sides about the

right angle is 68 to the hypotenuse's

120, and the greater very nearly 99.

Since the same ratios are here as those

relative to the morning rising of the

Fishes, the latitudinal distance being

equal, we shall have

arc^Z) = 8°49',

and, as difference due to latitude,

and, as the total elongation of the star eastward from the sun,

Z)L =18°2'.

By the Table of Anomaly, as we said, to that number of degrees of the sun's

and star's retrogression in mean motion correspond very nearly 73^° from

the epicycle's perigee.

Likewise since, at the morning rising near the beginning of the Virgin when
angleB^Z) = 154° to2rt.,

the greater side about the right angle is 117 to the hypotenuse's 120, and the

lesser side 27, and the same ratios are deduced as those spt out for the evening

setting in the Fishes, we shall have
arcD^ = 5°8',

and as difference in latitude it lo noiiasnols odi «I <^1M
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and, as the total elongation of the star westward from the sun,

In the same way to these correspond very nearly 23^2° from the epicycle^s

perigee. Therefore Venus, from the evening setting to the morning rising, will

move 10° which it passes through in very nearly 16 days in conformity with

the appearances.

These things being proved, it is necessary to consider the incidents of Mer-

cury regarding the eclipsed risings; and first that, at the beginning of the

Scorpion, even if it is at its greatest elongation eastward from the sun, the

evening rising cannot appear.

For let the drawing of these risings be laid out, E being supposed the point

on the ecliptic near the beginning of th^

Scorpion, where at the setting ai

angle BED = Q9° to 2 rt.,

and the lesser side about the right angle

is 68 to the hypotenuse's 120, and
the greater 99. Therefore where BD, the

general distance, is 10°, there

DE = 17°39'.

But when the star has that position, it is

very nearly 3° south of the ecliptic. And
so, since for the given ratios

LJ^ = 4°22'

where, as arc of latitude,

L/f = 3°,

and the total

DEL = 22\
This is the elongation of the star from the true sun necessary for its first ap-

pearing. And so, since its greatest elongation from the true sun in the be-

ginning of the Scorpion is only 20°58' (for this was proved by us in the demon-
strations concerning the greatest elongations), it is evident that such risings

are eclipsed.

But again if—with a similar drawing of the risings set out—we suppose

the point E the beginning of the Bull at the morning rising, then, when the

star in the given passages is very nearly 33^° south of the ecliptic and the

ratios about the right angles are the same as before, we shall have
Z)£'=17°39',

and

where as arc of latitude

and the total

LE= 4:°S7'

HL = S°10\

DEL = 22°W.
And so the star will have to have an elongation from the true sun of just that

amount to be first seen. Since at the most its elongation does not exceed
22°13' as shown above [Book XII], risings of this kind are eclipsed. And the

things proposed have been shown by us to be consonant with the appearances
and with the given hypotheses.
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9. The Method for the Particular Distances from the Sun
OF THE Risings and Settings

It is immediately evident that, in general (arcs BD being supposed for each

of the stars and the beginning of the dodecatemories being given at the in-

tersection E and therefore angle BED), DE will also be given and the star's

latitudinal passage at this elongation—that is, KG or HL; and, therefore,

KE or EL, and also the apparent distance DK or DL. In this way we have
calculated for every dodecatemory (not to make the treatise long) the ap-

parent elongations of the risings and settings from the true sun for each of the

5 stars, and for the given latitude only, as being sufficient. Using only the be-

ginnings of the dodecatemories, we have arranged them below, for easy use,

in 5 tables for the 5 stars, each containing 12 rows. The first of them we have
arranged in columns of 3, the first columns containing the beginnings of the

dodecatemories; the second, the elongations of the morning risings; and the

third the elongations of the evening settings. Next we have arranged the

tables of Venus and Mercury in columns of 5, the first likewise containing

the beginnings of the dodecatemories, the second the elongations of the eve-

ning risings, the third again those of the evening settings, the fourth again

those of the morning risings, and the fifth those of the morning settings. And
here is the exposition presented in tables:
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10. Exposition of the Tables Containing the Heliacal Risings

AND Settings of the Five Planets



APPENDIX A
1. Ptolemaic Dates, the Era of Nabonassar, and the Christian Era
The following is a translation from the Greek of the Chronological Table

of the Kings, published by Halma in his edition of the Almagest, and by F.

K. Grinzel in his Handbuch der Mathemalischen und Technischen Chronologic

(3 Vols., Leipzig, 1906).

Years of the Kings before the Death of

Alexander and the Years of Alexander^

Years of the Macedonian Kings after the

Death of Alexander the King

Of the Assyrians and Medes Years Totals Of the Macedonian Kings Years Totals

14


